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We consider a compartmental model adapted to the case of Covid-19 that takes into
account the detection of ill individuals and the cost of medical treatment and investigate

the effect of a budget constraint. Our analysis shows how the collapse of the budget can
drastically change the outcome of an epidemics. We see how with a good testing policy

the epidemic might be controllable. By introducing a lockdown period, we show that the

final number of deaths can be reduced substantially and observe that a budget collapse
introduces rather extreme effects. We find that there exists a well-defined optimal starting

point for a lockdown. We also looked at the consequences of a loss of immunity and found

that then a budget collapse can occur for smaller costs of medical treatment.
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1. Introduction

Epidemics are usually studied with compartmental models, like the classical

Susceptible-Infected-Recovered (SIR) model introduced by Kermarck and McK-

endrick.1 Many variants of this model have been developed since, either adapted to

a particular disease or to a particular situation.2,3 Recently, compartmental mod-

els have been put again in the spotlight thanks to the Covid-19 pandemic. Many

models have been proposed to explain and, hopefully, forecast the propagation of

this specific disease (see e.g.4–9). However, the challenge remains that information

regarding the virus and its transmission is still incomplete. Besides, when this arti-

cle was written, there was no clear-cut answer to the question of immunity.

Most compartmental models only focus on the epidemiological aspect and do

not take into account the economical impact that follows. But over the years there

has been growing interest to couple some parameters concerning the economy, like

financial or logistic indicators to compartmental models, for instance by studying

the impact of an additional budget constraint on the propagation of an epidemic10

or by requiring the presence of supply lines.11 An overview over other examples
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is given in Ref.12 Some recent papers have also taken this approach specifically

adapted to the Covid-19 pandemic. The mortality rate to reach herd immunity was

studied including a budget.13 The evolution of asset prices during the pandemic

was calculated.14 The economic impact of the confinement measures in Wuhan was

investigated in Ref.15 There it was shown that a cyclic schedule of 4-day work and

10-day lockdown, or similar variants, can prevent resurgence of the epidemic while

providing part-time employment.16 The consequence of certain economic decisions

concerning containment and vaccination were also investigated.17

In the present article, we apply the approach of Ref.10 to an epidemic model

adapted to the properties of Covid-19 taking into account the influence of test-

ing individuals, as proposed in Ref.7 We will couple our epidemiologic model to a

budget, which represents not just the financial means but can also stand for infras-

tructure, medical supply or food. We will on purpose not compare our results with

any real data nor make any predictions, because to do that seriously, we would need

to incorporate into our model many more details (see e.g. Ref.18). We are mainly

interested in the generic effects caused by a budget collapse and want to keep the

number of parameters as small as possible.

2. Model

We consider the following six compartments :

• S : susceptible individuals

• U : undetected ill individuals

• D : detected ill individuals

• R : resistent (immune) individuals

• T : individuals who need treatment (i.e. intensive care)

• E : for extinct individuals

The links between each compartment are shown in Fig.1. Susceptible individuals

get infected at a rate β and are in the beginning undetected. Then, they might

be either detected at a rate δ, or recover naturally at a rate γ. Thus, we take

into account the fact that many people are asymptomatic some of which are never

tested, while those that show symptoms are usually tested. Of those that have been

tested positive, a proportion ρ can recover naturally or with basic drugs at a rate

γ, while the rest has to go to intensive care. Once in treatment, a fraction qb dies

(becomes extinct) at a rate ω, while the rest can recover at a rate σ. We choose two

different rates, because, sadly, some individuals die quickly after entering intensive

care units (mostly elderly), while individuals who recover, need more time to be

fully healthy. Once an individual is recovered, no matter if treated or not, he or she

obtains immunity, which however might vanish at a rate ζ.

Here we assume that undetected individuals and a proportion of detected ones

recover naturally at the same rate, which is reasonable for Covid-19, as experience



February 17, 2021 20:45 ijmpc

3

shows that most people are asymptomatic or recover with common drugs at home.

Besides, we did not consider the change of total population through births and

deaths, as we make the assumption that they compensate each other. In fact, the

number of deaths due to Covid-19, even though they are at the heart of politics, is

still small compared to the total population.

We consider that tests (in all their forms) are always available, and that un-

detected individuals are tested on a constant regular basis (i.e. δ). However, when

there is no budget, individuals cannot be tested. Consequently in that case, unde-

tected individuals will need treatment and die with the same rates (ρ and ω) as one

would have for detected ones.

Finally, we also add a budget b. Besides money this budget can represent sev-

eral factors like food, medicine or infrastructure. Dead and sick individuals do not

contribute to the budget, while recovered people do. This is important because a

continuous lack of budget can be dramatic for the final state of the epidemics.

Fig. 1. Schematic representation of our compartmental model.

The corresponding equations are given by:



ṡ = −β.s.u+ ζ.r

u̇ = β.s.u− δ.f(b).u− γ.u− [1− f(b)].ρ.ω.u

ḋ = δ.f(b).u− (1− ρ).γ.d− ρ.d
ṫ = ρ.d− (1− ρd).σ.f(b).t− [1− (1− ρd).f(b)].ω.t

ṙ = γ.u+ (1− ρ).γ.d+ (1− ρd).σ.f(b).t− ζ.r
ḃ = s+ r − ct.(1− ρd).f(b).t

(1)

Each compartment has been normalized by the total population (represented by

the change from upper to lower case). We do not consider an equation for ė as e

can be directly obtained from the relation s+ u+ d+ t+ r+ e = 1, i.e. we suppose

the overall population to stay constant.
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The budget function f is here chosen to be the Heaviside function: when there is

no budget (b ≤ 0), f(b) = 0, otherwise f(b) = 1. Its role in the equation is to impose

that, when there is no budget, individuals cannot be treated and tests cannot be

performed. A further extension would be to consider a continuous budget function.

Unless indicated otherwise, the value of the parameters used here are those

of Table 1. Note that those parameters have been chosen to reflect the Covid-19

epidemic, and might not be adapted to other diseases.

Parameter Value Meaning Source

β ln(2) Infection rate 7

δ 0.5 Testing rate 7

γ ln(2)/7 Natural recovery rate 7

σ 1/20 Recovery rate of individuals in treatment estimated

ω 1/9 Death rate of individuals in treatment estimated

ζ 0 Rate of the loss of immunity estimated

ρ 0.2 Fraction of individuals needing treatment 13

ρd 0.03 Proportion of inevitable deaths 13

ct 60 Cost of treatment estimated

ck 0.5 Cost of a test estimated

The stationary state is determined by the following equations :



ṡ = 0 = −β.s.u+ ζ.r

u̇ = 0 = β.s.u− δ.f(b).u− γ.u− [1− f(b)].ρ.ω.u

ḋ = 0 = δ.f(b).u− (1− ρ).γ.d− ρ.d
ṫ = 0 = ρ.d− (1− ρd).σ.f(b).t− [1− (1− ρd).f(b)].ω.t

ṙ = 0 = γ.u+ (1− ρ).γ.d+ (1− ρd).σ.f(b).t− ζ.r

(2)

One trivial solution is u = d = t = 0 (i.e. there are no ill individuals). Note that

other solutions exist. After a long time, the system typically reaches a stationary

state which we also call the final state. The following results were obtained by

numerically solving Eq.(1).

3. Results

3.1. Cost of treatment and budget collapse

In this section, we aim to quantify the impact of the cost of treatment ct on the

final state, especially on the final number of deaths. Since we consider that the

contribution of one individual to the budget equals unity, what interests is not the

absolute cost of treatment, but how many contributors are needed to pay for one

treatment. For a country like France, we estimate this ratio to be about 60, while

for instance for Vietnam it could easily reach 500.
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Fig. 2. Evolution of the six compartments and the associated budget (dashed line), for two

different costs of treatment: (a) ct = 60 and (b) ct = 500.

In Fig.2, we represent the fraction of the population in each compartment (i.e.

s, u, d, t, r, e) and the budget (dashed line) as function of time. In Fig.2a, we observe

a classical SIR result, as the budget never vanishes. However, in Fig.2b, the budget

becomes zero at some point, and remains at this level for a certain time. During this

time we observe a peak of undetected individuals, as there is no money to either

detect them or treat them. Consequently, the final number of deaths is much higher

than in Fig.2a. This behaviour is due to the introduction of a budget constraint.

There exists a particular ct for which the budget vanishes, causing a dramatic change

compared to the classical SIR model. In Fig.3, we study the impact of ct on the

final fractions of susceptible, recovered and dead individuals. We observe a sharp

transition at a specific value of ct, at which for the first time the budget collapses.

Fig. 3. Influence of the cost of treatment ct on the final state.

Clearly, the cost of treatment is critical in our model. Going beyond ct the

death toll at the end can change from a mere 1% to almost 30% as seen in Fig.2a.

Interestingly, after a budget collapse the death rate seems to quickly reach a steady

state level and a much larger fraction of the population gets infected - consequently,

a higher number of recovered individuals is observed.
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3.2. Influence of testing and infection rates

In Fig.4, we show the impact of the testing rate δ and the infection rate β on the

final state of the fraction of susceptible, recovered and dead individuals for ct = 60.

We note that both graphs are quite similar to the corresponding graphs for ct = 200,

i.e. with a budget collapse, showing that a budget collapse has little impact on the

results of this section.

Fig. 4. Influence of (a) the testing rate δ and (b) the infection rate β on the final states of

susceptible, recovered and dead individuals for ct = 60.

We observe in Fig.4a that there is a critical value of the testing rate δc at which

the death toll suddenly drops to nearly zero, while the fraction of susceptible, i.e.

not yet infected individuals jumps up. Testing even more people increasing δ above

δc, the fraction of recovered individuals drops linearly with δ towards zero, while the

fraction of susceptible ones sharply increases linearly with δ towards one. For small

values of δ, we observe a rapid increase in the number of deaths with δ, which seems

to saturate to a certain value rather quickly. At δ = 0 everybody gets infected. To

understand this high number of infections and deaths at small δ let us remind that

a property of our model is that only undetected individuals can infect susceptible

people. Thus insufficient testing allows for many infections. We also observed that

the critical δc slightly increases when the treatment is more costly. Generally speak-

ing, we can conclude that with a sufficient amount of testing, the number of deaths

can be very effectively reduced and the epidemics seems to be controllable.

Next we look at how the infection rate β changes the final state of the epidemics.

In Fig.4b, we see the final states as function of β. At a critical infection rate βc we

observe the classical transition to epidemic spreading as found also in the SIR model.

Below βc there is no epidemic spreading at all and above βc there is a finite fraction

of dead and recovered individuals. We observed a slight decrease of βc with the cost

of treatment ct.
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3.3. The effect of a lockdown

As shown above, the infection rate is critical to the final number of deaths. There-

fore almost all countries worldwide have imposed at some point public policies to

reduce this rate, including masks, social distancing and lockdowns. The efficiency

of these policies is highly debated. Indeed, Britton et al.19 showed that too strong

sanitary restrictions could be counterproductive. In order to study the impact of a

lockdown, we introduce three new parameters : the duration τ of the lockdown, its

efficiency λ (defined through βlockdown = β
λ ), and the threshold dc of detected peo-

ple at which the lockdown is imposed. We use the fraction of detected individuals

as the key indicator, since commonly public policies do the same. In the following,

we will investigate how these parameters can alter the final state of an epidemic

and what happens when the budget collapses.

In Fig.5 we see how the dynamics depends on the duration τ of the lockdown.

In Fig.5a the duration τ is long enough such that there is enough time to refill

the budget, achieving that at the end the budget does never collapse. We see that

a lockdown will first flatten the curve for the fraction of deceased, but after the

lockdown has finished a second wave is inevitable. At the end the final death toll

is not very different from the one obtained without any lockdown. In Fig.5b the

duration of the lockdown is too short and develops immediately into a second wave,

which induces a budget collapse. There exists a critical duration above which no

budget collapse occurs. Interestingly the fraction of infected individuals in the final

state is the same with and without budget collapse, which means that even if one has

a budget collapse due to a lockdown that is too short, the fraction of the population

that at the end gets in contact with the illness is essentially determined only by the

second wave. Summarizing, the duration of the lockdown is not very relevant for

the final outcome of the epidemics, even if there is a budget collapse.

Fig. 5. Evolution of the epidemics when imposing a lockdown with dc=0.01, λ=2, ct=60 and two
different lockdown durations (a) τ = 100 and (b) τ = 25. The dashed line is the evolution of the
budget.



February 17, 2021 20:45 ijmpc

8

Next we investigate if there exists an optimal time to start a lockdown. In Fig.6

we present the final fraction of dead individuals for two different costs of treatment

(i.e. with and without a budget collapse). For the fraction of recovered individuals

one obtains very similar graphs.

Fig. 6. Final fraction of dead individuals e for a lockdown of duration τ and threshold dc for λ=2

and two different costs of treatment (a) ct = 60 (without budget collapse) and (b) ct = 200 (with

budget collapse).

The following conclusions can be deduced from Fig.6:

• No matter the cost of treatment, there is a critical duration, after which

a longer lockdown does not change the final state. This was also found

in Ref.20 and can be explained by the fact that a longer lockdown, will

just delay the inevitable second wave. Clearly the epidemics can never be

completely stopped with a lockdown of finite duration, because the fraction

of infected individuals will never become exactly zero due to the exponential

decay in time.

• When there is no budget collapse (here for ct = 60), we observe two regimes:

in the first one, below a threshold of about d∗c = 0.017, the fraction of dead

(and also of recovered) individuals decreases linearly with dc until reaching a

death toll that is up to 30% lower than without a lockdown. In the second

one no matter the parameters of the lockdown, the final state is always

the same. The transition at d∗c is very sharp exhibiting a steep jump in

the fraction of deaths. That means that although d∗c defines the optimal

starting point for the lockdown, any slight delay would make the lockdown

ineffective. Starting the lockdown too soon (i.e. dc too small) would be as

counterproductive, as starting it too late. Besides, we also find as expected

that a too short lockdown is also not very effective, as it does not last long

enough for the compartments to stabilize.

• When there is a budget collapse (here for ct = 200) the death rates are

substantially higher (by over one order of magnitude) than without budget
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collapse. In this case we observe three regimes: the first one, below a thresh-

old of d∗c = 0.017 (i.e. the same threshold as without budget collapse), the

second one between d∗c = 0.017 and d∗∗c = 0.042 and the last one above

d∗∗c = 0.042. The first regime exhibits a reduction of the death rate by a

factor of five for any threshold below d∗c and τ longer than the critical dura-

tion. At d∗c a sharp jump to larger death rates is observed and in the second

regime a weak linear increase in deaths with the threshold is observed with

little influence of the duration. In the last regime the death rate is largest

and independent of the threshold and the duration. Thus a lockdown at a

threshold above d∗∗c will not be effective and despite the lockdown, the final

state is always the same.

• Summarizing we could give the following recommendation for an efficiency

λ=2: When there is no budget collapse, an optimal lockdown should have

a duration τ of 20 days, starting when 1.7% of the population is tested

positive and when there is a budget collapse, an optimal lockdown should

have a duration τ of 25 days, starting when 1.3% of the population is tested

positive.

We have seen that the duration has a limited impact on the final state, as long

as it is longer than a critical duration. To be on the safe side, in the following we

fix the duration τ to 100 days, and study in Fig.7 the impact the efficiency λ can

have with and without budget collapse.

Fig. 7. Fraction of dead individuals for a lockdown with efficiency λ and threshold dc for τ = 100
and two different costs of treatment (a) ct = 60 (without budget collapse) and (b) ct = 200 (with

budget collapse).

As function of the threshold dc we find in Fig.7 the same regimes as in Fig.6

separated by the transitions at d∗c and d∗∗c . With and without budget collapse above

a certain efficiency λc that is always less than 2 and depends on the threshold dc the

final state is always the same. This means that a too harsh lockdown is unnecessary.

When there is no budget collapse, we observe in Fig.7a for small λ an interesting

competition between the threshold dc and the efficiency λ: a constraining lockdown
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starting late has a similar effect as a less constraining one starting sooner.

We assumed that during a lockdown, working people would participate to the

budget the same way as in regular times. Even though companies and states have

shown a quick adaptation to the pandemics, e.g. through home office, one could not

avoid a reduced productivity, such that during the lockdown ḃ = s+ u+ ... should

become ḃ = α.(s + u) + ... with α < 1. The impact of home office on labor supply

has been studied for instance in Ref.21 We anticipate that, as long as α > 0, our

results would not change qualitatively. By determining λc(α) one could in principle

fine-tune the optimization of the lockdown.

Here we considered one single lockdown, but one can also consider a succession of

lockdowns. Also different lockdown protocols can be studied and compared to each

other. Work in this direction has been performed by several authors for concrete

applications.22–24

3.4. Consequences of waning immunity

Fig. 8. Loss of immunity for ct = 60: Temporal evolution of the six compartments for (a) ζ =
1/365 and (c) ζ = 1/10. (b) Evolution of the dead and sick population at early times for ζ = 1/365
(enlargment of (a)). (d) The final fraction of susceptible and dead individuals as function of ζ.
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Since effectiveness and duration of immunity are still debated, we investigate

in this section what happens when immunity wanes with a certain rate ζ 6= 0. For

ζ = 1 one retrieves an SIS model with budget constraint.10 Let us consider in this

section always ct = 60 for which there is no budget collapse in the case of full immu-

nity. In Fig.8 we show the consequence of waning immunity for two different values

of ζ. In both cases the death toll is substantially higher than with full immunity. For

long-lasting immunity (ζ = 1/365) there is no budget collapse as shown in Fig.8a.

We see that in this case oscillations appear at the beginning (corresponding to a

periodic loss of immunity) that dampen after some time. During these periods of

immunity loss we see sharp peaks in the number of required treatments as shown

in Fig.8b. In fact, the fraction of susceptible individuals tends to stabilize quickly,

while those of the dead and recovered ones need a longer time to stabilize.

However, when immunity wanes faster (ζ = 1/10) a budget collapse occurs, de-

spite having ct = 60, because more people will be infected and will therefore need a

treatment. As seen in Fig.8c we do not observe any oscillations in this case, because

now immunity only plays a minor role. The death toll is much higher than in the

case of no budget collapse (about five times compared to Fig.8a). After the collapse

of the budget the numbers of infecting undetected cases as well as of immune in-

dividuals rise to a peak and then relax rather fast to zero, while on the same time

scale the fraction of dead and of susceptible individuals attain their final values.

A faster loss of immunity reduces this time scale. Also the gap between the death

rates of the two situations increases with faster loss of immunity. For each rate of

loss of immunity ζ one can determine a critical cost of treatment ct(ζ) below which

the budget will collapse.

In Fig.8d we present the influence of ζ on the final fractions of susceptible and

dead individuals. At a specific critical value ζc we see a jump followed by a sharp

kink, because at and above ζc the budget collapses. With increasing cost of treat-

ment, the transition becomes sharper. There exists thus a critical degree of immunity

below which the epidemics has devastating consequences, nearly eliminating the en-

tire population after some time. It is therefore crucial to keep the loss of immunity

below ζc.

4. Conclusion

We have presented a model for a Covid-19 epidemics coupled to a budget. With

our model we have shown that the budget constraint plays a critical role in epi-

demic spreading, as the final state dramatically changes when the budget collapses

above a critical treatment cost. We also found a critical testing rate and a critical

infection rate at which the death toll exhibits a sharp jump. For the case of one

single lockdown we saw that there is a critical duration after which the lockdown

does not become more efficient, and discovered that there is an optimal threshold
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at which to start a lockdown, if the indicator chosen for the threshold is the fraction

of detected individuals - a typical choice made by governments. The link between

the economy and the optimal lockdown has also been discussed in Ref.25 For soft

lockdowns (small efficiencies) we found that, starting a constraining lockdown late

has the same effect as starting a less constraining one sooner. A slight loss of im-

munity produces oscillating outbreaks, but then, at a critical loss the death toll

dramatically increases due to a budget collapse.

Since the real pandemic situation of Covid-19 is very complex, we had to make

assumptions and many simplifications in our model, some of which might be ar-

guable, but to retain the overview, the number of parameters should be limited.

Therefore the numerical values obtained with our model should not be confronted

with the present Covid-19 epidemics, but the general behaviour should be kept in

mind when public policies are decided.
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