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By inspecting the effect of curvature on a moving fluid, we find that local sources of curvature
not only exert inertial forces on the flow, but also generate viscous stresses as a result of the
departure of streamlines from the idealized geodesic motion. The curvature-induced viscous forces
are shown to cause an indirect and yet appreciable energy dissipation. As a consequence, the flow
converges to a stationary equilibrium state solely by virtue of curvature-induced dissipation. In
addition, we show that flow through randomly-curved media satisfies a non-linear transport law,
analogous to Darcy-Forchheimer’s law, due to the viscous and inertial forces induced by the spatial
curvature. It is further shown that the permeability can be characterized in terms of the average
metric perturbation.

PACS numbers: 47.10.-g, 04.40.Nr, 47.63.-b, 47.56.+r

Curved spaces are encountered in many physical sys-
tems in Nature, ranging from curved microscopic bio-
membranes all the way up to general relativity on cos-
mological scales. Despite the diversity of applications,
all of these systems share a common feature: the motion
of particles is affected by inertial forces originating from
the curvature of the embedding space. In many cases,
the collective motion of particles can be described as a
viscous fluid flow in the hydrodynamic limit. In this re-
gard, an important field of application is the dynamics
of lipid bilayers in microbiology [1–4], which are of par-
ticular importance since they constitute the envelope of
most of the cell components. These lipid bilayers have
been shown to behave effectively as a two-dimensional
fluid [5–7], which can be described by the Navier-Stokes
equation on a 2D curved surface [1]. Another example are
curved soap films, governed by the Navier-Stokes equa-
tion on manifolds [8–10]. Besides soap films, there exist
many examples of curved two-dimensional interfaces be-
having as a viscous fluid, e.g. molecular films around an
emulsion or aerosol droplet, foam bubbles [11, 12], and,
on larger scales, the Earth’s atmosphere as well as the
photosphere of the sun [13, 14]. Thinking of cosmological
scales, space-time itself is described as a four-dimensional
curved medium within the framework of general relativity
[15]. Finally, an interesting field of application is electron
transport in curved 2D graphene sheets, which in the hy-
drodynamic regime follows the Navier-Stokes equations
[16].

The above-mentioned systems provide natural realiz-
ations of flow through intrinsically curved media, where
spatial curvature exerts a major effect on the flow of mat-
ter. In this Letter, we analyze this effect in more detail,
revealing a fundamental process underlying fluid dynam-
ics in curved space: curvature-induced dissipation. We
find that the collisions due to geodesic motion generate
viscous stresses, resulting in local dissipation of energy
around the curvature source. This provides an intrinsic

Figure 1. Flow through a curved 2D membrane. The sur-
face illustrates the diagonal components of the metric tensor,
gxx = gyy , equipped with randomly localized perturbations.
The colors represent the strength of the spatial deformation.

mechanism of dissipation that occurs also in the complete
absence of solid walls or obstacles, which – to the best of
our knowledge – has not been reported before. The con-
sequences of this effect become evident when considering
a curved space with more than one source of curvature
[17] (see Fig. 1 for a sketch), for which the flow converges
to a stationary equilibrium state even without any ex-
ternal wall, solely due to curvature-induced dissipation.
Furthermore, we show that the flux through curved me-
dium satisfies a non-linear relation, resembling Darcy-
Forchheimer’s law [18, p. 246]. We explain this finding
by the appearance of viscous and inertial forces, being
induced by the spatial curvature. We further show that
the permeability of the curved medium depends crucially
on the characteristics of the sources of curvature.

Let us consider a curved surface, equipped with a
Riemann metric tensor g. In-plane fluid flow along the
surface is described by the covariant Navier-Stokes equa-
tions,

∂tρ+∇i

(

ρ ui
)

= 0, ∂t
(

ρ ui
)

+∇jT
ij = 0, (1)

characterizing the time evolution of the fluid density ρ
and velocity u on the manifold. Here, ∇ denotes the co-
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(a) Christoffel symbol Γx
yx with parallel

geodesic lines originating from the inlet.
(b) The field ∇yu

x at t = 10
5 with the

corresponding velocity streamlines.
(c) Dissipation function ψ at t = 10

5.

Figure 2. Results for a Gaussian-shaped metric perturbation of amplitude a0 = −0.1 and width r0 = 6.

variant derivative and T ij the energy-stress tensor, given
by T ij = Pgij +ρ uiuj−σij , where P denotes the hydro-
static pressure, gij the components of the inverse metric
tensor and σij the viscous stress tensor, given by

σij = ν
(

∇i(ρ uj) +∇j(ρ ui) + gij∇k(ρ u
k)
)

,

where ν denotes the kinematic viscosity. Here, we con-
sider the incompressible and isothermal limit, in which
bulk stress and temperature gradients are negligible. In
order to gain a deeper understanding of the underly-
ing process leading to curvature-induced dissipation, we
first consider a Riemann manifold with a single curvature
source of positive Ricci scalar, R > 0, which is construc-
ted by adding a local perturbation to the Riemann met-
ric tensor, gij = (1 + δg) δij . Exemplarily, we choose a
Gaussian perturbation δg = −a0 exp(−‖~r− ~r1‖2/2r20) to
guarantee smoothness, locality and isotropy due to the
radial symmetry. Here, ~r1 denotes the center position,
a0 the amplitude and r0 the width of the perturbation.
At the center of the perturbation, the Ricci curvature
scalar reads R = −2a0/(1 − a0)

2r20 , leading to convex
curvature (R > 0) for negative perturbations (a0 < 0),
whereas positive perturbations (a0 > 0) cause a concave
curvature field (R < 0). The sign of the Ricci scalar has a
strong influence on the inertial forces exerted around the
metric perturbation, which can be attractive for R > 0
or repulsive for R < 0. This behavior becomes even
clearer when considering the Christoffel symbols, given
by Γi

jk = 1

2
(δik∂j + δij∂k − δjk∂i) ln(1 + δg), which are

directly proportional to the inertial forces. As an illus-
tration, Fig. 2(a) depicts the relevant Christoffel field
Γx
yx(~r) for a metric perturbation of amplitude a0 = −0.1

and width r0 = 6, embedded in the center of a rectangu-
lar medium of size Lx × Ly = 128× 64. As can be seen,
the Christoffel field has a dipole shape around the center
of the perturbation, focusing the inertial force field. This
is reflected by the behavior of the corresponding geodesic
curves γ(t), which are calculated from the geodesic equa-
tion: γ̈i+Γi

jkγ̇
j γ̇k = 0. As can be seen in Fig. 2(a), par-

allel geodesics, originating at the inlet x = 0 along the
x-direction, are bent towards the curvature source by the
attractive force field and hence intersect some distance

behind the perturbation. Particles moving freely along
the geodesics of the manifold would therefore collide, and
a similar situation can be expected for the streamlines of
a fluid, representing the trajectories of point-like tracer
particles.

In order to understand the behavior of a viscous fluid,
interacting with the curvature source, we have simulated
fluid flow through the system shown in Fig. 2, using the
lattice Boltzmann method in curved space, as described
in the Suppl. Mat. [19]. We apply open boundary con-
ditions at the inlet (x = 0) and outlet (x = Lx), and
periodic boundary conditions in y-direction. The flow is
driven by a pressure gradient of |∇P | ≈ 5.8× 10−6, and
the kinematic viscosity of the fluid is set to ν ≈ 0.185
(here and in the following, all quantities are given in
dimensionless units). The simulation results are repor-
ted in Fig. 2(b), showing that the velocity streamlines
are indeed bent towards the center of the metric per-
turbation by the inertial forces. However, in contrast to
the geodesic lines, the streamlines continue almost paral-
lelly and without intersections towards the outlet. Con-
sequently, the point-like tracers are forced to leave their
idealized geodesic trajectories in order to avoid intersec-
tions. The departure from the geodesic motion is caused
by interparticle collisions near the metric perturbation,
which surges macroscopically in the form of local viscous
stresses. This can be seen in Fig. 2(b), reporting the
shear field ∇yu

x, representing the main contribution to
the viscous stress tensor σij . Comparing Fig. 2(a) to Fig.
2(b), we realize that ∇yu

x is strongly correlated with the
Christoffel symbol field Γx

yx, since the viscous stresses
are triggered by the spatial curvature around the metric
perturbation. In particular, the corresponding distortion
work within the flow causes the expected dissipation of
energy, which can be quantified by the positive-definite
dissipation function ψ = (∇iuj)σ

ij . The dissipation
function ψ is depicted in Fig. 2(c) and clearly confirms
the dissipative effect around the curvature source through
distortion work. The average dissipation, induced by the
curvature, reads 〈ψ〉 = 1

V

∫

ψ dV ≈ 3 · 10−9.

In order to characterize the flow in terms of a Reynolds
number, we define a characteristic length by the effect-
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ive mean diameter of the metric perturbations, d = 2r0.
Accordingly, the Reynolds number can be defined as
Re = Φd/µ, where Φ denotes the flux and µ the dynamic
viscosity. Here, the mass flow is defined as

Φ =
1

S

∫

S

g(ρ ~u, ~nx) dS =
1

S

∫

S

ρ ux
√
g dy,

where ~nx = ~ex/
√
gxx denotes the unit vector in x-

direction and the integral runs over an arbitrary channel
cross-section S with line element dS =

√
gyy dy and total

width S =
∫

S
dS. For the simulation shown in Fig. 2,

the Reynolds number is about Re ≈ 4, and the flow is
still in the laminar regime.

The far-reaching implications of curvature-induced dis-
sipation are revealed even more drastically for arbit-
rarily curved media, equipped with multiple sources of
curvature. Within our framework, we are capable of rep-
resenting various realizations of curved media by simply
adding local perturbations to the metric tensor. Con-
sider flow through a curved medium made of N met-
ric perturbations of the type introduced above, distrib-
uted randomly in space. For the simulations, we use the
same setup as before, except for the modified geometry
of the medium. Schematically, Fig. 1 shows the stream-
lines of a viscous flow with viscosity ν ≈ 0.185, driven
through the curved medium by a pressure gradient of
|∇P | ≈ 2.9× 10−7. Here, the surface depicts the metric
tensor (represented by its diagonal component gxx = gyy)
and the colors correspond to the strength of the metric
perturbations. As can be seen, both the metric tensor
and the streamlines are periodic at the boundaries per-
pendicular to the direction of flow.

In all the simulated cases, we find that the flow con-
verges to a stationary equilibrium state after sufficient
time, although we consider an open system where the
fluid is continuously driven by the constant pressure drop.
The fact that the flow still converges to a steady state
implies the presence of a mechanism that opposes the
pressure drop. We explain this mechanism by curvature-
induced viscous forces.

Plotting the strength of the pressure gradient, |∇P |, as
function of the flux Φ measured in the stationary state,
prompts an even more striking observation: The flux
through the curved medium is found to satisfy a non-
linear transport law,

|∇P | = αν Φ+ β Φ2, (2)

where α is the reciprocal permeability, ν the kinematic
viscosity and β the inertia parameter. In Fig. 3, ∇P is
depicted as a function of Φ for a curved medium with
16 metric perturbations of amplitude a0 = 0.1 and range
r0 = 4. The solid line represents the non-linear transport
law, Eq. (2), fitted to our data with fitting coefficients
α = (5.8 ± 0.2) × 10−5 and β = (6.6 ± 0.3) × 10−5. As
can be seen, our data clearly follow the functional de-
pendence given by Eq. (2). In order to also validate

Figure 3. Transport law for a curved medium with 16 metric
perturbations (a0 = 0.1, r0 = 4). The solid line represents a
fit with respect to Eq. (2), showing very good agreement for
α = (5.8 ± 0.2) × 10−5 and β = (6.6 ± 0.3) × 10−5. Upper
inset: Flux Φ as function of viscosity ν at constant pressure
drop |∇P | ≈ 2.9 × 10−7. The solid line represents a fit with
respect to Eq. (2), obtaining α = (6.01 ± 0.06) × 10−5 and
β = (6.7 ± 0.3) × 10−5, in agreement with the fitting values
found above. Lower inset: Friction factor f = |∇P |/Φ2d as
function of the Reynolds number Re = Φd/µ. The departure
from linear transport law at Re ≈ 3 is visible.

the correct dependence on the viscosity, we have meas-
ured the flux Φ as function of ν, as depicted in the upper
inset of Fig. 3, finding α = (6.01 ± 0.06) × 10−5 and
β = (6.7±0.3)×10−5, which is consistent with the fitting
coefficients found above within error bars. Plotting the
friction factor f = |∇P |/Φ2d as function of the Reynolds
number Re = Φd/µ, as depicted in the lower inset of Fig.
3, we observe a linear regime at small Reynolds numbers,
Re . 3, where f = α/Re, is valid. In this region, the flow
is laminar, and curvature-induced viscous forces govern
the flow [20]. For higher Reynolds numbers, Re & 3, the
flow is still laminar, however, the inertial forces become
more dominant. Here, the linear law breaks down and
has to be extended by a quadratic correction term ∼ Φ2,
accounting for inertial effects (Eq. (2)).

The fact that we recover a transport law of the form
(2) implies the existence of a non-vanishing shear stress,
which in our system is triggered only by spatial curvature,
since there are no solid walls or obstacles. Interestingly,
Eq. (2) resembles the Darcy-Forchheimer’s law for por-
ous media [18, 21], where the linear and quadratic terms
originate from the corresponding linear and quadratic
velocity terms in the Navier-Stokes equations (1) [22].
Indeed, curved media and porous media share common
properties, since in both cases the motion of the flow is
subject to viscous and inertial forces, leading to a lin-
ear Darcy-like law or, at higher Reynolds numbers, to
the non-linear transport law (2). Still, there are major
physical differences regarding the underlying mechanisms
in the two types of media. In a porous medium, the
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Figure 4. Reciprocal permeability α and inertia parameter β as function of the perturbation density n, amplitude a0, normalized
range ǫ = r0/λ and dimensionless average metric perturbation K. The error bars originate from fitting Eq. (2) to our data,
and the dashed lines represent linear and quadratic fits, respectively (see Suppl. Mat. [19] for the fitting coefficients).

obstacles are impermeable solid structures, confining the
shape of the channel, while the fluid is moving through
flat Cartesian space. In a curved medium, however, there
are no physical obstacles, but the background space it-
self is curved according to the perturbations of the metric
tensor, which are permeable to the flow. Thus, the flow
typically does not form sharp channel-like paths as in the
pore space of a porous medium. In particular, in curved
space, the curvature is integral part of the hydrodynamic
equations (Eq. (1)), inducing viscous stresses and thus
dissipation.

The dependence of the coefficients α and β on the
parameters of the curved space is reported in Fig. 4.
To this end, we have defined the perturbation density as
n = N/V , where V =

∫ √
gdxdy denotes the volume of

the curved space. We further normalize the perturbation
range by the characteristic distance between the perturb-
ations, ǫ = r0/λ, where λ =

√

V/N , in order to obtain
dimensionless units. As before, α and β have been ob-
tained by fitting Eq. (2) to our data for many different
realizations of curved media. We find that both recip-
rocal permeabilities α and β increase linearly with the
perturbation density n, as well as with the perturbation
amplitude a0 (Fig. 4(a)-4(b)), but quadratically with the
perturbation range r0 (Fig. 4(c)). (The corresponding
fitting functions are given in the Suppl. Mat. [19]). This
behavior indicates a relationship between the reciprocal
permeabilities α, β and the average metric perturbation,
given by 〈δg〉 = −2πa0r

2

0
n. Accordingly, the permeabil-

ity κ = α−1 as well as the inertial permeability κ1 = β−1

decrease with the average strength of the metric perturb-
ation. This behavior agrees with our expectation, since
the stronger the metric perturbations in the medium, the
larger the effective resistance against the flow will be.
Depending on the range of the perturbations, the iner-
tial forces can also partially compensate each other when
the perturbations start to overlap, as is reflected by the
decreasing behavior of β for 0.5 < ε < 1 in Fig. 4(c). We

observe that all the data collapse onto a single common
curve when plotting α, β against the non-dimensionalized
average metric perturbation K = a0n(ε

2 − ε20), where
ε0 ≈ 1.3, as depicted in Fig. 4(d). The permeabilit-
ies are found to obey a linear law, α(K) = a1K + a2,
β(K) = b1K + b2, where the fitting coefficients ai, bi are
given in the Suppl. Mat. [19].

Summarizing, we have presented a fundamental phys-
ical process inherent to fluid dynamics in curved space,
namely curvature-induced dissipation. We have shown
that the inevitable departure of the flow streamlines
from the idealized geodesic motion on a curved mani-
fold generates viscous stresses, leading to a dissipation
of energy. In order to demonstrate the far-reaching con-
sequences of curvature-induced dissipation, we have stud-
ied media with various randomly-distributed curvature
sources. Interestingly, we have observed that the flow
converges to a stationary equilibrium state solely due
to curvature-induced dissipation. As a consequence, the
flux has been found to satisfy a non-linear transport law,
|∇P | = αν Φ+βΦ2, where the viscous and inertial forces
are induced by the spatial curvature in the system. We
have further shown that the reciprocal permeability α, as
well as the inertia parameter β, depend linearly on the
average metric perturbation in the media.

To highlight the potential impact of our results, we can
think of an experiment on soap films. To this end, we as-
sume a soap film as used in Ref. [9, 23], consisting of a

soap-water solution with mass density ρ ≈ 1g/cm3 and
effective 2D dynamic viscosity µ2D ≈ 10−9Pa m s [23].
For a soap film of width L = 10cm, height h ≈ 1µm [23]
and a metric perturbation of range r0 ≈ 1cm, the effect-
ive 2D density yields ρ2D = ρ ·h ≈ 10−6g/cm

3
. In exper-

iments, nylon threads are used to constrain the soap film
[9], which we account for by applying no-slip boundary
conditions, providing an additional source of dissipation.
In order to find the relative magnitude of the curvature-
induced dissipation effect, we compare the total dissip-
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ation in a flat soap film to the dissipation in a curved
film, finding that the total dissipation increases slightly
(about 1%) from 〈ψ0〉 ≈ (1.268 ± 0.002) · 10−15J/s m2

(flat film) to 〈ψ〉 ≈ (1.276± 0.002) · 10−15J/s m2 (curved
film) for a single metric perturbation. Note that this
increase is significantly beyond the numerical error, be-
ing of order 0.1%. This might seem a small correction,
but we can expect that it increases significantly with the
number of metric perturbations, thus potentially playing
a significant role on the study of curved soap films and
other related physical systems.
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THE METHOD

Lattice Boltzmann in Curved Space

The basic equation of our method is the lattice
Boltzmann equation in curved space, given by

fλ(~r + ~cλ∆t, t+∆t)− fλ(~r, t) = Cλ +∆t Fλ. (1)

This equation describes the evolution of the particle dis-
tribution function fλ in space and time according to kin-
etic theory. Here, interparticle collisions are described by
the BGK collision operator Cλ = −(fλ − f eq

λ )/τ [1] char-
acterized by the Maxwell-Boltzmann equilibrium distri-
bution f eq

λ and a single-relaxation time τ . The geometry
of the curved space enters the lattice Boltzmann equa-
tion mainly through the forcing term Fλ, which incor-
porates the inertial forces ∼ Γi

jkc
jck driving the particles

along the geodesics of the manifold. All quantities are
discretized on the two-dimensional third-order D2Q17-
lattice consisting of 17 lattice vectors ~cλ per node, which
are listed in Table I. In the hydrodynamic limit, the
curved-space lattice Boltzmann equation merges into the
Navier-Stokes conservation equations,

∂tρ+∇i

(

ρui
)

= 0, ∂t
(

ρui
)

+∇jT
ij = 0, (2)

where ∇ denotes the covariant derivative (Levi-Civita
connection) and T ij the energy-stress tensor. Here, the
macroscopic fluid density ρ and fluid velocity ~u are ob-
tained by taking the moments of the distribution func-
tion,

17
∑

λ=1

√
g fλ = ρ ,

17
∑

λ=1

√
g ~cλfλ = ρ ~u,

where
√
g is the square root of the determinant of the

metric tensor. The energy-stress tensor is given by T ij =
Πeq,ij−σij , where Πeq,ij denotes the free momentum-flux
tensor and σij the viscous stress tensor, given by

Πeq,ij = Pgij + ρuiuj ,

σij = ν
(

∇i(ρuj) +∇j(ρui) + gij∇k(ρu
k)
)

.

Here, P = ρ θ denotes the hydrostatic pressure, θ the
normalized temperature (we work in the isothermal limit
θ = 1), ν = c2s(τ − 1

2 )∆t the kinematic viscosity and
gij are the components of the inverse metric tensor.
cs denotes the lattice specific speed of sound, given by

c2s = 25−
√
193

30 for the D2Q17 lattice. For the simulations
performed for this Letter, we use a discretization step
∆ = ∆t = ∆xi = 0.5 (corresponding to 256 × 128 grid
points) and set the fluid viscosity to ν = c2s/2, which
fixes the lattice Boltzmann relaxation parameter τ ac-
cordingly.

λ ~cλ wλ

1 (0, 0) 575+193
√

193

8100

2-3 (±1, 0)
3355−91

√
193

180004-5 (0,±1)

6-9 (±1,±1) 655+17
√

193

27000

10-13 (±2,±2) 685−49
√

193

54000

14-15 (±3, 0)
1445−101

√
193

16200016-17 (0,±3)

Table I. Discrete velocity vectors cλ of the D2Q17 lattice and
the corresponding weights wλ in the Hermite expansion.

Improved Forcing

As for standard lattice Boltzmann schemes, the forcing
term is known to generate spurious artifacts at first or-
der in ∆t [2]. In our model, discrete lattice effects are
canceled by using an improved forcing term, given by

Fλ = Fλ + 1
2

(

Fλ(x
i + ciλ∆t, t)− Fλ(x

i, t−∆t)
)

. (3)

With the improved forcing term, the Navier-Stokes equa-
tions are recovered at second order in space and time,
which significantly improves the accuracy of the results.
The advantage of this force correction scheme, as com-
pared to the commonly used scheme by Guo et al. [2],
is that the macroscopic moments (density ρ, velocity u
etc.) are not modified and thus retain their original phys-
ical meaning. Moreover, for the special forcing term
used in our model, a modification of the macroscopic
moments according to Ref. [2] would require solving
a complicated system of equations for ρ and u. With
our method, such modifications of the macroscopic mo-
ments are dispensed by employing the trapezoidal rule
for the time integration in the lattice Boltzmann equa-
tion. Note: In the literature, the trapezoidal rule is com-
monly applied by a redefinition of the distribution func-
tion (fλ = fλ − 1

2 (Cλ + ∆tFλ), see Ref. [3]). However,
this would require the same undesired correction of the
macroscopic moments (ρ and ui) as in Ref. [2].
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Hermite Expansions

Here, and in the following sections, we will use the
abbreviations

∑

λ
:=
∑

λ

√
g , Dt := ∂t + ciλ∂i , ∂i := ∂i − Γj

ij .

The equilibrium distribution f eq
λ as well as the forcing

term Fλ are expanded into an orthonormal polynomial
basis (tensor Hermite polynomials) in order to recover the
macroscopic moments exactly up to third order through
Gauss-Hermite quadrature. The tensor Hermite polyno-
mials are given by

H(0) = 1, Hi
(1) =

ciλ
cs
, Hij

(2) =
ciλc

j
λ

c2s
− δij ,

Hijk

(3) =
ciλc

j
λc

k
λ

c3s
−
(

δij
ckλ
cs

+ δjk
ciλ
cs

+ δki
cjλ
cs

)

,

and satisfy the orthogonality relation up to third order
(for the given third-order D2Q17-lattice):

∑

λ

wλHIn
(n)H

Jm

(m) = δnmδ
InJn , 0 ≤ n,m ≤ 3.

Here, wλ are the weights (given in Table I), In =
(i1, . . . , in), Jm = (j1, . . . , jm) denote index tuple and
δInJn :=

∑

σ∈Sn

(δi1jσ(1) · · · δinjσ(n)).

The expanded equilibrium distribution reads

f eq
λ =

wλ√
g

3
∑

n=0

1

n! cns
aeq,In(n) HIn

(n), (4)

where the expansion coefficients are given by

aeq(0) = ρ, aeq,i(1) = ρui, aeq,ij(2) = ρc2s∆
ij + ρuiuj ,

aeq,ijk(3) = ρc2s
(

∆ijuk +∆jkui +∆kiuj
)

+ ρuiujuk,

where ∆ij := gij −δij . The corresponding moments read

ρ =
∑

λ
f eq
λ , (5)

ρui =
∑

λ
f eq
λ ciλ, (6)

Πeq,ij =
∑

λ
f eq
λ ciλc

j
λ = ρ

(

c2sg
ij + uiuj

)

, (7)

Σeq,ijk =
∑

λ
f eq
λ ciλc

j
λc

k
λ = ρc2s

(

uigjk + ujgik + ukgij
)

+ ρuiujuk. (8)

The expanded forcing term, on the other hand, reads

Fλ =
wλ√
g

2
∑

n=0

1

n! cns
bIn(n)H

In
(n), (9)

where the expansion coefficients are given by

b(0) = −Γi
ijρu

j − Γj
ijρu

i,

bi(1) = −Γi
jkT

jk − Γj
jkT

ik − Γk
jkT

ji,

bij(2) = −Γi
klΣ

eq,jkl − Γj
klΣ

eq,ikl − Γk
klΣ

eq,ijl − Γl
klΣ

eq,ijk

− c2sδ
ijb(0).

Here, T ij := Πeq,ij −σij represents the second order flux
tensor, where

σij = −
(

1− 1
2τ

)
∑

λ (fλ − f eq
λ ) ciλc

j
λ,

denotes the viscous stress tensor. The corresponding mo-
ments of the forcing term are given by

A =
∑

λ
Fλ = −Γi

ijρu
j − Γj

ijρu
i, (10)

Bi =
∑

λ
Fλc

i
λ = −Γi

jkT
jk − Γj

jkT
ik − Γk

jkT
ji, (11)

Cij =
∑

λ
Fλc

i
λc

j
λ = −Γi

klΣ
eq,jkl − Γj

klΣ
eq,ikl

− Γk
klΣ

eq,ijl − Γl
klΣ

eq,ijk. (12)

The hydrodynamic limit: Chapman-Enskog analysis

In this section, we prove that in the hydrodynamic
limit, our curved-space lattice Boltzmann equation flows
into the covariant Navier-Stokes equations with second
order accuracy in space and time. In order to perform
the hydrodynamic limit, we perform a Chapman-Enskog
multiscale expansion of the distribution function and the
time derivative, which are expanded in the Knudsen num-
ber ε:

f = f (0) + εf (1) + ε2f (2) + ...,

∂t = ε∂
(1)
t + ε2∂

(2)
t + ...,

Furthermore, we rescale all other quantities Q =
(∂i,∇i,Γ

i
jk,F , A,Bi, Cij , σij , ...) by the Knudsen num-

ber, Q = εQ(1). Plugging everything into Eq. (1) and
comparing orders of ε, we obtain the following equations:

O(ε0) : f
(0)
λ = f eq

λ , (13)

O(ε1) : D
(1)
t f

(0)
λ = − 1

τ∆t
f
(1)
λ + F (1)

λ , (14)

O(ε2) : ∂
(2)
t f

(0)
λ +

(

1− 1
2τ

)

∆tD
(1)
t f

(1)
λ = − 1

τ∆t
f
(2)
λ .
(15)

Moments of Eq. (14-15)
Taking the moments of Eq. (14) yields:

∑

λ(14) : ∂
(1)
t ρ+ ∂

(1)

i

(

ρui
)

= A(1), (16)
∑

λc
i
λ (14) : ∂

(1)
t

(

ρui
)

+ ∂
(1)

j Π(0),ij = B(1),i, (17)
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where Π(0),ij = Πeq,ij = ρ
(

c2sg
ij + uiuj

)

, and the ∂i de-
rivative originates from
∑

λ
ciλ∂if

(0)
λ = ∂i

∑

λ

√
g ciλf

(0)
λ −

∑

λ
(∂i

√
g) ciλf

(0)
λ

= ∂i(ρu
i)− Γj

ij(ρu
i) =: ∂i(ρu

i),

where we have used the identity ∂i
√
g = Γj

ij

√
g. The

moments of Eq. (15) are given by
∑

λ(15) : ∂
(2)
t ρ = 0, (18)

∑

λc
i
λ (15) : ∂

(2)
t

(

ρui
)

= ∂
(1)

j σ(1),ij , (19)

where σ(1),ij , the viscous stress tensor (rescaled by ε), is
defined as

σ(1),ij = −
(

1− 1
2τ

)
∑

λc
i
λc

j
λf

(1)
λ .

The explicit expression for the viscous stress tensor will
be derived later.

Continuity Equation
For the continuity equation, we add ε·(16) and ε2 ·(18):

∂tρ+ ∂i
(

ρui
)

= A

After inserting the explicit expression for A (10), we ob-
tain the correct continuity equation:

∂tρ+∇i

(

ρui
)

= 0,

where ∇ denotes the covariant derivative.

Momentum Equation
Adding ε · (17) and ε2 · (19) yields the momentum con-

servation equation:

∂t
(

ρui
)

+ ∂jΠ
(0),ij = ∂jσ

ij +Bi.

Inserting the explicit expression for Bi (11) and Π(0),ij =
Πeq,ij (7) yields the familiar Navier-Stokes equation:

∂t
(

ρ ui
)

+∇j

(

ρ uiuj + ρ c2sg
ij
)

= ∇jσ
ij ,

where σij = −
(

1− 1
2τ

)
∑

λc
i
λc

j
λ (fλ − f eq

λ ) is the viscous
stress tensor, whose explicit form in terms of ρ and ui

will be derived in the next section.

Viscous Stress Tensor
For the derivation of the viscous stress tensor σij , we

rewrite

σij = −
(

1− 1
2τ

)

ε
∑

λc
i
λc

j
λf

(1)
λ

(14)
=
(

τ − 1
2

)

∆t ε
∑

λc
i
λc

j
λ

(

D
(1)
t f

(0)
λ −F (1)

λ

)

≈
(

τ − 1
2

)

∆t
(

∂kΣ
eq,ijk − Cij

)

,

where we have assumed that
(

τ − 1
2

)

∆t ∂
(1)
t Π(0),ij ≪ 1.

After plugging in the explicit expressions for Σeq,ijk (8)
and Cij (12), we obtain

σij = ν
(

∇j(ρui) +∇i(ρuj) + gij∇k(ρu
k)
)

,

where we have defined ν :=
(

τ − 1
2

)

∆t c2s and neglected

terms of the order O(u3) ∼ O(Ma3), Ma being the Mach
number.

FINITE RESOLUTION STUDY

In order to proof the physicality of our lattice
Boltzmann simulations, we have performed a finite res-
olution study. To this end, we have measured Darcy-
Forchheimer’s law for a campylotic medium with 16 met-
ric perturbations (a0 = 0.1, r0 = 4) for different grid
resolutions ∆−1, as depicted in Fig. S1. As can be seen,

Figure S1. Darcy-Forchheimer’s law for a campylotic medium
with 16 metric perturbations (a0 = 0.1, r0 = 4) for different
discretization steps ∆. Inset: Relative error of the total dis-
sipation function, ∆ψ, as function of the grid resolution ∆−1

for a single metric perturbation (a0 = −0.1, r0 = 6).

the distance between the curves decreases rapidly with in-
creasing resolution, which can be quantified by the relat-
ive L2-difference, being less than 1% between the dashed
(∆ = 1

2 ) and solid (∆ = 1
4 ) curve. Furthermore, we meas-

ured the finite resolution effects on the average dissipa-
tion, 〈ψ〉 = 1

V

∫

ψ dV , for a single metric perturbation of
amplitude a0 = −0.1 and width r0 = 6. In the inset of
Fig. S1, the relative error ∆ψ = |〈ψ〉 − 〈ψ〉∞|/〈ψ〉∞
is depicted as function of the resolution ∆−1, where
〈ψ〉∞ = (2.991 ± 0.002)× 10−9 has been determined by
extrapolation. As can be seen, the error decreases rapidly
with the grid resolution, falling below 1% for ∆−1 ≥ 2.
Altogether, this shows that our simulation results are not
appreciably affected by finite resolution effects (up to an
error of about 1% for ∆ = 1

2 ).

We also have checked that the streamline pattern is
not constrained by the positions of the inlet and outlet.
To this end, we have performed an additional simulation,
putting inlet and outlet twice as far from the metric per-
turbation, as depicted in Fig. S2. Comparing Fig. S2 to
Fig. 2 in the Letter, we see that the simulation results
do not change with the inlet and outlet positions if they
are sufficiently apart.
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(a) Christoffel symbol Γx
yx with parallel geodesic lines originating from the inlet.

(b) Dissipation function ψ at t = 10
5.

Figure S2. Results for a Gaussian-shaped metric perturbation of amplitude a0 = −0.1 and width r0 = 6.

PERMEABILITY FITTING FUNCTIONS

Table II contains the fitting functions corresponding to
the permeability plots in Fig. 4 in the Letter.

α(n) = (5.6± 0.5) × 10−2n− (8.9± 3.9) × 10−5

β(n) = (1.9± 0.4) × 10−2n− (5.0± 3.8) × 10−5

α(a0) = (1.07 ± 0.04) × 10−3a0 − (5.2± 0.3) × 10−5

β(a0) = (8.9± 2.6) × 10−4a0 − (2.4± 2.0) × 10−5

α(ǫ) = (1.1± 0.8) × 10−4ǫ2 − (4.5± 0.7) × 10−5

β(ǫ) = (5.7± 1.3) × 10−5ǫ2 − (4.1± 1.4) × 10−5

α(K) = (1.05± 0.03) × 10−1K − (2.8± 0.8) × 10−5

β(K) = (4.3± 0.6) × 10−2K − (3.5± 1.6) × 10−5

Table II. Fitting functions for the reciprocal permeabilities α
and β.
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