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Real landscapes exhibit long-range height–height correlations, which are quanti¯ed by the
Hurst exponent H. We give evidence that for negative H, in spite of the long-range nature of

correlations, the statistics of the accessible perimeter of isoheight lines is compatible with

Schramm–Loewner evolution curves and therefore can be mapped to random walks, their fractal

dimension determining the di®usion constant. Analytic results are recovered for H ¼ �1 and
H ¼ 0 and a conjecture is proposed for the values in between. By contrast, for positive H, we

*Corresponding author.

International Journal of Modern Physics C

Vol. 29, No. 1 (2018) 1850008 (10 pages)

#.c World Scienti¯c Publishing Company
DOI: 10.1142/S0129183118500080

1850008-1

http://dx.doi.org/10.1142/S0129183118500080


¯nd that the random walk is not Markovian but strongly correlated in time. Theoretical and

practical implications are discussed.
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1. Introduction

Examples of isoheight lines are the paths of constant height in topography,1

the equipotential lines on energy landscapes,2,3 and the constant vorticity lines in

turbulent vorticity ¯elds.4 Most physical landscapes exhibit long-range correlations,

but the e®ect of such correlations on the statistical properties and conformal in-

variance of these lines is still elusive. Empirical and numerical studies show that

isoheight lines are usually scale invariant5,6 and that their fractal dimension

df depends on the long-range correlations, quanti¯ed by the Hurst exponent H.7

For H ¼ �1 and H ¼ 0, it has been proven analytically that isoheight lines can

be mapped into uncorrelated random walks, their fractal dimension determining

the di®usion constant.8–10 Here, we give some numerical evidence that this is the

case for the accessible perimeter when the height–height correlation is su±ciently

weak (negative Hurst exponent). By contrast, for positive Hurst exponent,

we show that the random walk is not Markovian, showing persistence in its

increments.

We analyze the zero isoheight lines of random surfaces of di®erent H generated

with free boundary conditions on a triangular lattice of size Lx � Ly with Lx > Ly.

As discussed below, these lines can be mapped into chordal curves that are nonself-

touching curves growing to in¯nity in the upper half-plane H, starting at the origin.

From the Riemann mapping theorem, there is a unique conformal map gt that

iteratively maps the complement of such a curve in the upper half-plane H back onto

H. This map satis¯es the Loewner di®erential equation,

@gtðzÞ
@t

¼ 2

gtðzÞ � �t
; ð1Þ

with g0ðzÞ ¼ z and �t a real continuous function, called the driving function. A solid

framework to study fractal curves in two dimensions is the Schramm–Loewner

Evolution (SLE) theory.8 Accordingly, if a curve is SLE� then �t ¼
ffiffiffi
�

p
Bt, where Bt

is a standard one-dimensional Brownian motion and � its di®usion constant. We

show that, for nonpositive Hurst exponent the statistics of the accessible perimeter of

isoheight lines is consistent with SLE. While, for positive Hurst exponent, �t is not

Markovian and therefore SLE is not valid. The properties of the complete isoheight

line have been studied recently by Castro et al.11

We generated random landscapes on a triangular lattice, by assigning to each

lattice site x ¼ ðx; yÞ a random height hðxÞ, imposing long-range correlations with
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the following spectrum, SðqÞ � jqj��c , where �c ¼ 2ðH þ 1Þ and H is the Hurst

exponent. For that, we used the Fourier Filtering Method12–14 where,

hðxÞ ¼ ~F ð
ffiffiffiffiffiffiffiffiffiffi
SðqÞ

p
uðqÞÞ; ð2Þ

where ~F denotes the inverse Fourier transform and the uðqÞ are independent com-

plex Gaussian random variables of mean zero and unitary variance satisfying

uð�qÞ ¼ uðqÞ. With this scheme, one recovers uncorrelated landscapes for H ¼ �1

and the discrete Gaussian Free Field (GFF) for H ¼ 0.15

To obtain the zero isoheight lines, we extracted the set of bonds on the dual lattice

separating the sites of negative height from the positive ones. We then focused on

their accessible perimeter \at ¯xed scale" obtained by moving along the isoheight

line and shortcutting distances equal to the lattice unit of the dual lattice, i.e.
ffiffiffi
3

p
=3

lattice units of the triangular lattice.7 Note that, following this numerical procedure

we are imposing a length scale in this de¯nition of an accessible perimeter but, we

found no other way to implement the direct SLE transformation. This is de¯nitely a

challenge for the future.

2. Results

The accessible perimeter of a closed curve is de¯ned as the set of points in the curve

that are \accessible" to a random walk of radius " coming from the outside.16 It can

be obtained by drawing a circle of radius � and taking its last crossing of this circle

with the path as next point. Thus, the accessible perimeter is a volatile fractal since

its path changes with the scale ", making it impossible to implement a unique

mapping of the curve (e.g. direct SLE transformation). To circumvent that, we

consider an accessible perimeter \at ¯xed scale" instead, de¯ned as the accessible

perimeter for " ¼ ffiffiffi
3

p
=3 in lattice units.

Using the formalism of ranked surfaces, one can show that, for H � 0, the

accessible perimeter of isoheight lines correspond to the accessible perimeter of a

correlated percolation cluster at the percolation threshold.7,17 The accessible peri-

meters of the zero isoheight lines on the triangular lattice in the case of H ¼ �1 and

H ¼ 0 are analytically tractable and they have been proven to be SLE8
3
and SLE4,

respectively.8–10

SLE and fractal dimension. As proven by Be®ara,18 SLE� curves are fractals of

a fractal dimension df that is related to the di®usion coe±cient � by,

df ¼ min 2; 1þ �

8

� �
: ð3Þ

The fractal dimension df of the accessible perimeter of the isoheight lines for

di®erent values of H was numerically estimated and even a conjecture was proposed

for its dependence on H.6,7 Using Eq. (3), this gives a ¯rst estimate for the expected

values of � if the curves are SLE, see Table 1. To verify if SLE can be established we

will compare the � values calculated from df with estimates obtained with two
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indirect methods, the winding angle and the left-passage probability, and with the

one obtained from the direct SLE mapping.

Winding angle. The winding angle of SLE� curves follows a Gaussian

distribution and the variance scales with � as,

h�2i � h�i2 ¼ �2
� ¼ bþ �

4
lnðLyÞ; ð4Þ

where b is a constant and Ly is the vertical lattice size.
8,19–22 To verify this relation

for each path, we consider the discrete set of points zi of the path. The winding

angle �i at each point zi can be computed iteratively as �iþ1 ¼ �i þ �i, where �i is

the turning angle between two consecutive points zi and ziþ1 on the path. The

estimates of � from the curve in Fig. 1 are displayed in Table 1. Within error bars,

the results for � in Eq. (4) are in agreement with the previous estimates from the

fractal dimension. For values near H ¼ 0 and H ¼ 1, one has less precision on the

results, as the system is strongly in°uenced by ¯nite-size e®ects, see e.g. Ref. 7. In

the inset of Fig. 1, we show the distribution of the winding angle for di®erent

Hurst exponents. These distributions are all consistent with Gaussian distribu-

tions of zero mean and variance ��. This was con¯rmed by comparing each dis-

tribution to the one for H ¼ �1. We measured the sum of the squared di®erence

between the probabilities for each bin of the distribution and found similar values

for all Hurst exponents. Since H ¼ �1 is known to be SLE, this means that the

distribution of the winding angles is Gaussian for all Hurst exponents. These

results ful¯ll a condition for conformal invariance.1 Finding consistent results for

df and � in Eq. (4) and a Gaussian distribution gives numerical support that

the accessible zero isoheight lines display conformal invariance, which is a pre-

requisite for SLE.

Fig. 1. (Color online) Rescaled variance of the winding angle for di®erent Hurst exponents H ¼
�0:7;�0:55;�0:25; 0; 0:25; 0:55 and 0.7. The black solid line represents the relation

� 2
��b

�=4 ¼ lnLy. In the

inset, the rescaled probability distributions are plotted and compared to a normal distribution for
H ¼ �0:7; 0; 0:7.
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Left-passage probability. As we simulate the curves in a bounded rectangular

domain, we map conformally half of the accessible perimeter of isoheight lines into

the upper half-plane, using an inverse Schwarz–Christo®el transformation,23 to ob-

tain the chordal curve, which splits the system into two sides. For chordal SLE

curves, Schramm has computed the probability P�ð�Þ that a given point z ¼ Rei� in

the upper half-plane H is on the right-hand side of the curve.24 This probability only

depends on � and is given by Schramm's formula

P�ð�Þ ¼
1

2
þ �ð4=�Þffiffiffi

	
p

� 8��
2�

� � cot ð�Þ2F1

1

2
;
4

�
;
3

2
;�cot ð�Þ2

� �
; ð5Þ

where � is the Gamma function and 2F1 is the Gauss hypergeometric function.25 This

probability is known as left-passage probability.

We de¯ne a set of sample points S in H for which we measure the left-passage

probability in order to compare it to the values predicted by Schramm's formula (5).

To estimate �, we minimize the mean square deviation Qð�Þ between the computed

and predicted probabilities,

Qð�Þ ¼ 1

jSj
X
z2S

½P ðzÞ � P�ð�Þ�2; ð6Þ

where � ¼ argðzÞ, jSj is the cardinality of the set S, and P ðzÞ the measured left-

passage probability at z. The estimated value of � corresponds to the point where the

minimum of Qð�Þ is observed.
As summarized in Table 1, the estimated values of � obtained for negative H are

consistent with the ones predicted from df and con¯rmed by the winding angle

analysis. As shown in Fig. 2, for H < 0, the minimum of Q is less pronounced for

Table 1. Di®usion coe±cient � computed from the fractal di-

mension �frac for H � 0 and obtained numerically for H > 0

using the yardstick method, from the winding angle ��, from the

left-passage probability �LPP and the direct SLE method �dSLE,
for the di®erent values of the Hurst exponent H.

H �frac �� �LPP �dSLE

�1 2.76� 0.16 2.66� 0.01 2.69� 0.08 2.66� 0.12
�0.85 2.80� 0.24 2.76� 0.02 2.80� 0.07 2.79� 0.10

�0.7 2.96� 0.24 2.94� 0.03 2.95� 0.11 2.97� 0.17

�0.55 3.20� 0.24 3.14� 0.03 3.13� 0.15 3.29� 0.32

�0.4 3.35� 0.31 3.32� 0.03 3.27� 0.17 3.46� 0.26
�0.25 3.64� 0.28 3.45� 0.09 3.40� 0.21 3.67� 0.26

�0.1 3.90� 0.18 3.49� 0.04 3.50� 0.24 3.84� 0.20

0 3.88� 0.20 3.44� 0.18 3.52� 0.25 3.98� 0.19
0.1 3.44� 0.40 3.44� 0.27 3.56� 0.26 4.07� 0.13

0.25 3.04� 0.24 3.07� 0.07 3.59� 0.29 4.26� 0.13

0.55 1.92� 0.24 2.22� 0.08 3.62� 0.36 4.84� 0.29

0.7 1.36� 0.16 1.65� 0.16 3.62� 0.41 5.35� 0.25
0.95 0.56� 0.16 0.62� 0.31 3.63� 0.50 5.97� 0.51
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higher values of H, but this is expected for functions of the form (5) with values of �

increasing towards four. However, for H > 0, the obtained � values do not signi¯-

cantly depend onH and are consistently higher than the ones predicted from df . The

left-passage probability describes the lateral spreading of the curve. Obtaining a

larger value of � indicates that isoheight lines forH > 0 are less concentrated around

their center than SLE curves of the same df . Thus, forH > 0 the curves are not SLE.

Direct SLE. To further test if the curves are SLE, one has to check that the

statistics of the driving function �t is consistent with a one-dimensional Brownian

motion with variance �t. This can be done by solving Eq. (1) numerically. In order to

do so, we use the so-called vertical slit map algorithm, where one considers the

driving function to be constant over small time intervals 
t. Making this approxi-

mation, one can solve Eq. (1) to obtain the following slit map equation,26,27

gtðzÞ ¼ �t þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðz� �tÞ2 þ 4
t

q
: ð7Þ

At t ¼ 0, one considers the initial curve consisting of the points fz0
0 ¼ 0; . . . ; z0

N ¼
zNg, and sets the driving function to be �0 ¼ 0. Then at each iteration i ¼ 1; . . . ;N,

we apply the conformal map gti to the remaining points z i�1
j of the curve, for j ¼

i; . . . ;N to obtain the new mapped curve. One gets a new set of points zi
jþ1 ¼

gtiðzi�1
jþ1Þ for j ¼ i; . . . ;N � 1 shorter by one point, by mapping zi�1

i to the real axis.

For that, in Eq. (7) we set �ti ¼ Refzi�1
i g and 
ti ¼ ti � ti�1 ¼ ðImfzi�1

i gÞ2=4, where
Refg and Imfg are the real and imaginary parts, respectively.

We extracted the driving function of all paths, computed the di®usion coe±cient

� from the variance of the driving function, and tested its Gaussian distribution at a

¯xed Loewner time t, see values in Table 1 and Fig. 3. We ¯nd a linear scaling of the

variance of the driving function with the Loewner time. However, only forH � 0, the

Fig. 2. (Color online) Measured rescaled mean square deviation Qð�Þ=Qð�minÞ as a function of �=�min

with �min the value of � where the minimum of Qð�Þ is attained, for di®erent Hurst exponents

H ¼ �0:7;�0:55;�0:25; 0; 0:25; 0:55; 0:7. We chose 502 points in the range ½�0:025Lx; 0:025Lx� �
½0:15Ly; 0:25Ly� with Ly ¼ 1024 and Lx ¼ 8Ly, which are then mapped to the upper half-plane through an
inverse Schwarz-Christo®el transformation.
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estimated values of � are consistent with the ones predicted from df . For H > 0, we

obtain values of � that are signi¯cantly higher. In fact, the value of � even increases

with H, instead of decreasing as expected. Since the di®usivity of isoheight lines for

H > 0 is higher than the one of SLE curves of the same df , these curves are not

consistent with SLE. We have also analyzed the distribution of the driving function

(see inset of Fig. 3). The Kolmogorov–Smirnov test of �-level 5% leads to the con-

clusion that, while for negative Hurst exponent the distribution is Gaussian, it is

de¯nitely not for positive Hurst exponents, as the p values are at least two orders of

magnitude lower than �.

We also test the Markovian property of the driving function by computing the

autocorrelation cð�Þ ¼ hcðt; �Þit of the increments, with

cðt; �Þ ¼ h
�tþ� 
�ti � h
�tþ� ih
�tiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðh
� 2tþ� i � h
�tþ� i2Þðh
� 2t i � h
�ti2Þ

q ; ð8Þ

as shown in Fig. 4, where 
�t is the change in the driving function at time t.

For H � 0, the correlation function drops to zero after few time steps, as expected

for a Brownian motion. For H > 0, we observe that the correlation function decays

as a power law and thus the driving function is not Markovian, as it shows persis-

tence in the increments. The numerical data even suggests a power law exponent

independent of H. This explains why the statistics of the isoheight lines for H > 0 is

not consistent with SLE. Note that for a random walk with correlation in time, one

would expect a crossover in the variance to a linear behavior for t su±ciently larger

than the correlation time. However, our numerical data suggests strong scale-free

correlation, without a characteristic time. That is why we see a linear function of t for

the variance without a crossover.

Fig. 3. (Color online) Rescaled variance of the driving functions for di®erent values of H ¼
�0:7;�0:55;�0:25; 0; 0:25; 0:55 and 0.7. In the inset, we present the rescaled probability distributions of
the driving functions and compare them to a Gaussian distribution for H ¼ �0:7; 0; 0:7.
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3. Conclusions

We numerically showed that the accessible perimeter \at ¯xed scale" of isoheight

lines of long-range correlated landscapes can be mapped to one-dimensional random

walks. For landscapes of su±ciently weak height–height correlation (negative Hurst

exponent), these random walks are uncorrelated and the statistics of the curve is fully

parameterized by the di®usivity (by the so-called Schramm–Loewner Evolution

theory). For strong correlations (positive Hurst exponent), the random walk is rather

persistent and the increments are scale-free correlated. Many real world situations

exhibit long-range correlations and our work shows that the accessible perimeter of

isoheight lines can be numerically generated without generating the entire landscape,

but just solving a stochastic di®erential equation.

The cases H ¼ �1 and H ¼ 0 have been proven to be SLE analytically, by

Smirnov (obtaining the Fields medal)9 and Schramm and She±eld,10 respectively.

Our numerical results suggest that this is the case for an entire range of Hurst

exponents (see Fig. 5). This gives new insight in the ¯eld of fractional Gaussian

Fields in two dimensions,15 what helps understanding correlated landscapes from a

theoretical point of view. One might also wonder if this accessible perimeter of

isoheight lines can be related to harmonic walks, as in the case of uncorrelated

random landscapes and the GFF. For example, the isoheight lines for H ¼ �1 and

H ¼ 0 are two speci¯c cases of the overruled harmonic walker.28 Extensive numerical

analyses suggested an analytic relation between the fractal dimension and Hurst

exponent.7 From Eq. (3), we now conjecture that � ¼ 8=3 for �1 < H < �3=4 and

� ¼ 12=ð3� 2HÞ for �3=4 < H < 0. Proving this conjecture remains a challenge for

the future.

We found that for random surfaces of nonpositive Hurst exponent, the accessible

perimeter \at ¯xed scale" of isoheight lines can be mapped to Markovian random

walks and thus follow SLE statistics. For positive H, we show that the driving

Fig. 4. (Color online) Auto-correlation function cð�Þ of the increments for di®erent values of H ¼
�0:7;�0:55;�0:25; 0; 0:25; 0:55 and 0.7, averaged over 50 time steps. The solid lines are power laws of
exponent �0:4.
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function is not Markovian, a necessary condition to establish SLE. Credidio et al.

showed that if the driving function is a stochastic process with anomalous di®usion,

the generated tracers are anisotropic.29 In the same spirit, it would be of interest

to systematically study the statistics of random curves generated from a driving

function with persistence and compare them to isoheight lines.

This work also opens the possibility of applying SLE to the study of landscapes

with negative Hurst exponent H. Many systems can be considered from the point of

view of a landscape, where isoheights are of relevance. Especially, it has been shown

that zero vorticity isolines in two-dimensional turbulence are SLE.4 There have been

also attempts to extend this result to zero vorticity isolines in a generalized Navier–

Stokes equation30 to study the conformal invariance of a larger class of turbulence

problems. It would be interesting to see if a relation between this problem and our

results can be drawn for the accessible perimeters of these contour lines.
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