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We study percolation-fragmentation processes on random networks and ask how the fragmentation
rate determines the percolation phase transition. We find that, in the presence of fragmentation, the
abruptness can be either enhanced or mitigated, depending on the combination of the fragmentation
process and the percolation model. Combined with continuous percolation models, fragmentation
processes lead to a discontinuous transition in the limit of q → qc, when break-ups occur with
probability q and aggregation events with probability 1−q. This limit, however, can only be achieved
for divergent critical percolation times. For subcritical fragmentation rates, certain models exhibit an
explosive (weakly discontinuous) transition, where the transition is effectively indistinguishable from
a true discontinuous transition, even for very large systems. We find that the critical fragmentation
threshold qc is specific to the model. Remarkably, the abruptness of the phase transition can even
non-monotonically depend on q.

INTRODUCTION

Percolation is a widely studied phenomenon which de-
scribes the phase transition from small-scale connectivity
to large-scale connectedness [1, 2]. Though it has been
studied for more than 60 years it still is a very active field
of research [3–5]. One recent focus of past years has been
’explosive percolation’, i.e. the study of the abruptness
of percolation in random networks when there are global
restrictions for the addition of a link, so that the addition
of links is not an entirely random process [6–16].

The main mechanism of explosive percolation is the
delay of the onset of percolation by avoiding the merging
of large clusters in processes of increasing link density
[6]. To achieve a genuine discontinuous percolation tran-
sition, the number of choices for link occupation needs
to be infinite on random graphs [17]. On the lattice,
explosive transitions are genuinly discontinuous below a
critical dimension and above a critical number of choices
[18]. On random networks, any mix between continuous
and discontinuous processes leads to a continuous tran-
sition [9]. But what happens if percolation is combined
with fragmentation?

Fragmentation processes where homogeneous parts
break up into smaller ones are ubiquitous and have been
studied intensely. The applications range from atomic
nuclei, and the fragmentation of glass rods, to fracture
in large scale systems including social systems [19–27].

Here we report on the observation that even contin-
uous models such as Erdős-Rényi percolation can ex-
hibit arbitrarily abrupt transitions under fragmentation.
We demonstrate that phase transitions in percolation-
fragmentation can show a rich critical behavior. Specifi-
cally, fragmentation can even have the opposite effect and
smoothens the phase transition, or, the abruptness can
non-monotonically depend on the fragmentation rate.

PERCOLATION PROCESSES

Fragmentation is applied with fragmentation rate q ∈
[0,1] such that at each step a cluster is selected with
probability q and fragmented into two parts. Otherwise,
with probability 1 − q, a connection is added linking two
vertices. Specifically, we study Erdős-Rényi (ER) per-
colation (choose 2 vertices at random and link them),
the k-clique model [9, 28, 29] (henceforth clqk) where
k > 2 vertices are chosen randomly and the two are linked
which minimize the sum si + sj , where si denotes the re-
spective cluster size in which vertex i resides. We restrict
ourselves to the cases k = 3 (clq3) and k = 10 (clq10).

The Devil’s staircase model (henceforth DS) has been
introduced to demonstrate that infinitely many discon-
tinuous phase transitions can coexist with continuous
percolation [10]. It also can be interpreted as a manifesta-
tion of inverse fragmentation [11]. For a single realization
(but for the infinite system), the model exhibits a Dev-
ils’s staircase beginning at the percolation point, hence
the name. Later it has been shown that the positions of
the staircase are random, an example of crackling noise
in percolation [11]. In the non-kinetic (static) interpre-
tation of the model, the order parameter, i.e. the size of
the largest cluster, does not converge to a function of the
link density in the thermodynamic limit [5]. In the DS
model three vertices are selected at random and the two
are linked for which ∣si − sj ∣ is minimal, favoring mergers
of clusters of similar size but also intra-cluster links [10].
In fact, the role of internal links has been elucidated via
a Hamiltonian formalism [30].

For an illustration of the behavior of the percolation
models, see Fig. 1.

PERCOLATION-FRAGMENTATION

We start with an empty graph G of N vertices and no
edges. In this way, we have N clusters of size 1 in the
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beginning for each realization. We study a number of
combinations of percolation models and fragmentation
processes, henceforth called percolation-fragmentation.
Fragmentation is achieved via the split-up of a (ran-
domly) selected cluster into two fragments. Specifically,
we study

Random fragmentation (fm0): Choose uniformly at
random one vertex. Fragment the cluster in which the
vertex resides into parts of even size (up and down
rounded if necessary). If the cluster size s = 1 do nothing.
Note that we do not regard the cluster-internal link struc-
ture and fragmentation may remove more than one link
(Numerically we only the store the number of vertices of
a cluster, i.e. its size, which substantially decreases the
computation time for a realization.)

Exclusion fragmentation (fm1): Choose uniformly at
random one vertex. Fragment the cluster in which the
vertex resides into even parts, given the cluster size s > 1
and the cluster is not the largest existing one, else do
nothing. This rule is motivated by the fact that the
growth of the largest cluster controls the percolation
phase transition [9, 31–34];

Targeted fragmentation (fm2): Choose the largest ex-
isting cluster (if multiple exist, choose at random) and
split it into equal parts, unless of size s = 1. This rule
is motivated by previous work on targeted attack in net-
works [35, 36].

ORDER PARAMETER FOR
FRAGMENTATION-PERCOLATION PROCESSES

Do percolation-fragmentation processes have a well-
defined phase transition? If the largest cluster is not
spared from fragmentation, for a moderate fragmentation
rate, percolation-fragmentation (defined as a kinetic pro-
cess) typically leads to many discontinuous down-jumps
of the order parameter, i.e. the size of the largest cluster.
This is because after the emergence of the giant compo-
nent, the largest cluster is guaranteed to split up in the
supercritical regime (if exists). To keep standard nota-
tions, we do not redefine the phase transition, but instead
we (re)define the order parameter as

C∗
(L) = max

i≤L
C1(i), (1)

representing the biggest cluster over all performed steps
i = 1,2, . . . L and not only of the actual (discrete time)
step. This definition reduces to the original order param-
eter, the size of the biggest cluster (C1) for q = 0.

As a first observation, a phase transition in C∗, yet
delayed by the fragmentation, is (w.h.p.) guaranteed
to occur for q < 0.5. Hence, we focus on studying the
fragmentation-percolation phase transition for this case.
But we will see that one can also observe non-trivial be-
havior for q > 0.5.

Figure 1: (Color online) Single realizations of percola-
tion and percolation-fragmentation models. Relative
size of the order parameter C∗

/N as a function of the relative
number of time steps L/N . System size N = 106. (Main)
ER model (blue ●), ER model with fm2 for q = 0.2 (magenta
○), clq3 model without fragmentation (red ▽) and clq3 model
with fm1 and q = 0.2 (black ▾). (Inset) DS model (green ⋆),
DS in combination with fm0 at q = 0.1 (magenta +) and DS
with fm1 at q = 0.2 (yellow ×).

ABRUPTNESS

Figure 1 illustrates the effect of fragmentation on the
ER, clq3, and the DS model. The ER model (dark blue ●)
exhibits the well-known percolation transition at tc = 1/2
(t ∶= L/N). Targeted fragmentation fm2 results into a
substantial delay of the transition point with an also sub-
stantially more “explosive”, i.e. more abrupt, transition
(blue ● and cyan ○ ). In contrast, if we protect the biggest
cluster from fragmentation (fm1), the phase transition
becomes less abrupt (compare clq3 (red ▾ ) with clq3-
fm1, cyan ○ , in Fig. 1). This is remarkable because fm1
delays the transition point in clq3, which usually implies
a more abrupt transition.

The inset of Fig. 1 displays that the DS model looses
its staircase shape getting continuous, if it is combined
with random fragmentation fm0. However, if the largest
cluster is protected (fm1) the staircase remains but the
onset is delayed.

To quantitatively analyze the abruptness we investi-
gate the scaling of the largest gap ∆C∗

max = maxL[C
∗(L+

1) −C∗(L)] as a function of system size N ,

∆C∗

max/N ∼ N−β (2)

where the exponent β as defined in Eq. (2) differs in gen-
eral from the percolation strength parameter (but may
coincide for very small values) [5].

The exponent β quantifies the abruptness of the phase
transition [9]. A discontinuous percolation transition is
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Figure 2: (Color online) Gap exponent as a function of
fragmentation rate for fm0 and fm1. The gap exponent
β, defined as ∆C∗

max/N ∝ N−β , versus fragmentation rate q.
Determined for N = 102, . . . ,106 with 95% bootstrap confi-
dence interval of 500 samples as error bar. Fit residues and
statistics, see Fig. 4. Percolation models: ER blue ●, DS red
▾, clq10 green ◾ and clq3 yellow ◆. Due to finite size effects,
the fit value of β can negative, hence we plot max{β,0}. (a)
fm0, random fragmentation, (b) fm1, protecting the biggest
cluster from fragmentation.

characterized by β = 0 whereas continuity is given by
β > 0. Weakly discontinuous transitions have been char-
acterized by β ≪ 1 [9]. We measured ∆C∗

max in 100
realizations for N = 102, . . . ,106 for all fragmentation-
percolation combinations. The error is determined by
bootstrapping (500 samples) linear regression with a con-
fidence interval of 95%. Simulations are done up to
q = 0.49 (main results shown in Fig. 2, fitting procedure
in Fig. 4, and fit results in table I and table II).

In Fig. 2 we plot max{β,0} (instead of β) as a function
of q to account for finite size effects that can lead to
negative exponents. Fig. 2(a) suggests that β for ER
and clq3 decreases with increasing q for fm0, meaning
fragmentation substantially sharpens percolation. Thus,

Figure 3: (Color online) Rapid drop of gap exponent
for targeted fragmentation (fm2). Otherwise same spec-
ifications as in Fig. 2. Targeted fragmentation substantially
sharpens the percolation transition, i.e. leading to a very small
value of β.

Figure 4: (Color online) Fit residues and statistics. His-
togram of residuals h(r), r ≡ βfit, with the plot for theoretical
and empirical quantiles, and system size dependence. Exam-
ple for ER-fm0, βfit = 0.059 ± 0.008. This method was used
for all models for obtaining the β values.

large values of q correspond to “explosive” yet continuous
percolation, i.e. weakly discontinuous percolation. By
contrast, for the studied networks of N = 106 vertices the
clq10 model is practically discontinuous for large values
of qc, i.e. β < 0.01.

For targeted fragmentation (fm2), the growth of the
largest cluster is suppressed in the subcritical regime
which leads to a rapid drop of β as shown in Fig. 3.

Contrarily, for fm1, we observe an increase of β for
increasing q, for ER and clq3. This means that frag-
mentation can smoothen the phase transition when the
largest cluster is spared from fragmentation.
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Figure 5: (Color online) Divergence of tc for fragmenta-
tion model fm0. tc is the the time which satisfies C∗

≥

√

N
for the first time. Realizations are shown for each percola-
tion model in combination with fm0 and system size N = 106

(ER blue ●, DS red ▾, clq10 green ◾ and clq3 yellow ◆). Each
point represents the median with upper and lower quartiles
as errors. (Main) tc versus fragmentation rate q (double lin-
ear plot). Solid lines are power-law fits (values in table II).
(Inset) Log-log plot of tc versus ∣q − qc∣. Data based on 100
realizations.

Figure 6: (Color online) Divergence of tc for fm1. Other-
wise same specifications as in Fig. 5.

Intriguingly, the DS model shows even a non-
monotonous behavior of β as a function of q, with a peak
at about q ≈ 0.07.

PERCOLATION POINT

To obtain an intuitive understanding and derive a scal-
ing form of the critical percolation point tc as a function
of q let us consider the simple process where random
edge removal competes with random edge addition. If

Figure 7: (Color online) Critical cluster size distribution
nc(s). Cluster size distribution at tc for (a) clq3-fm0 and (b)
ER model in combination with fm3 and q = 0.0,0.2,0.4 (blue
○, red ▿, green ◽) for system size N = 108 showing the mean
of 100 realizations; with cluster size S, relative cluster size s =
S/N . The dotted lines represent power laws with exponents
2.09±0.04 (q = 0), 2.11±0.05 (q = 0.2) and 2.06±0.05 (q = 0.4)
for (a, clq3-fm0), and 2.47 ± 0.03 (q = 0), 2.31 ± 0.05 (q = 0.2)
and 2.14 ± 0.05 (q = 0.4) for (b, ER-fm2).

we remove a randomly chosen edge at each step with
probability q but add a link with probability 1 − q, we
expect 1/tc ∼ (q− (1− q)). As tc = 1/2 for q = 0 we obtain
tc(q) = (4(1/2 − q))−1. Thus, we expect the power law
behavior

tc ∝ ∣q − qc∣
−z, (3)

for our models with exponent z equal to 1 and qc = 1/2.
Define Tc = argminT {C∗(T ) ≥

√
N} and tc = Tc/N .

We performed 100 realizations for each percolation model
in combination with fm0 and fm1 and plotted the median
of tc versus q with upper and lower quartiles as error
bars and the corresponding log-log plot in Figs. 5 and
6. Numerics, in fact, suggests a power law divergence at
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a critical model-dependent qc (inset in Fig. 5). Table I
summarizes the fit results.

CLUSTER SIZE DISTRIBUTION

Explosive percolation has been characterized by a
“powder keg” of cluster sizes which manifest itself by a
bump in an otherwise power law behavior of the cluster
size distribution [28]. This behavior is also found for the
models proposed here (Fig. 7). For explosive, yet contin-
uous, percolation models such as clq3, fragmentation has
only a small effect on the cluster size distribution. We
observe the emergence of a bump for the ER model in
combination with fm3. This “powder keg” is most pro-
nounced for large values of q which imply very small gap
exponents. Yet, it is a finite size effect [5, 8, 17].

Table I: Summary of qc values

Model fm0 fm1 fm2
ER 0.553±0.025 1.058±0.100 0.514±0.026
clq3 0.510±0.010 0.511±0.011 0.504±0.014
clq10 0.507±0.017 0.507±0.017 0.501±0.011
DS 0.538±0.020 0.550±0.032 0.508±0.019

Table II: Summary of z values

Model fm0 fm1 fm2
ER 0.883±0.005 2.058±0.008 1.328+0.020−0.012

clq3 0.753+0.001−0.012 0.757±0.002 1.087±0.001
clq10 0.816±0.001 0.816±0.001 1.000±0.0005
DS 0.818+0.013−0.006 0.862±0.010 1.225±0.003

DISCUSSION

Our choice of the order parameter, as defined in
Eq. (1), i.e. the size of the largest cluster of all times,
is meaningful and crucial for studying the percolation
transition in fragmentation-percolation processes. This
choice avoids repeated trivial discontinuous transitions
in the supercritical regime.

We have shown that fragmentation can arbitrarily en-
hance the abruptness of the percolation phase transi-
tion. This includes a genuine discontinuous transition in
the limit of q → qc, but requires a diverging percolation
time. In particular, we found that the delay of tc obeys
a power law with increasing fragmentation probability as
tc ∼ ∣q − qc∣

−z. All found critical fragmentation probabil-
ities are close to the value of qc = 0.5, obtained for the

combined process of random edge removal and random
edge addition, except for ER combined with fm1, where
we found qc ≈ 1.0 (see Fig. 6 and Table I). This partic-
ular observation can be explained by the fact that fm1
protects the biggest cluster from splitting, but in addi-
tion, unrestricted ER does not suppress the growth of it,
which allows the growth of the largest cluster for q > 0.5.

We have shown that continuous (ER) percolation un-
der targeted fragmentation (fm2) becomes as abrupt as
the strongest explosive models (such as clq10) – even for
moderate high fragmentation rates (Fig. 3). These re-
sults can be explained by the emergence of a “powder
keg” of clusters of similar size [28], which rapidly merge
in the critical window of the phase transition (Fig. 7).

When fragmentation is applied to all components but
the largest one (fm1), the coexistence of similar size large
components is drastically suppressed and the exponent
β, by contrast, increases, yielding a smoother transition
(Fig. 2(b)).

For percolation models showing a truly discontinuous
transition, fragmentation can either have a dramatic ef-
fect or none. Specifically, the DS model loses its typ-
ical staircase behavior under random fragmentation. If
the biggest cluster is protected from fragmentation (fm1),
however, the “Devil’s staircase” remains. This is a partic-
ularity of the DS model, which is based on the mechanism
that the biggest cluster cannot grow directly, but is over-
taken by other clusters [10]. Accordingly, fragmenting
the (unique) largest cluster leads to new large clusters
and destroys its uniqueness, a feature of continuous per-
colation [34].

We showed, for the first time, how qualitatively frag-
mentation impacts the abruptness of the percolation
phase transition. A detailed analysis of standard crit-
ical exponents and scaling functions which traditionally
characterize percolation, remains for future work and lies
outside the scope of this study.
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