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Abstract. I present recent progress in understanding abrupt connectivity transitions, i.e. 
percolation-type models exhibiting first order phase transitions. The introduction of bridge 
bonds and their tricritical scaling allows obtaining exact expressions for the appearance of a 
jump in the order parameter. Another exact result can be obtained through the Potts model 
using Gliozzi’s scheme. Finally also hybrid transitions are discussed.  

  
Percolation is one of the simplest and oldest models in Statistical Physics in which sites or bonds of a 
lattice are randomly occupied with a probability p. It is known for its extremely robust continuous 
phase transition towards a spanning phase. But there exist many connectivity problems in nature and 
society that are clearly abrupt, like the explosion of a volcano, the breaking of a dam, the collapse of 
the banking system or the outbreak of pandemics. Thus it is not surprising that the search for a 
connectivity model exhibiting a first order transition represents an old challenge in statistical physics. 

The oldest known example exhibiting a discontinuous transition is bootstrap percolation [1] in 
which, starting from a classical percolation configuration, all sites are removed that have less than a 
certain number zc  of occupied neighbors. This procedure, called “culling”, is repeated, until every site 
has at least zc occupied neighbors. Evidently the result depends on the type of lattice and on zc and 
there are certain cases where the transition is shifted to p = 1 at which the order parameter P, i.e. the 
fraction of sites in the largest cluster, jumps to unity. This occurs because the culling mechanism 
pushes the curve P(p) towards larger p values, making it steeper and steeper. The disadvantage of 
bootstrap percolation is that culling cannot be described by a statistical weight and the number of 
iteration depends on the initial configuration and can become very long close to the transition.  

In 2009 Achlioptas et al presented in Science a new model they called “product rule”, in which 
instead of occupying one bond, two bonds are chosen and the one is occupied, which creates the 
smaller cluster. Numerically this model on the completely connected graph showed a sharp jump in 
the order parameter P, but strangely the cluster size distribution followed a power law. Soon after three 
different groups [3, 4, 5] were able to show convincingly that in the thermodynamic limit the jump 
should vanish, but that this would only be observable numerically for systems of at least 1023 sites, 
explaining why the original work saw effectively an abrupt transition. What happens in finite 
dimensions remains unclear. 

Achlioptas’ model was generalized to choose not between two, but between m bonds, giving 
rise to the so called “best of m model” [6,7]. Numerically clearly the jump in the order parameter 
becomes steeper the larger m and the smaller the spatial dimension.  By interpolating on a square 
lattice between m = 1 and m = 10 it is even possible to identify a tricritical point, a clear indication 
that the transition for m = 10 is of first order [6]. Interestingly the exponents of transport  on the 
inicipient spanning cluster, i.e. the fractal dimension of the backbone, the cutting bonds and the 
shortest path as well as the electrical conductivity, depend on m, showing anomalies around m = 4 [7]. 
The situation of the best of m model is however still not settled. 
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A much clearer case is the “largest cluster model” in which bonds are occupied randomly as in 
usual percolation, except if the bond is going to generate a cluster larger than any cluster in the system. 
In this case the bond is only occupied with the probability 

 
 
 
 

where s is the size of the new cluster and <s> the average cluster size [8]. In this way the formation of 
a large cluster is exponentially suppressed and all clusters are roughly of the same size. At the 
transition the order parameter P(p) is discontinuous and displays a bimodal cluster size distribution. 
The clusters at the transition are compact but interestingly their surface is fractal with dimension 1.22 
in 2d and 2.49 in 3d [9]. These values belong to a very large universality class, which will be 
discussed in the following. 

The suppressing of spanning, that was a crucial ingredient of the models introduced hereto, can 
be studied best through what has been called “bridge percolation” [10]. A bridge is a bond, which if 
occupied would create a spanning cluster and in bridge percolation bonds are occupied randomly as in 
usual percolation, except if they are a bridge, so that bridges are never occupied. Therefore the system 
never spans and the percolation transition is pushed to p = 1. Since in 2d bridge bonds are dual to 
cutting bonds the fractal dimension of the set of bridge bonds NBB at the threshold of classical 
percolation pc is 1/ν = 3/4, where nu is the critical exponent of the correlation length. Above pc, 
however, the fractal dimension of NBB is 1.22, precisely the value found for the fractal dimension of 
the surface of the clusters of the largest cluster model. The crossover between the two dimensions at pc 
is similar to a theta point, exhibiting a tricritical scaling law: 

 
 

 
At p = 1 the set NBB becomes a continuous line, which is actually identical to the watershed of a 

random uncorrelated landscape [11]. Simulating large systems and making a careful correction to 
scaling analysis, its fractal dimension dBB was determined with high precision, showing its universality 
and the equivalence of various models [12]. Amongst others the following models also belong to the 
same universality class: the shortest path of loop-less percolation [13], the optimal path crack [14], the 
touching line of two identical fluids invading a porous medium and the crack of fuse networks with 
infinite disorder [15]. It has also been shown that the line also follows the properties of the Schramm 
Loewner Evolution (SLE), i.e. is conformally invariant [16]. 

The scaling law for NBB enabled proving that another model, namely the “spanning cluster 
model” exhibits a first order transition [17]. In this model m bonds are chosen and any of them, which 
is not a bridge, is occupied. Only if all m chosen bonds are bridges, one of them must be occupied and 
the system spans, exhibiting a jump in the order parameter. If m is above a certain value mc the 
location of the transition pc increases with system size towards p = 1, while it decreases towards the pc 
of classical percolation when m is below mc.  It can be shown using Eq.(2) that     

 
 
 

where d is the spatial dimension and dBB the fractal dimension of the bridge bonds. Above the critical 
dimension d = 6 the set of bridge bonds is dense, i.e. dBB = d, and thus the transition is continuous in 
the thermodynamic limit for all values of m. For m above mc the order parameter jumps to unity at p = 
1, the transition being thus discontinuous. A similar phase diagram is expected for the product rule, 
but this is still disputed [7, 10].  

An even more rigorous proof for a first order percolation transition came through the Potts 
model for a metallic breakdown model [18]. Imagine an insulating substrate adsorbing metallic 
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particles on which an electric field is applied parallel to the substrate. The adsorption probability W 
should depend on the local potential drop ΔV as 

 
 
 
 

where p, q and γ are parameters of the model. Classical percolation is retrieved, when γ is infinite. 
More astonishingly the case γ = 0 corresponds to the clusters of the q-state Potts model as shown in a 
little known paper by Gliozzi [19]. In his Monte Carlo algorithm one choses a homogeneously 
distributed random number x ϵ [0,1) and occupies the bond if x < p/q, leaves it empty if x > p and if 
p/q < x < p one occupies the bond only if it is an internal bond, i.e. which connects sites that belong to 
the same cluster. Since it is known that in 2d the transition of the Potts model changes from second to 
first order at q = 4, our metallic breakdown model will also exhibit a first discontinuous transition in 
2d when q > 4 and  γ = 0. 

A more exotic type of transition is found in the restricted Erdös-Renyi model [20]. Here one 
connects preferentially the most disconnected sites. Concretely, bonds between two nodes are 
randomly placed with the condition that one of the nodes must belong to a cluster, which belongs to 
the fraction g of the smallest clusters. Considering this model on the infinitely connected graph, it 
becomes possible to prove the existence of a hybrid transition with a continuously varying exponent 
[21], which up to now is the only known example of such a transition. In other words one finds a jump 
in the order parameter and after that a power-law for the cluster size distribution, where the exponent τ 
continuously varies with g according to the following transcendental equation: 

     
 
 
 

where ς is Riemann’s zeta function. 
An applied example of how a global condition induces a discontinuous transition can be found 

in epidemic spreading. Consider a kind of Susceptible-Infected-Susceptible (SIS) model [22], in which 
individuals are infected by sick neighbors with an infection rate τ and will be cured the next time step, 
only using a certain amount c of money, which comes from a global budget, that is refilled by fixed 
contributions coming from the healthy individuals [23]. As for the usual SIS model one observes at a 
certain infection rate a percolation-like transition at which the fraction of infected individuals 
continuously becomes finite. However in this model one finds also a second transition at a higher 
pandemic infection rate τ*, at which after some time the budget suddenly is exhausted and everybody 
gets infected. At this rate τ*, which depends on the parameters of the budget, the order parameter 
jumps discontinuously. 

Finally it is worth mentioning that first order connectivity transitions have also been found in 
the robustness of coupled networks [24], following a cascading dynamics that is similar to the culling 
in bootstrap percolation. The transition can be made continuous, i.e. less dangerous, by the 
introduction of autonomous nodes [25]. 

Summarizing, there are at least two different ways of making percolation transitions 
discontinuous. On one hand one can compress the p-axis around pc by some culling or cascading 
mechanism, thus making the order parameter increasingly steep at the transition point. On the other 
hand one can introduce an occupation rule that requires global knowledge, like the spanning condition 
or the cluster sizes. Here the strategy consists in delaying spanning, which can be done either by 
suppressing bonds that foster spanning, or by favoring bonds that do not contribute to spanning. Such 
bonds can either be internal bonds, i.e. those that already belong to the same cluster or bonds that 
preferentially merge the smallest clusters. In this way clusters become more compact and all of a 
similar size, i.e. exhibit a narrow size distribution. Achlioptas’ product rule certainly goes in the right 
direction but the condition is just not strong enough. 
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