
The Role of Contact Angle Hysteresis for Fluid Transport in Wet Granular Matter

Roman Mani,1 Ciro Semprebon,2 Dirk Kadau,1 Hans J.

Herrmann,1, 3 Martin Brinkmann,2, 4 and Stephan Herminghaus2

1ETH Zurich, Zurich, Switzerland∗

2MPI for Dynamics and Self-Organization, Göttingen, Germany
3Departamento de F́ısica, Universidade Federal do Ceará, Fortaleza, Ceará 60451-970, Brazil
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The stability of sand castles is determined by the structure of wet granulates. Experimental
data about the sizes of fluid pockets are ambiguous about their origin. We discovered that contact
angle hysteresis plays a fundamental role in the equilibrium distribution of bridge volumes, which
has substantial consequences on its mechanical properties, including a history dependent rheology
and lowered strength. Our findings are obtained using a novel model where the Laplace pressures,
bridge volumes and contact angles are dynamical variables associated to the contact points. While
accounting for contact line pinning, we track the temporal evolution of each bridge. We observe a
cross-over to a power-law decay of the pressure variance at late times, while the volume variance
saturates to a finite value connected to contact line pinning. The collective dynamics at early times
is well described by a mean field model while at late times, spatial correlations in the pressure build
up.

Our daily life is strongly affected by the mechanical
properties of wet granulates, be it through the stability
of the soil on which we construct our buildings or the
consistency of food we enjoy. The structure of the fluid
interface contained in a wet granulate essentially deter-
mines its mechanical strength due to capillary forces and
thus plays a key role for the prediction and mitigation
of devastating events such as landslides or the clogging
of industrial pipes [1, 2]. For a thorough understand-
ing, knowledge about the dynamical aspects of the fluid
movement is indispensable: The capillary pressure driven
fluid transport in wet granulates [3, 4] involves a dynami-
cal change of the fluid distribution which in turn suggests
the mechanical properties to dynamically change due to
the fluid displacement. Indeed, shear thinning for ex-
ample is observed for partially saturated beds of glass
beads [1, 5, 6] due to a delayed liquid reconfiguration.
Moreover, the particular fluid evolution and distribution
is relevant to many industrial processes that involve coat-
ing of powders and grains [7], or mixing additives with
particulate materials [8, 9]. The precise microscopic fea-
tures which crucially determine the nature of the equili-
bration and liquid transport processes are yet, however,
essentially unexplored.

In this Letter we discover in simulations of the fluid
equilibration in a bed of spherical beads that contact
line pinning can have a profound effect on the evolution
of capillary bridge volumes, and broadens its distribution
at late times. The present approach accounts for the dis-
creteness of the bridge network and incorporates the his-
tory dependence of the bridge shape caused by contact
angle hysteresis. Combining the model for fluid trans-
port with the Contact Dynamics (CD) algorithm [10–13]
we simulate the motion of particles during the initial flu-
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idization of the wet granular bed used in the prepara-
tion step of the X-ray microtomography experiments of
Scheel et al. [4, 14]. In this way, a direct comparison of
our numerical results to the measured evolution of bridge
volumes is possible.

The exchange of volume between isolated capillary
bridges in the pendular regime is observed for non-
volatile liquids, excluding a diffusive transport through
the ambient fluid phase [6, 14]. It has been concluded in
[6, 14] that the fluid flows through a thin wetting film on
the bead surfaces and thereby establishes a hydraulic con-
nection between bridges on the same bead. The existence
of such a thin wetting film was recently confirmed in ex-
periments by Lukyanov et al. [3] measuring the front ve-
locity of a non-volatile liquid spreading in dry sand. The
typical thickness h0 of these thin wetting films is found
to be on the order of the RMS surface roughness and the
amount of fluid trapped in the film can be neglected as
compared to the total volume. On the contrary, immedi-
ately after mixing, the surface of the beads will be covered
with a ‘thick’ macroscopic film of the wetting fluid, due
to the frequent closing and opening of contacts during
fluidization [6]. Driven by the minimization of surface
energies, the wetting fluid in the thick film drains into
the bead contacts where macroscopic capillary bridges
form.

Surface roughness does not only facilitate the forma-
tion of thin wetting films, it is beside chemical hetero-
geneity the main cause of history dependent contact an-
gles [15]. Assuming ideal rough surfaces, i.e. with uni-
form surface heterogeneities, the contact angle θ of a fluid
interface in a mechanical equilibrium falls into an inter-
val [θr, θa] limited by the receding and advancing contact
angle θr and θa, respectively. The contact line slowly re-
cedes (or advances) only if the local contact θ angle equals
θr (or θa). For all intermediate values of θ ∈ [θr, θa] the
contact line is immobilized, i.e. ‘pinned’. The magni-
tude of contact angle hysteresis is defined as the width
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FIG. 1. Effect of contact angle hysteresis on the mutual equi-
libration dynamics of two capillary bridges labeled i = 1, 2
between beads with identical radii in mechanical contact.

∆θ ≡ θa − θr of the range of static contact angles.
The sketch in Fig. 1 illustrates the impact of contact

angle hysteresis on the equilibration dynamics for the
example of two capillary bridges i = 1, 2 with volumes
V 0
1 > V 0

2 . Starting from an initial state with opening
angles β0

1 > β0
2 and contact angles θ01 = θa, θ02 = θr at

t = 0, the capillary pressure difference P 0
1 −P 0

2 > 0 drives
a fluid flux Q12 > 0 through the thin film between bridge
1 and 2. As the total volume of bridge 1 and 2 must be
conserved we have V̇1 = −V̇2 = −Q12, using the dot as
a short hand notation for the total time derivative. Al-
though the bridge 1 is shrinking and bridge 2 is growing,
all contact lines remain first in a pinned state (β1 = β0

1 ,
β2 = β0

2 , and θ1,2 ∈ [θr, θa]). Only while approaching the
final state at t → ∞ with P∞1 = P∞2 , the contact lines
become depinned (θ∞1 = θr, θ

∞
1 = θa), but still with

bridge volumes V∞1 > V∞2 .
In the following, we will employ non-dimensional quan-

tities. A typical bead radius R0 serves as a unit of length
while the capillary pressure is rescaled by γ/R0 where
γ is the interfacial tension of the wetting fluid. Time
is rescaled by the viscous-capillary time scale ε η R0/γ
where η is the dynamic viscosity of the wetting fluid while
the prefactor ε ≡ (R0/h0)3 accounts for the enhanced vis-
cous dissipation in the thin film [15]. As in our previous
Letter [13], the capillary pressure P0(S, β, θ) and volume
V0(S, β, θ) of a bridge with opening angle β, contact an-
gle θ, and spanning of separation S between beads of
equal radius R0, is interpolated from tabulated values.
These values were calculated by numerical energy mini-
mizations employing the public domain software Surface
Evolver [16]. The rupture distance of bridges is computed
from the approximate expression S∗0 = (1 + θ/2)V 1/3 as
given by Willet et al. [17]. The dependence of P , V , and
S∗ on the individual radii Ri of the beads i=1, 2 in con-
tact to a capillary bridge is obtained by a scaling of the
dimensionless pressure P (S, β, θ) = ξ−1 P0(ξ−1 S, β, θ),
volume V (S, β, θ) = ξ3 V0(ξ−1 S, β, θ), and rupture sepa-
ration S∗(V, θ) = ξ S∗0 (ξ−3 V, θ) with ξ ≡ Rc/R0, where
we employ the Derjaguin mean Rc ≡ 2R1R2/(R1 + R2)

of bead radii [17].
The dynamics of fluid transport is studied in a coarse

grained network model where each capillary bridge forms
a node i of the network. The nodes are connected by
bonds (i, j), representing the thin film between bridges
j and i on the same bead. Assuming a stationary flow
in the film, the volume flux Qij between each pair of
bridges will be proportional to the difference in capillary
pressures Pi − Pj [15], and the rate of volume change of
bridge i is given by the sum

V̇i = −
∑

j∈N (i)

Qij =
∑

j∈N (i)

Cij (Pj − Pi) , (1)

over the set N (i) of all bridges j that are connected to
bridge i. The relative geometry of a pair of neighboring
bridges (i, j), the effect of other bridges, or individual
bead radii is collected in the dimensionless conductance
coefficient Cij , which is of the order of one. The loga-
rithmic dependence of Cij on the minimum distance of
contact lines applies only to capillary bridges close to co-
alescence. Since we exclude this exceptional case, we set
Cij = 1 throughout.

Given the time derivative of the bridge volume eqn. (1)
and gap separations Si(t), we compute the total time
derivatives of the opening angle βi and contact angle θi
of bridge i:

β̇i = a [H(θi − θa)H(a) +H(θr − θi)H(−a)] (2)

θ̇i = b
[
H̄(θa − θi)H(b) + H̄(θi − θr)H(−b)

]
, (3)

where we abbreviate the differentials of β̇ and θ̇ by
a ≡ (∂βV )−1(V̇i− Ṡi∂sV ) and b ≡ (∂θV )−1(V̇i− Ṡi∂sV ),
respectively. H(x) denotes the Heaviside function with
H̄(x) ≡ 1−H(−x). Together with the time derivative of
the capillary pressure:

Ṗi = (∂βP ) β̇i + (∂θP ) θ̇i + (∂SP ) Ṡi , (4)

we obtain the opening angle βi(t) and contact angle θi(t)
of each individual bridge i of the network by integration
of the closed system of equations (1–4).

In order to reproduce the experimental conditions of
the equilibration experiments in Refs. [4, 14], we consider
polydisperse and rigid spherical beads, with radii uni-
formly distributed between a minimum R− and a maxi-
mum R+. The degree of polydispersity is parametrized
by the ratio r ≡ R−/R+ < 1, while R+ is employed
as our unit of length, R0. The open simulation box is
bounded by a rigid movable wall at the bottom z = 0,
applying periodic boundary conditions along the x and
y directions. An acceleration of gravity g acts on the
particles into −z direction.

To create a static packing similar to the time resolved
x-ray tomography experiments in Refs. [4, 14], the sam-
ple is fluidized by an oscillatory motion of the lower wall
of the container. The wetting fluid is redistributed ex-
clusively via rupture and formation of capillary bridges.
If two beads touch each other, a small bridge is created
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FIG. 2. Relaxation of individual capillary bridge volumes as a
function of time in experiments (symbols) taken from Ref. [14]
and in our simulations for ∆θ = 25◦ in the full network model
(‘NW’, back dashed lines) and mean field model (‘MF’, red
solid lines). The inset shows the equilibration dynamics in
the network model with ∆θ = 0◦. The receding contact angle
is θr = 7◦ in both cases.

with θ = θa, where the required, minimum fluid volume
is provided by all neighboring bridges. Similarly, if the
bead separation exceeds the critical distance S∗(V ), the
bridge ruptures and the volume V is equally split and
distributed onto all bridges on the two beads.

Once the agitation is stopped we let the beads settle
by gravity into a mechanically stable packing (setup A).
The distribution of fluid volumes obtained with this pro-
cedure is close to a decreasing exponential function. In
order to extend our calculations while saving the compu-
tational costs for the initial preparation, we considered a
three dimensional cubic lattice of beads in contact apply-
ing periodic boundary conditions to the box with linear
dimensions L = 200 (setup B). To mimic the initial state
of bridges after the preparation step in A, we initialized
the bridges with an exponentially decaying probability
distribution function (PDF) of volumes ∝ exp(−V/〈V 〉)
with a given average volume 〈V 〉 and set all contact an-
gles θ = θa. To obtain the evolution of individual bridge
states, we integrated eqns. (1-4) both for A and B numer-
ically in time using a simple forward Euler time scheme.

The simulated evolution of bridge volumes in a static
bed of beads after shaking (set up A) is shown in Fig. 2.
Following the analysis of the x-ray tomography data in
Ref. [14], we classify each bridge according to their binned
volume at time t = 0. Volume averages over all bridges
being in the same bin at t = 0 are plotted against the
time t elapsed after the agitation has been stopped. As
in Ref. [14], we set the polydispersity to r = 0.8 and
chose a total fluid volume corresponding to a fluid con-
tent of W = 2 · 10−2. The receding contact angle in our
simulations is set to θr = 7◦ throughout, being the small-
est value that allows for a reliable interpolation between
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FIG. 3. Distributions for data in network model (NW) shown
in Fig. 2: a) PDF of bridge volume V and b) Average contact
angle 〈θ〉 of bridges with volume V at large time t = 1256s.
c) PDF to find bridges in bins of contact angles θ close to the
advancing, receding, or intermediate range at different times
t.

the tabled data for P (S, β, θ) and V (S, β, θ). Choosing
a contact angle hysteresis of ∆θ = 25◦ and θa = 32◦

yields a distribution of final bridges volumes closest to
the experimental data in Ref. [14]. Fitting the time scale
T0 with the experimental data provides us with an es-
timate h0 ≈ 50nm for the thickness of the thin wetting
film, which is in good agreement with measured RMS
roughnesses of glass beads [18] and the value proposed in
Ref. [3].

In the case of a vanishing contact angle hysteresis
∆θ = 0◦, all bridge volumes Vi virtually converge to the
same value 〈V 〉 (cf. inset of Fig. 2). The width of the dis-
tribution of volumes in the final state can be related to
the degree of polydispersity r of bead radii, however, this
polydispersity alone cannot explain the large spread of fi-
nal volumes observed in experiments. Capillary bridges
between spheres not in mechanical contact are rare in
packings prepared by setup A and the distribution of gap
separations S between neighboring beads has a negligible
impact on the final volume distribution.

Figure 3 a) shows the PDF of bridge volumes at dif-
ferent times after the agitation has been stopped for a
contact angle hysteresis of ∆θ = 25◦. The raising of
a second peak in the PDF at large values from an ini-
tially monotonously decaying function can be explained
by a growing population of bridges with receding con-
tact lines. Shortly after preparation, all bridges exhibit
a contact angle close to θa, and the average contact an-
gle 〈θ〉 of bridges with large volume gradually decreases
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FIG. 4. a) Variance of capillary pressure, σp, and b) of bridge
volumes, σv, as a function of time t for ∆θ = 0◦ (red solid
lines) and ∆θ = 25◦ in the network model and in the mean
field approximation (dashed lines) for setup B. Insets show
same data at early times in linear scale.

with time, cf. Fig 3 b). Bridges with large volume and
a capillary pressure close to zero shrink at a smaller rate
compared to the velocity at which small bridges with ad-
vancing contact angles and large negative pressure grow.
In the final state, the majority of bridges is still in the
advancing state and make up for the large peak toward
smaller volumes, as can be seen from Fig. 3 c). Most of
the remaining bridges are pinned or exhibit receding con-
tact lines, accounting for the second, smaller peak toward
larger volumes.

In the discrete network of bridges, the dimensionality
of the embedding space will become important only at
late times t� τe when long ranged spatial correlations in
the capillary pressure build up. In the early time regime
t� τe the capillary pressure Pi of a bridge i is still uncor-
related to the pressures Pj of its neighbors j. Replacing
the capillary pressure Pj in eqn. (1) with j ∈ N (i) by the
mean, 〈P 〉, taken over all bridges in the network leads

to a ‘mean field’ approximation V̇i = C 〈Nc〉(〈P 〉 − Pi)
where C is a global conductance coefficient and 〈Nc〉 the
average bridge coordination. A mean field model may al-
ready be sufficient to capture the essential features of the
equilibration dynamics and provides a substantial simpli-
fication of the problem.

The evolution of binned bridge volumes in the mean
field model are displayed in Fig. 2 in comparison to the

full network model and the experimental data of Ref. [14].
In order to further assess the validity of the mean field
model we used the larger setup B. Figure 3 a) and b) dis-
play the long time evolution of variances σ2

p ≡ 〈P 2〉−〈P 〉2
and σ2

v ≡ 〈V 2〉 − 〈V 〉2 of the PDF of capillary pressure
and bridge volumes, respectively, in the mean field and
the full network model. For vanishing contact angle hys-
teresis ∆θ = 0◦, we find a power-law scaling of both σ2

p

and σ2
v in t with an exponent −d/2 expected for nor-

mal diffusion. The evolution of σ2
v and σ2

p observed at
early times t � τe in the full network model is cap-
tured well by the mean field model. A cross-over to the
power-law scaling can be observed at t = τe ≈ 2 · 10−3,
which compares well with an estimated diffusion con-
stant D = (10/6)C dP/dV ≈ 580 obtained by lineariz-
ing eqn. (1) for θ = θr around the final bridge volume
〈V 〉 ≈ 0.02 and setting C = 1. The diffusion constant
D provides us with an estimate τe = D−1 ≈ 1.7 · 10−3.
The evolution of the pressure variance σp for a contact
angle hysteresis ∆θ = 25◦ shown by the green solid line
in Fig. 4 a) reveals a slightly faster decay as compared to
the case without contact angle hysteresis. A pronounced
difference is observed for the variance of volumes, σv,
displayed as the green solid line in Fig. 4 b). For the
case ∆θ = 25◦, σv saturates to a finite value σ∞v . The
cross-over to the plateau at σ∞v occurs at a time t ≈ τe
comparable to the corresponding case without hysteresis.

The present numerical study demonstrates that con-
tact angle hysteresis strongly affects the evolution and
distribution of capillary bridge volumes after mixing a
wetting fluid into a bed of spherical beads. A mean field
model is sufficient to describe the equilibration process at
early times and to predict the final distribution of bridge
volumes. The network model can be further employed
to address the role of contact angle hysteresis in fluid
transport in slowly sheared granular beds or the dynam-
ics of liquid equilibration in particulate materials driven
by gradients in the local saturation. It can be easily ex-
tended to account for flows of the wetting fluid induced
by gravity or evaporation.
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