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Abstract We study global and local periods of the cellular automaton Q2R, the
equivalent model on a triangular grid (X2R) and a Kawasaki-Q2R update. The first
two show similar results in both the global and local periods. We find a critical
energy Ecp = −0.8700±0.0006 for Q2R and Ecp = −0.88408±0.0004 for X2R. In
the Kawasaki-Q2R automaton dynamics finite global periods are present exclusively
at very low energies and no critical energy is found. However, in all three cellular
automata there is an evident formation of clusters of finite cycles. Ergodicity is
violated.

1 Introduction

Cellular automata are defined by a set of deterministic rules where the dynamics of a
configuration depends on the neighbourhood of each cell [1, 8]. A famous example
is Q2R, which has been studied under different points of view. Vichniac first pro-
posed this model and suggested its potential for simulating magnetism [7]. He also
raised the issue about its ergodicity. Later, Pomeau argued how Q2R could be seen
as a simulation of the Ising model [5]. Herrmann et al. investigated the ergodicity,
concluding that at low energies the system is locked into dynamical clusters with
finite periodicity [2]. Also more recently, new results about Q2R have been obtained:
Urbina and Rica considered a master equation for reversible and conservative dis-
crete systems [6]. Montava-Medel et al. presented a phase space classification of
their topological space [4].
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Here, we aim to improve and further investigate the results of Herrmann et al.[2],
studying three cellular automata. We observe that only limited regions of the phase
space of Q2R are visited. We compare the results of Q2R to the same cellular au-
tomaton on a triangular, instead of a square, lattice. We name it, inspired by the
classification discussed in [7], the X2R automaton. We also consider a Kawasaki-
Q2R dynamics by imposing additionally conservation of the magnetisation. The
three cellular automata studied are characterised by discrete space, time and spin
variables ±1. They are completely deterministic and reversible. Their energy is con-
served in time and the change of a spin is determined by the configuration of its
nearest neighbours, conferring a local character to the dynamics.

The structure of our contribution is the following: we first discuss the methods
used in Sect. 2, the theoretical framework and the implementations. Next, in Sects. 3-
5, we treat the three cellular automata separately identifying their differences and
interpreting the results. Finally, in Sect. 6, we summarize the latter points by giving
a broader overview.

2 Methods

In this section, we introduce the methods and notation used, as well as the main
theoretical concepts. Our work focuses on binary 2D systems with L × L sites and
periodic boundary conditions. Each site i is singly occupied by a spin pointing up or
down: si = ±1. In Q2R and Kawasaki-Q2R we work on a square lattice, thus each
site has four nearest neighbours, notated by ⟨⟩. The X2R automaton is defined on a
triangular lattice leading to six nearest neighbours per site.We define the normalised
Ising energy of these systems as

E = − 2
kL2

∑

⟨i,j⟩
sisj (1)

where k is the number of nearest neighbours in the grid. With this normalisation a
comparison between square and triangular grid is achievable.

In Q2R and X2R a spin is flipped when the Ising energy is conserved. This occurs
if the number of its nearest neighbours with spin pointing up is equal the number of
nearest neighbours with spin down (two or three respectively). In Kawasaki-Q2R,
a neighbouring pair ⟨i, i′⟩ exchanges its spin si ↔ si′ if they point in opposite di-
rections and, again, energy is conserved. In other words, they exchange their spin if
the number of spin-up nearest neighbour of the lattice site i, excluding i′, is equal
the number of spin-up nearest neighbour of i′ excluding i. Conventionally, during
time evolution, flips or exchanges of single spins should not depend on the dynamics
of other sites during the same time step. For this reason, we performed a partition
of the grid into different sublattices. During a time step each site is updated once.
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The choice of partitions is based on the condition that no nearest neighbour of a site
should belong to the same sublattice of the site itself. This is because the nearest
neighbour spins determine if a flip, respectively an exchange occurs. The partition
of the grid is different for each of the cellular automata studied and will be discussed
in the next sections.

According to the definition of the Ising energy, Eq. (1), we have E = −1 if
si = −1 ∀i on both the square and triangular grid. This convention differs from the
one used in [2] by a factor two. E is easily computable, constant under the dynamics
of our cellular automata and is thus chosen as the reference parameter to characterise
a configuration. To get a configuration with a given energy, we first set all si = −1
and then randomly flip single sites until we reach the desired value. Our main in-
terest is the dynamics of these configurations, in particular, their global and local
periodicity as discussed in [2]. We first study the global periods treating systems
of different size 32 ≤ L ≤ 6400. A configuration has global period tg if it comes
back to its initial state after tg time steps. As the cellular automata are completely
deterministic and reversible, this occurs after maximal tmax = 2L×L steps. Because
tmax increases exponentially with L, the computational time required to determine
the global period of a lattice can be very large, even for system with relatively small
size. We are interested in short global periods and therefore define any t > 1000 as
infinity. We determine the fraction p(E) of configurations at a fixed energyE having
a global period tg > tg,max = 1000. We also calculate the average period among
the configurations with tg ≤ 1000 for the energies with p(E) < 0.9. The data with
higher fractions are not considered, because of the too-small number of statistical
samples.

After having studied the global properties, we examine the period of each single
lattice site (local periods) in systems with L = 1280. In [2], it was was shown that
Q2R is not ergodic: clusters of periodic cycles tend to appear in a “sea” of static
sites. Two sites belong to the same clusters if they are nearest neighbour, their spins
change in time and the local period of one is a multiple of the other. To calculate the
local periods we evolve the system during 2 ⋅ tmax time steps storing the configura-
tions each time. The time evolution of each single lattice site is extracted from these
data. We are then able to determine its period t by starting with t = 1. If this guess
results to be wrong, we increase t by one and check if the periodicity of the site is
two. In the opposite case, t is again increased until having found the correct value
or reached tmax. We observe the fraction of sites with a “finite” period for different
tmax = 32, 80, 160, 320 and calculate the average local period. For the calculation
of the average local periods, sites with t > tmax are defined to have local period t = 0.

Finally, we analyse the cluster size distribution of local periods of different config-
urations. This was done with an implementation of the Hoshen-Kopelman algorithm,
which determines clusters and their size [3]. We also study the cluster period distri-
bution. The period of a cluster is defined as the maximal local period among the sites
belonging to it. As for each cellular automaton different neighbours are involved, the
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cluster identification method must be adapted respectively. The value of the local
period of two neighbouring sites is a multiple of both periods. Consequently, the
algorithm is the following: we first go through the configuration and label the sites
having their local period t > 1. We then join neighbouring labelled sites with the
Hoshen-Kopelman algorithm. During this process, we also store the maximal local
period within each cluster.

All global averages are calculated over n = 1000 different configurations. Local
averages are performed over n = 100 configurations. It is not possible to determine
reliable error bars for the mean periods (local and global) because of the large
fluctuations. The data do not seem to be self-averaging.

3 Q2R: The square lattice cellular automaton

Q2R is defined on the square lattice, and a single site flips if two of its nearest neigh-
bour point up and the other two point down. We split the system into two sublattices
as defined by a checker-board. We first update the “white” sites and then the “black”
ones. It is easy to prove that no spin does belong to the same sublattice of any of its
nearest neighbours, fulfilling the requirement just explained.

To determine the global period, we implement the following algorithm: we first
store the initial configuration and magnetisation M0 of the configuration. At any
time step i withMi =M0, the initial configuration is compared to the one at time i.
If the two are equal, the global period t = i is found. Otherwise, the time evolution
continues, stopping at tmax = 1000 and labelling configurations as infinite for which
no smaller period is found.

Our outcome for local and global periods coincides with the results of [2], see
Fig.3. With higher energies, the probability that a configuration has a finite period
decreases. Correspondingly, the average period of the finite configurations steadily
increases.

The local results also reproduce the previous work, as shown in Fig.2. A central
point is the presence of a critical energy Ecp for the local average periods. With
larger tmax, we get a higher mean local period at the critical point, which diverges
for larger tmax. Thus, we perform a finite size analysis. Ecp is then determined as
follows:

Ecp(tmax) = Ecp(1 − btxmax) (2)

whereEcp(tmax) is the energywithmaximal local period for tmax = 32, 80, 160, 320
and b a constant. A numerical fit using Eq.(2) leads to Ecp = −0.8700 ± 0.0006 and
x = 0.34 ± 0.09. Next, we calculate the z exponent in the relation tmax(L) = Lz.
Defining z = −∕x it is possible to determine the critical exponent  . This exponent
characterizes the mean local period t ∝ |E − Ecp|− . According to our definition
we have t = 1 for E ≪ Ecp and t = 0 for E ≫ Ecp. In order to adjust to these two
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Fig. 1 Fraction of configurations (left) p(E)with global period t > 1000 and average period (right)
as a function of their energy E for Q2R. L = ∙32, ▴64, ⬟128, ⧫640, ×1280, ⋆6400.

limiting cases, we add one constant for E < Ecp and another for E > Ecp. In fact,
we make a fit

t = c|E − Ecp|− + a± (3)

where a± denotes a constant which is different below and above the critical energy.
We obtain  = 1.2± 0.3, which agrees well with the fit to the tmax = 320 curve. The
fit is represented in the plot by the dashed grey line.
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Fig. 2 Fraction of sites with local finite period (left) and average local period (right) in systems of
L = 1280 for Q2R. tmax = ∙32, ▴80, ×160, ⧫320. There is a critical energy at Ecp = −0.8700 ±
0.0006.

At the critical energy Ecp, we determine the cluster size distribution, shown in
Fig.3. Among 1000 simulations we find a maximal cluster size S = 179. We observe
that, even at the critical energy, the clusters are rather small (in our grid there are
12802 sites!). Nevertheless, at the critical energy the cluster size distribution seems
to follow a power-law nS ∝ S−a, where nS is the number of clusters with size S.
With a numerical fit we calculate a = 1.112 ± 0.004. The maximal local period
observed is tmax = 320 (the maximal possible value according to our choice). In
this case, the number nt of clusters found with period t behaves like nt = t−b with
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b = 1.35 ± 0.03. In Fig.4. we show some local period configurations, observing that
clusters have a typical rectangular shape. This is not surprising, as the flip function
stabilizes rectangular spin up clusters in a spin down environment (or vice-versa).
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Fig. 3 Log plot of the cluster size distribution (left) and log-log plot of the cluster period distribution
(right) of Q2R at the critical energy Ecp ≃ 0.874 for 100 configurations of size L = 1280.

Fig. 4 Local periods in a configuration with L = 32 at the critical energy Ecp ≃ −0.87 for Q2R. ◦
denotes period 1, colours distinguish local periods. We observe clusters of rectangular shape.

4 X2R: Q2R on triangular lattice

X2R is like Q2R because except that it is defined on the triangular- instead of a square
lattice. In this case, the spin of a single site is, again, flipped if energy is conserved.
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This occurs if the spin of exactly three of its six nearest neighbours point up. The
system is divided into three sublattices for the same reasons argued before and as
sketched in Fig.4. Possible global and local periods are established and calculated in
the same way as for the square lattice. We modify the Hoshen-Kopelman algorithm,
accounting as nearest neighbour each of the six adjacent sites.

Fig. 5 Division in sublattices A,B, C required for a consistent update of X2R on the triangular
grid.

For the global periods, we obtain a very similar behaviour as for Q2R (Fig.4). We
observe that the curves representing the fraction of configurations with an infinite
period are shifted to the right. This can be justified, as in this case a flip occurs if
exactly three, not two, nearest neighbours have s = 1. This arrangement occurs with
a lower probability than in the case of four nearest neighbours. Also, in this case, the
mean global period increases monotonously.
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Fig. 6 Fraction of configurations (left) p(E)with global period t > 1000 and average period (right)
as a function of their energy E for X2R. L = ∙32, ▴64, ⬟128, ⧫640, ×1280, ⋆6400
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In the analysis of the local periods, we observe a similarity with Q2R, see Fig.4.
We perform, as described for the Q2R automaton case, a finite size analysis. In the
first step, for the relation of Eq.2 we findEcp = −0.848±0.0004 and x = 0.92±0.04.
The critical point is slightly higher than for Q2R. This is again probably due to large
number of nearest neighbours. Also in this case, we have a phase transition charac-
terised by Eq. (3). We find  = 0.28 ± 0.05 which is much smaller than for Q2R. As
described in Sect. 3, c and a± are constants. We represent the scaling behaviour by
the dashed grey line in Fig.4.
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Fig. 7 Fraction of sites with local finite period (left), and average local period (right) in systems of
L = 1280 for X2R. tmax = ∙32, ▴80, ×160, ⧫320. A critical energy at Ecp = −0.8408 ± 0.0004 is
observed.

For X2R, we observe (see Fig.4) less and smaller clusters than for Q2R. The max-
imal cluster size, again among 1000 simulations, is only Smax = 44. Their number
decays as nS ∝ S−a, although with more fluctuations as compared to Q2R. We find
a = 1.35±0.05. The maximal local period is also chosen in this case tmax = 320. We
can see that the cluster period distribution exhibits very strong fluctuations masking
the expected decrease. More precisely, we observe that there is a high probability
to find clusters with specific periods. For example, multiples of four are particularly
recurrent. In Fig.4, we represent the clusters of a configuration at the critical energy
for L = 32. Contrarily to the Q2R automaton, a typical cluster shape can not be
identified.

5 Kawasaki-Q2R with energy conservation

The dynamics of this cellular automaton consists of an exchange between neigh-
bouring sites. If the two spins si, s′i of a neighbouring pair are anti-parallel, the spin
of both of them can flip. This occurs if the two involved sites have an equal number
of “spin up” nearest neighbour, excluding the other site of the pair. As we deal with
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Fig. 8 Log plot of the cluster size (left) and period (right) distribution for 100 configurations at
Ecp ≃ −0.848 for X2R.

Fig. 9 Example of local periods for X2R. The system is of size L = 32 at the critical energy
Ecp ≃ −0.848. No apparent typical cluster shape can be identified.

pairs, we have to distinguish between horizontal and vertical direction. Additionally
to the energy, we have another conserved quantity: the magnetisationM .

Any pair of spins has six nearest neighbours, and for this reason, the partition
into sublattices is more challenging. We treat, for both vertical and horizontal direc-
tion, the two possible combinations of pairing for each site (right and left nearest
neighbour, upper and lower nearest neighbour respectively). Each of the two different
combinations has to be split into four sublattices, as shown in Fig.5 for the horizontal
exchanges. The vertical case is equivalent. We have two time steps T and T ′. In T
we treat each couple of neighbours of the first sublattice in the horizontal direction,
performing exchanges in the sequence A, B, C, D. The same procedure is repeated
for the second pairing combination (A’, B’, C’, D’). Then, we anagously implement
updates in the vertical direction. In T ′ we update the configuration similarly, but
first in the vertical and then in the horizontal direction. This definition is chosen for
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Fig. 10 Partition in sublattices implemented to maintain energy conservation of the Kawasaki-Q2R
automaton for a system with L = 8. The two images correspond to the two different possibilities of
pairing in the horizontal direction. For vertical exchange the division is analogous.

the following reasons. Assume, for example, we have a system with si = −1 every-
where, except for one single lattice site j with sj = 1. An exchange with a nearest
neighbour will occur first horizontally and later vertically. Focus now, without loss
of generality, on the case (this depends on the initial j, see sublattice partition) when
sj = 1 first exchanges with its right neighbour, and then with its vertical neighbour.
The dynamics repeats the next steps continuously. Thus due to periodic boundary
conditions, the system would come back to its initial configuration after t = 4L time
steps. We want to establish global periods for t ≤ 1000 and compare the average
to the value for different sizes (up to 6400). For these reasons, we introduce the
previously defined even and odd time steps and implement the sequence TT ′TT ′.
In fact, with this definition, most of the sites will have t = 2. This behaviour can be
seen as some oscillating blinkers. It is also important to note that, again in the case
of a singular spin-up site sj , after a single time step, the cell with s′j = 1 will be
its fifth nearest neighbour. This is a consequence of the definition of our time step.
We have to modify the Hoshen-Kopelman algorithm previously used by taking in
account the fifth nearest neighbour belonging to the same cluster for consistency.
This effect can be observed in Fig.5, where we show the local periods for a random
configuration with L = 32 and E ≃ −0.97.

For the calculation of the global periods, we can not rely on the algorithm pre-
sented for Q2R, as the latter is based on a comparison with the magnetisation Mi
at each time step. In the Kawasaki-Q2R automatonM is constant. We therefore im-
plemented a straightforward algorithm comparing the configuration after each time
step with the initial one. This process requires more computational time.
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Fig. 11 Local periods for a configuration at energy E ≃ −0.97 and size L = 32. ◦ indicates a site
of period 1, orange clusters are of period 2 and blue of period 4.

The behaviour for the Kawasaki automaton dynamics is quite different from Q2R
and X2R. Configurations with finite periods are only present at low energies (see
Fig.5). Additionally, finite configurations have a lower average global period and this
value does not systematically increase with energy but exhibits strong fluctuations.
We can observe and conclude that either a configuration has a short period, or we
will observe an important motion, especially for large systems.
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Fig. 12 Fraction of configurations (left) p(E) with global period t > 1000 and average period
(right) as a function of their energy E for the Kawasaki-Q2R automaton. L = ∙32, ▴64, ⬟128, ⧫640,
×1280, ⋆6400

Analysing the local periods, we observe additional differences. Also in this case,
for all tmax between 32 and 320, we have an increase in the fraction of lattice
sites, but with an infinite local period in a smaller energy range compared to the
previously studied cellular automata (see fig 5). For tmax ≤ 160 the mean local
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period steadily decreases: No critical point can be detected. As shown in Fig. 5,
however, for tmax = 320 we observe, after a short decrease, an unexpected jump at
E = 0.9669 ± 0.0003. With a simulation for tmax = 640, we obtain essentially the
same values as for tmax = 320. Also a different number generator leads to the same
results. Observing the cluster period distribution for the energy at the jump (see
Fig.5), we can extract a possible explanation. In fact, most of the clusters have either
low 2 ≤ t < 8 or large t > 128 period. We have a possible interpretation of this
substantial difference encountered between tmax ≤ 160 and tmax = 320. Contrarily to
Q2R and X2R, in the Kawasaki-Q2R automaton, we have three different possibilities
for the number of spin-up nearest neighbour to flip a pair of spins. An increase in
energy could then lead to configurations in which less pairs of spins undergo an
exchange: Less sites will have an infinite period, resulting in an average value closer
to one.
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Fig. 13 Fraction of sites with local finite period (left) and average local period (right) in systems
of L = 1280 and different tmax for Kawasaki-Q2R automaton. tmax = ∙32, ▴80, ×160, ⧫320. We do
not observe any critical point opposed to the previous cellular automata.
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Fig. 14 Cluster size (left) and cluster period (right) distribution of Kawasaki-Q2R at the jump
energy E ≃ −0.97 on 100 systems of size L = 1280.
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6 Discussion and conclusion

The similarities in the definition of Q2R and X2R lead to analogous behaviour.
In both cellular automata, we observe a comparable evolution of the finite global
period as a function of the energy. Additionally, we have a critical energy charac-
terized by a divergence of mean local periods. Although the probability of finding a
configuration with global period t ≤ 1000 steadily decreases for higher energies, we
verify (as observed by Herrmann et al.[2]) that dynamical sites arrange in clusters
and have a limited periodicity. These clusters lie in a “sea” of sites with fixed spin.
Configurations in both Q2R and X2R at low energy are thus clearly not ergodic. The
Kawasaki-Q2R automaton exhibits very different results. In this case, the probabil-
ity of finding an infinite global configuration increases more rapidly and reaches its
maximum for very low energies. Also in this case, we can observe the formation of
clusters with finite periods, but for smaller energies compared to Q2R and X2R. No
critical point is observed and the mean local period steadily decreases with the en-
ergy. We can not provide an explication for the disappearance of the maximum in the
mean local period, although we suspect that the larger number of possibilities under
which an exchange takes place could play an important role. The unexpected jump
at tmax = 320 can be partially justified by the cluster period distribution: this value
results to be either less than 10, or larger than 200 at the jump energy Ej ≃ −0.97.
The configurations are not ergodic, instead there are dynamical sites arranging in
clusters with finite periodicity in all Q2R, X2R and Kawasaki-Q2R.
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