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2Departamento de F́ısica, Universidade Federal do Ceará,
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Suspended graphene sheets exhibit correlated random deformations that can be studied under
the framework of rough surfaces with a Hurst (roughness) exponent 0.72 ± 0.01. Here, we show
that, independent of the temperature, the iso-height lines at the percolation threshold have a well-
defined fractal dimension and are conformally invariant, sharing the same statistical properties as
Schramm-Loewner evolution (SLEκ) curves with κ = 2.24 ± 0.07. Interestingly, iso-height lines of
other rough surfaces are not necessarily conformally invariant even if they have the same Hurst
exponent, e.g. random Gaussian surfaces. We have found that the distribution of the modulus of
the Fourier coefficients plays an important role on this property. Our results not only introduce
a new universality class and place the study of suspended graphene membranes within the theory
of critical phenomena, but also provide hints on the long-standing question about the origin of
conformal invariance in iso-height lines of rough surfaces.

Rough surfaces are very common in nature and can
be found, for instance, in real landscapes [1] and growth
surface processes [2]. In many cases, they can be charac-
terised by a Hurst (roughness) exponent that describes
the height-height correlations of the surface, and conse-
quently, being called self-affine. Random Gaussian sur-
faces (RGS) with positive Hurst exponents are exam-
ples of rough self-affine surfaces, and their use has be-
come very popular since they are analytically tractable.
Recently, it was suggested that iso-height lines in this
type of RGS are not conformally invariant [3], since their
statistics is not compatible with the Schramm-Loewner
Evolution (SLE) theory [4–8] (random curves satisfy-
ing SLE statistics are necessarily conformally invariant).
However, the fact that iso-height lines of other self-affine
rough surfaces, e.g. some grown surfaces [9, 10], follow
SLE theory opens the question on which are the main
properties that are responsible for conformal invariance.

Graphene, consisting of literally a single carbon mono-
layer, represents the first instance of a truly two-
dimensional material (see Fig. 1) [11–13]. It owes its
stability to the anharmonic coupling between bending
and stretching modes, and the resulting deformation in
the third dimension [14]. The study of these deforma-
tions, often called ripples, is very important because
they affect the electronic and mechanical properties. For
instance, it has been shown that reducing height fluc-
tuations in graphene samples increases their electronic
mobility and electrical conductivity [15]. Since, previ-
ous numerical studies have shown that the structure of
graphene possesses self-affine properties [16], in this let-
ter, we show that iso-height lines, extracted at the perco-
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FIG. 1. Graphene membrane after thermalisation. Inset: The
blue points represent carbon atoms that are above the iso-
height plane. The red line shows the contour lines, i.e. the
intersection between the membrane and this iso-height plane.

lation threshold [17], have a well-defined fractal dimen-
sion and are conformally invariant. Surprisingly, these
properties do not depend on the temperature of the sam-
ples. Furthermore, by exploring the main differences
between graphene sheets and self-affine RGS with the
same Hurst exponent, we have found that, even if they
both have random uncorrelated phases in Fourier space,
the distributions of the modulus of the Fourier coeffi-
cients are different. Therefore, one can conclude that
this distribution is important for conformal invariance,
and opens a new way to construct self-affine surfaces that
satisfy SLE statistics. Finally, the fact that the study of
graphene can be placed within the theory of critical phe-
nomena suggests that the interplay between thermal fluc-
tuations and anharmonic coupling between bending and
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stretching modes induces a certain degree of criticality in
graphene.

In this study, free standing graphene membranes are
simulated using molecular dynamics with the adaptive
intermolecular reactive bond-order (AIREBO) poten-
tial [18], which can describe graphene membranes accu-
rately [19]. We have performed simulations of quadratic
graphene membranes of length 200 Å, 400 Å, and 800 Å,
at different temperatures, i.e. 100 K, 300 K, and 600 K. A
simulation time step of one fs was enough to capture the
carbon-carbon interactions. We let the samples evolve
1.4 ns, 3 ns, and 13 ns, for system sizes 800 Å, 400 Å,
and 200 Å, respectively. We control the temperature with
a Nosé-Hoover thermostat. Each simulation starts with
a flat graphene membrane located in the x−y plane hav-
ing small random perturbations in z-direction (to break
the symmetry) and zero initial velocity (zero tempera-
ture). For each temperature and system size, we per-
form three independent simulations with different initial
perturbations. We use an equilibration time of 0.2 ns to
reach the desired temperature and verify that the respec-
tive Maxwell-Boltzmann distribution for the velocities is
recovered (see Fig. S1 of the supplementary material).
From each simulation, we extract graphene sheets in in-
tervals of 5 ps. Following this procedure, we obtain for
each temperature up to 720, 1680, and 7680 graphene
sheets for 800 Å, 400 Å, and 200 Å, respectively.

In order to compare graphene membranes with RGS,
we generate the latter ones by using the so-called Fourier
Filtering Method (FFM). In contrary to graphene sheets,
where simulations are performed in real space express-
ing physical interactions between atoms, RGS are con-
structed in Fourier space, and can be designed to have a
desired Hurst exponent. In the FFM method, the Fourier
coefficients of RGS are constructed using the decomposi-
tion u~q =

√
S(|~q|)ũ~qeiφ~q , where ũ~q are standard Gaussian

random variables, the phase φ~q are uniformly random
variables, and S(q) determines the Hurst exponent α via
the relation S(q) ∼ |~q|−2(α+1) [20]. Thus, by calculating
the inverse Fourier transform of u~q, one gets the RGS.

Using the thermalized graphene samples, we first com-
pute the height-height correlation function, defined by
H(~r) = 〈|h(~x + ~r) − h(~x)|2〉, where h is the height pro-
file of the surface defined by the z component of the
atoms. For self-affine rough surfaces, the function H(~r)
exhibits power-law behaviour, i.e. H(|~r|) ∝ |~r|2α, where
the Hurst exponent α characterises the roughness of the
surface. We take the statistical averages (〈...〉) consider-
ing only carbon atoms that have a certain distance from
the boundary to avoid boundary effects. The results pre-
sented in Fig. 2 indicate that within error bars the ob-
tained Hurst exponent α = 0.72± 0.01 is independent of
both, system size and temperature, and is in agreement
with the previous work by Abedpour et al. [16], where
it was found 0.6 < α < 0.74, even though they used
different boundary conditions. The existence of a Hurst
exponent confirms the self-affinity property of graphene
membranes and thus sets our graphene sheets in the con-
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FIG. 2. The height-height correlation function of the carbon
atoms of the graphene membrane. Main panel: For different
system sizes at T = 300 K. Inset: For different temperatures
and a system size of 800 Å.

text of rough surfaces (the measurement of the Hurst
exponent using the Fourier space can be found in Fig. S2
of the supplementary material). Furthermore, knowing
α allows us to construct RGS with the same Hurst expo-
nent.

Contour lines of self-affine surfaces exhibit scale in-
variance, as it is also the case for RGS [21]. To ver-
ify this property, we extract the contour lines for each
graphene sheet (see Fig. 1) and each RGS. In the case
of graphene (RGS), we consider atoms (grid points) of
the surface that are at the percolation threshold and
construct the contour lines. We have used RGS with
a mesh of size 400 × 400 grid points and Hurst expo-
nent α = 0.72. In Fig. 3, we show that the iso-height
contour lines of graphene membranes have a fractal di-
mension of df = 1.28 ± 0.05. By collapsing the data for
different temperatures and system sizes we find that the
fractal dimension is universal within error bars (see also
Fig. S3 of the supplementary material for temperatures
up to 2700 K). For the case of RGS, the measured frac-
tal dimension is df = 1.16 ± 0.02, which is smaller than
the one found for graphene. We have also measured the
area enclose by the contour lines in graphene membranes,
finding that it also possesses a clear scaling exponent, i.e.
da = 1.82±0.01 (see Fig. S4 of supplementary material).

To study conformal invariance in graphene membranes
and RGS, we will use the SLE theory. In this formalism,
the fractal dimension df of SLEκ curves is related to the
diffusion constant κ of a Brownian walk obtained through
a conformal map by [22]:

df = min (2, 1 + κ/8) . (1)

Therefore to test the consistency of the iso-height con-
tour lines with SLE, one solves numerically the Loewner
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FIG. 3. Fractal dimension of iso-height lines at the perco-
lation threshold. Main panel: Fractal dimension of the iso-
height contour lines computed with the yardstick method for
RGS and graphene membranes at T = 300 K and differ-
ent system sizes. We find a universal fractal dimension of
df = 1.28±0.05 for the case of graphene and df = 1.16±0.02
for RGS. Inset: Fractal dimension df for graphene at different
temperatures and system size of 800 Å . The slope of the solid
line is 1.28 while slope of the dashed line is 1.16.

differential equation that describes the conformal map-
ping [23, 24], and compares the diffusivity κ of the driv-
ing function with the one computed using the fractal
dimension and Eq. (1). We use the so-called slit map
algorithm [8], to extract numerically the driving func-
tion ξt, from which we obtain the diffusivity κ. If the
random curves follow SLEκ statistics, ξt is a Brownian
motion of variance κt. In Fig. 4(a), we plot the variance
of the driving function for graphene at three different
temperatures. We find that it evolves linearly in time,
and that the increments of the driving function are in-
dependent Gaussian random variables. Note that the
results are independent of temperature. The estimate of
κ = 2.24 ± 0.07 is in agreement with the corresponding
value obtained using the fractal dimension and Eq. (1).
From this, we conclude that our results are in agreement
with the SLE formulation. This conclusion is strength-
ened through the left-passage probability test (see Fig. S5
of the supplementary material). On the other hand, for
the case of RGS, we obtain κ = 3.7± 0.8 (see Fig. 4(b)),
which clearly disagrees with the diffusivity obtained from
the fractal dimension using Eq. (1) (the expected value
for κ is 1.28 ± 0.16). This provides a strong numerical
evidence that the RGS are not SLE.

In order to further explore the conformal invariance
of these iso-height contour lines, we study the winding
angle of the curves. The winding angle θ between two
points of the curve separated by a distance L is defined

t

0 50 100 150 200

〈ξ
2 t
〉
−

〈ξ
t
〉2

0

100

200

300

400

500

100K

300K

600K

x

-20 0 20

P
(x
)

0

0.2

t
0 100

C
(t
)

-1

0

1

(a)

t
0 5 10 15 20

h9
2 t
i!

h9
ti

2

0

20

40

60

80

x
-20 0 20

P
(x

)

0

0.05

0.1

t
0 10

C
(t

)

-1

0

1

(b)

FIG. 4. (a) Main panel: Variance of the driving function
〈ξ2t 〉 for graphene at three different temperatures T = 100 K,
300 K, 600 K. The solid line shows the linear dependence of
the variance of the driving function with diffusivity κ = 2.24.
Upper-left inset: The probability distribution of the driving
function at t = 29. The solid line is the probability distribu-
tion of a Gaussian random variable of zero mean and variance
2.24. Bottom-right inset: The autocorrelation function of the
increments of the driving function, averaged over the range
t = 29 to 49. (b) The same as in (a), but for RGS. Here the
solid line corresponds to κ = 3.7± 0.8. Upper-left inset: The
probability distribution of the driving function at t = 4.95.
The solid line is the probability distribution of a Gaussian
random variable of zero mean and variance 3.7. Bottom-right
inset: The autocorrelation function of the increments of the
driving function, averaged over the range t = 4.95 to 9.95.

as the oriented angle between the tangential vector of the
curve at the first point and the vector connecting the two
points. The winding angle distribution is expected to be
Gaussian of mean 〈θ〉 = 0 and variance

〈θ2〉 = a+ 2 (df − 1) lnL, (2)

where df is the fractal dimension of the curves, and a a
constant [25, 26]. We compute the variance of the wind-
ing angle, see Fig. 5, and found a value df = 1.23± 0.03
for the fractal dimension of the curves using Eq. (2).
This result is again independent of temperature and is
within error bars in agreement with the fractal dimen-
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Inset: Rescaled probability distribution of the winding an-
gle for L = 13.37 Å, compared to a Gaussian distribution of
variance one (solid line).

sion obtained with the yardstick method. Furthermore,
for a given length L, the distribution of the winding an-
gle displays the expected Gaussian behaviour (see inset
of Fig. 5). The fact that the statistics of the iso-height
lines satisfies Eq. (2), gives a further numerical evidence
for conformal invariance in graphene.

As we have observed, not all rough self-affine sur-
faces satisfy SLE statistics. Therefore, we are interested
in understanding the origin of this discrepancy. Since
graphene sheets and RGS possess the same Hurst expo-
nent, we have extended our study to Fourier space to
seek for further information. We have taken the Fourier
transform of the graphene membranes and also of the
RGS. By construction, the modulus of the Fourier coeffi-
cients, |uq|, of RGS at each q follows a Gaussian distribu-
tion. However, by performing the same measurement in
graphene, we find a distribution that can be fitted with

f(|uq|) ∝ |uq| e−b|uq|2 (see Fig. 6(a)). Additionally, we
have also analysed the phase of the Fourier coefficients,
finding that in both cases, they can be considered, with
good approximation, uniformly random (see Fig. 6(b))
and uncorrelated (for RGS, the phases are uncorrelated
by construction). For measuring correlations in the phase
of the graphene membranes we have computed the auto-
correlation function (see Fig. 6(c)), which falls rapidly
to zero. Thus, one can conclude that the distribution of
the modulus of the Fourier coefficients in rough self-affine
surfaces play an important role in the conformal invari-
ance of their iso-height lines at the percolation threshold.

Summarising, we have shown that the iso-height lines
of graphene sheets at the percolation threshold are scale
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FIG. 6. (a) The histogram of the modulus of the Fourier
coefficients for RGS and graphene. The circles represent the
data obtained from the graphene samples, the green dashed
line belongs to the fit performed with the function f(|uq|) ∝
|uq| e−b|uq|2 , while the red solid line represents the Gaussian
like function that characterizes the RGS. (b) Histogram of the
phase of the Fourier coefficients at a given q. The dark green
line corresponds to a uniformed distributed phase (also the
case for RGS). (c) Autocorrelation function of the phase of
the Fourier coefficients φq averaged over all graphene samples.

and conformally invariant, and that these properties are
independent of temperature (within the range of 100-
600 K). Additionally, they can be described by SLEκ
with κ ' 2.24. Conformal invariance of the iso-height
lines is not a property that all rough self-affine surfaces
share, as is the case of RGS. Therefore, by further analy-
sis of graphene surfaces and RGS, we have found that the
distribution of the modulus of the Fourier coefficients is
an important ingredient to guarantee this property. This
result provides insights on the long-standing question on
which are the responsible properties for conformal invari-
ance in self-affine surfaces, and can be used to construct
self-affine surfaces with conformal invariance properties.
Additionally, the fact that iso-height lines in graphene
are conformally invariant place the study of graphene
within the theory of critical phenomena, belonging to a
new universality class.

For an experimental verification of our findings we need
the height profile of suspended graphene membranes.
However, it is still challenging to measure the height pro-
file of suspended graphene with an accuracy in the sub-
angstrom regime with current methods, because they are
generally not well applicable to suspended regions of a
two-dimensional crystal (due to its low binding rigidity).
In the past few years, it has been possible to obtain the
height profile of graphene grown on many different sub-
strates, most commonly on SiO2 [27, 28]. However, the
substrates strongly influences the graphene membrane
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and thus changes its shape. Recently, it has been possible
to measure the height profile of suspended graphene [29].
The technique used is still at an elementary stage and has
to be improved in order to obtain sub-angstrom resolu-
tion. However, once this method is consolidated, we will
be able to observe conformal invariance in experimental
samples of graphene.

Finally, one can also explore if the scale and confor-
mal invariance properties are typical for graphene or are
present in other two-dimensional crystals. We have made
tests on suspended silicene, a membrane made with sil-
icon atoms, and unfortunately, we have found that it

crumples (see Fig. S6 of the supplementary material),
preventing us to perform the same analysis. However,
further crystalline structures will be analysed in the fu-
ture.
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Appendix A: SUPPLEMENTARY MATERIAL

1. Maxwell-Boltzmann distribution
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FIG. S1. Velocity distribution of carbon atoms of a quadratic
graphene sheet of size 400 Å after 200 ps simulation. The red
line is the Maxwell-Boltzmann distribution at T = 300 K.

2. Power spectrum

We study some further properties of the graphene
sheets, and especially its power spectrum. From the
power spectrum of a graphene membrane of size 800 Å
at 300 K, we obtain an estimate of the Hurst exponent
α (see Fig. S2) in agreement with the one obtained from
the height-height correlation function, see Fig. 2 of the
main text.

3. Fractal dimension at higher temperatures

We perform an additional study to see if the fractal
dimension of the iso-height contour lines keeps being in-
dependent of the system size for higher temperatures.
Indeed, Fig. S3 confirms the temperature independence
of the system size for temperatures much higher than
600 K.

4. Fractal dimension of the area

The fractal dimension da of the area that the contour
lines enclose has also been measured (see Fig. S4), find-
ing a value of da = 1.82±0.01, which is also independent
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FIG. S2. Power spectrum of a given graphene sheet. One
recovers the expected power law behavior. The solid line is a
guide to the eye of a slope of −2(α+ 1) with α = 0.68± 0.05.
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FIG. S3. Fractal dimension of the iso-height contour lines
computed with the yardstick method for different tempera-
tures and fixed system size of 800 Å.

of the temperature. Our results show that the iso-height
contour lines and the area enclosed by them possess scale
invariant properties. We have also studied the fractal di-
mension of the watershed (defined in Ref. [30]) of each
graphene sample. A temperature invariant fractal dimen-
sion of those lines is found to be df = 1.07 ± 0.01. This
result strengthens the analogy of graphene membranes
with other landscapes at criticality [31].
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5. Left-passage probability

In order to have a further numerical evidence of
the compatibility of the statistics of iso-height lines on
graphene surfaces with SLE, we study a further property
of the SLE paths. Their left-passage probabilities should
follow the so-called Schramm’s formula of Eq. (A1) for
chordal SLE curves. Such curves start at the origin and
grow towards infinity. Therefore, they split the upper
half-plane in two domains: the points that are at the left
of the curve, and the ones that are at the right. Schramm
provided an expression for the probability that the curve
goes at the left of a given point in the upper half-plane,
i.e. the point is on the right side of the curve:

Pκ(φ) =
1

2
+

Γ (4/κ)
√
πΓ
(
8−κ
2κ

) cot(φ)2F1

(
1

2
,

4

κ
,

3

2
,− cot(φ)2

)
,

(A1)
where Γ is the Gamma function and 2F1 is the hyper-
geometric function. Here we show that this formula is
satisfied by the iso-height lines of graphene using the fol-
lowing method. We first define a set of sample points
S, for which we estimate the probability of being at the
right of our curves that have been mapped to infinity [8].
To estimate κ, we minimize the mean square deviation
Q(κ) defined as:

Q (κ) =
1

|S|
∑
z∈S

[P (z)− Pκ(φ)]
2
, (A2)

where |S| is the cardinality of the set S, and P (z) the
measured left-passage probability at the point z. The
value of κ for which the minimum of Q is attained gives
us an estimate of the diffusion coefficient of our iso-height
lines. In Fig. S5, we can see that the results are in agree-
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FIG. S5. (color online) Measured rescaled mean square devi-
ation Q(κ)/Qmin as a function of κ being Qmin the minimum
value of Q, for temperatures T = 100 K, T = 300 K, and
T = 600 K. Inset: the measured left-passage probabilities are
compared with Schramm’s formula for κ = 2.24 (displayed as
the solid line).

ment with our previous estimates of κ = 2.27 ± 0.08,
and also show that the left-passage probability satisfies
Schramm’s formula.

6. Other atomistic membranes

Fig. S6 shows a simulation performed with silicon
atoms in a honeycomb lattice. We can see that the
suspended structure crumples and does not form a sta-
ble two-dimensional-like crystal, in contrast to graphene
membranes (see inset of Fig. S6). The stability of the
suspended graphene membrane is not found for the chem-
ically similar suspended silicene membrane.
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FIG. S6. Main panel: Simulation of suspended silicene, a two-
dimensional honeycomb lattice with silicon atoms. The simu-
lation has been performed with the Tersoff potential applied
to silicon [32]. Inset panel: Graphene membrane simulated
with the Tersoff potential.


