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We provide numerical evidence that the Richtmyer-Meshkov (RM) instability contributes to the
cooling of the quark-gluon plasma. During the expansion stage of this strongly interacting state of
matter, or due to the presence of supersonic partons traveling throughout the medium, shock waves
are generated which may trigger the RM instability via density fluctuations. The RM instability
reduces the average temperature of the quark-gluon plasma up to ∼ 10 MeV during its lifetime.
As a result, the transition temperature, Tc ' 150 MeV, is reached faster than expected, thereby
anticipating the transition to the hadronic gas. Since the growth rate of the instability is found
to be very sensitive to the specific form of the quark-gluon equation of state, we also discuss the
possibility of using the RM instability to discriminate between theoretical models of quark-gluon
plasma thermodynamics.

PACS numbers: 47.75.+f, 47.20.-k, 95.30.Sf, 25.75.-q, 52.57.Kk

Quark-gluon plasma (QGP), a collection of strongly in-
teracting quarks and gluons, represents one of the most
exciting new states of matter [1, 2]. After the collision be-
tween two highly energetic heavy-ion beams, the hadrons
decouple into their constitutive particles, exceeding the
quantum chromodynamics (QCD) phase-transition tem-
perature, Tc ' 150MeV, thereby producing the QGP.
This process is followed by an explosive expansion of
the plasma until it cools down reaching again the crit-
ical temperature, and finally freezing out into a hadronic
gas [2]. During its lifetime, the QGP is accurately de-
scribed by hydrodynamics models of nearly perfect fluids
[3–5]. Therefore, shock waves have been theoretically
predicted [6] and experimentally observed [7, 8], during
the expansion stage of the plasma and also due to fast
partons moving through the medium [9]. The existence
of such shock waves is very important, as it provides di-
rect information on the speed of sound, and therefore, on
the equation of state (EoS), whose precise form is still
under debate [10–13].

The existence of relativistic shock-waves, in the pres-
ence of density fluctuations, lead to the appearance of the
RM instability, one of the fundamental fluid instabilities,
which occurs whenever a shock wave passes through an
interface of different densities. This instability was theo-
retically predicted by Richtmyer [14] and experimentally
detected by Meshkov [15], in the non-relativistic context.
The study of the RM instability is of major importance
in several fields, ranging from high energy physics [16, 17]
to astrophysics [18] and plasma physics [19]. In this Let-
ter, we show that the RM instability may arise in QGP
under current experimental conditions, reducing the av-
erage temperature of the plasma, accelerating the phase
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FIG. 1. Snapshots of the interface between two different
densities in the three dimensional RM instability at time
t = 4.75fm/c, for the relativistic (a) and non-relativistic (b)
cases. The pre-shock density ratio is 28 and the Mach number
is 2.4. Arrows show the direction of the shock wave.

transition into a gas of hadrons, and consequently, de-
creasing the lifetime of the QGP. Furthermore, we also
point out that the study of the instability can provide
information on the EoS, since the growth rate of the in-
stability depends explicitly on its form. Thus, gaining
experimental information from the RM instability may
offer a new means of distinguishing between different the-
oretical models [20, 21] of QGP thermodynamics.

To the best of our knowledge, the RM instability has
never been studied before in the relativistic regime, and
therefore deriving the respective theory is important for
understanding this phenomenon in QGP. For this reason,
we first perform a linear stability analysis of the insta-
bility, and obtain a general expression, in the non-linear
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regime, by implementing numerical simulations.
Let us start by considering the growth of irregularities

- in particular sinusoidal corrugations - at the interface
between two regions with different densities when a rela-
tivistic shock wave passes through the interface. In anal-
ogy with the non-relativistic case [14], we first approach
the problem by studying the Rayleigh-Taylor instability,
i.e. the fluid in one of the two regions accelerates into
the other, and later we replace the constant acceleration
by an impulsive one representing the shock wave.

The conservation equations of relativistic fluid dy-
namics are ∂αT

αβ = Gβ , and ∂αN
α = 0, where Tαβ

is the energy-momentum tensor, Nα is the particle 4-
flow and Gβ is the 4-force density. For an ideal (in-
viscid) fluid we have Tαβ = (ε + p)UαUβ/c2 − pηαβ ,
and Nα = nUα, where p is the hydrostatic pressure,
ε the energy density (including the rest mass energy),
c is the speed of light and ηαβ is the Minkowski met-
ric tensor with the signature (+,−,−,−). The macro-
scopic four-velocity is (Uµ) = (c, ~u)γ(u), ~u being the
three-dimensional velocity and γ(u) = 1/

√
1− u2/c2 the

Lorentz’s factor. The relativistic force density can be de-
fined as Gα ≡ (~F .~uγ(u)/c, ~Fγ(u)), where ~F is force den-
sity vector [22], and n is the number of particles density.
The Einstein summation convention and natural units
i.e., c = kB = m = 1, are assumed here and throughout
this paper. For the Rayleigh-Taylor instability, we con-
sider ~F = (ε+ p)~g, where ~g is the fluid acceleration into
each other.

For the linear instability analysis, we will consider an
inviscid fluid, in contrast with the QGP, which presents
a finite shear viscosity, η ' s~/4πkB [2, 23], with s the
entropy density. However, it has been shown that viscos-
ity has a negligible effect on the perturbation amplitude
in the non-relativistic RM instability [24, 25], and con-
sequently we expect a similar behavior for the case of
relativistic hydrodynamics.

We solve the problem in two dimensions, without any
loss of generality. Thus, small perturbations are assumed
for the velocity along x and y directions, i.e., δu and
δv, and the physical variables, such as the density and
pressure, i.e., δp and δn. For a single mode disturbance,
we write A(x, y, t) = Ak(x) exp(iky+ωt), where A stands
for δu, δv, δp and δn, as well as the amplitude of the
perturbation h. Here k = 2π/λ is the wave number, λ
is the initial perturbation wavelength, and ω is the wave
frequency of the perturbations.

We suppose that at t = 0 the interface is located at
x = 0, and the only non-zero component of ~g is along
the x direction, i.e., g. To include the condition of in-
compressibility, and considering the fact that second or-
der terms play no role in the linear stability analysis,
the continuity equation simplifies to ~∇ · ~u = 0. Assum-
ing that pressure and density are functions of x only, we
substitute the perturbed quantities in the conservation
equations and the incompressibility condition. Dropping
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FIG. 2. Perturbation growth rate in the linear regime cal-
culated from Eq.(2) as a function of temperature for differ-
ent equations of state proposed in Refs. [26], [20] and [21].
In the inset, we see the effect of increasing β = 4u/c on
the perturbation growth rate in the linear regime (using the
ideal gas EoS: solid lines for Γ = 5/3 and dashed lines for
Γ = 4/3 denote non-relativistic and ultrarelativistic limits,
respectively), for different temperatures, comparing with the
non-relativistic RM instability (dashed-dotted line).

the nonlinear terms and considering initial equilibrium at
the interface, i.e., ∂p/∂t = 0, we obtain a system of lin-
ear differential equations. Solving these equations, and
taking g/kc2 � 1, we find the following dispersion rela-
tion, ω2 = (n2−n1)gk/(2p+ ε1 + ε2)γ, where ε1 (n1) and
ε2 (n2) are the energy densities (densities) at both sides
of the interface. Hence, the amplitude of the perturbed
interface grows according to

∂2h(t)

∂t2
= ω2h(t). (1)

In order to find a relation for the relativistic RM insta-
bility, we replace the constant acceleration by an impul-
sive acceleration, representing the shock wave. Let 4u
be the increment of velocity due to this impulsive accel-
eration, we have g(t) = 4uδ(t), where δ(t) is the Dirac
delta function. Integrating Eq.(1) and using the fact that∫
g(t)dt = 4u, we obtain the relation for the growth rate

of the perturbation amplitude in the linear regime of the
relativistic RM instability:

vf ≡
∂h(t)

∂t
=

(n2 − n1)kh04u
γ(2p+ ε2 + ε1)

. (2)

Here, h0 is the initial amplitude of the perturbation.
Note that this is a general expression which holds for
any EoS, ε = ε(T ) and p = p(T ), where T is the fluid
temperature.

In the RM instability, the low dense region penetrates
the heavy one, generating bubbles and the heavy region



3

FIG. 3. From the top to the bottom, snapshots of the density
at t = 0, t = 10fm/c, and temperature field at t = 10fm/c in
the two dimensional RM instability in QGP with perturbed
interface. Here, we consider the high pressure/temperature
region of pR = 2GeV fm−3 and TR = 900MeV (right side),
and the low pressure/temperature region of pL = 1GeV fm−3

and TL = 150MeV (left side). Blue and red colors denote low
and high values, respectively.

penetrates the light one, giving rise to spikes. The per-
turbation amplitude, h(t), is calculated by measuring the
distance between the tips of the spike and the bubble di-
vided by two. Note that the linear assumption is well
justified only as long as the interface amplitude is small,
i.e., h/λ < 0.1 [27] and nonlinear effects become impor-
tant when the amplitude becomes larger. In the presence
of the shock wave, Eq.(2) permits to find the asymptotic
linear growth rate of the amplitude, based on the post-
shock values of n1, n2 and h0,4u and p being the velocity
jump and pressure at the interface.

In order to explore the effect of the EoS, we plot Eq.(2)
as a function of the temperature, for different equations
of state (see Fig. 2). Here, we compare the EoS for an
ideal relativistic gas developed by Synge [26], the non-
ideal EoS for QGP proposed by Romatschke [20], and
the EoS for strongly interacting matter in relativistic
heavy ion collision (with a phase transition) proposed
by Huovinen [21]. The following parameters are con-
sidered: h0 = 0.16fm, k = 3fm−1,4u = 0.6, and the
post-shock density ratio is 18. Fig. 2 shows that the per-
turbation growth rate strongly depends on the EoS, and
therefore, the RM instability could be used to check the
validity of a proposed EoS. In the inset of Fig. 2, the
linear growth rate of the amplitude versus the velocity,
β = 4u/c is compared with the respective relation for
the non-relativistic RM instability, at different tempera-
tures. For this case, we have used the Synge EoS [26, 28],
which can also be written as, ε + p = ( 1

Γ−1 + 1)p + n,
with Γ the adiabatic index (specific heat at constant
pressure divided by specific heat at constant volume),
and assumed constant density. Note that by increasing
β and/or the temperature, the perturbation amplitude
decreases as compared to the non-relativistic case. The

0 2 4 6 8 10

0

2

4

6

8

10

t (fm/c)

<
T

u
n
p
>

−
<

T
p
er

>
 (

M
eV

)

 

 

n
L
/n

R
=1.62, T

R
=485 MeV

n
L
/n

R
=2.33, T

R
=700 MeV

n
L
/n

R
=2.66, T

R
=800 MeV

n
L
/n

R
=3.00, T

R
=900 MeV

FIG. 4. Decrease of the average temperature of the QGP due
to the RM instability for different temperatures and density
ratios. Here < Tunp > and < Tper > denote the average tem-
perature of the QGP when the RM instability is (perturbed
interface) and is not (non-perturbed interface) present, re-
spectively. We have set TL = 150MeV.

value of β = 1/
√

2 optimizes the growth of the pertur-
bation in the relativistic case and for massless particles,
β = 1, the growth rate of the instability vanishes.

From one-dimensional simulations of the Riemann
problem in viscous gluon matter, it is known that dur-
ing the evolution of the shock-wave, a region develops
with constant pressure (plateau) but different densities
[29]. The same scenario in higher dimensions sets the
stage for the RM instability. Here, we solve the Riemann
problem in two dimensions using the lattice Boltzmann
model for high velocities recently proposed in [30–32]. We
use a square lattice of 1200 × 200 cells, each one of size
δx = 0.008fm [33]. A sinusoidal perturbation is consid-
ered for the interface centered at xp = 600 cells with the
form, xi = xp + a sin(π/2 + 2πy/λ), where λ = 1.7fm,
and a = 0.26fm. The shear viscosity of the plasma is
set to η/s = 0.05~/kB , where s = 4n − n log(n/neq),
being neq = 16T 3/π2 (for technical details, see Sup-
plementary Material [34]). The snapshots of the den-
sity and temperature profiles, for the case with high
pressure/temperature region of pR = 2GeV fm−3 and
TR = 900MeV and low pressure/temperature region of
pL = 1GeV fm−3 and TL = 150MeV , is presented in
Fig. 3. Here we see that for t = 10fm/c, the instabil-
ity is already developed, which means that it can ap-
pear during the lifetime of the QGP. Moreover, in order
to gain information on the implications of this process,
we measure the average temperature of the plasma for
both cases, with (perturbed interface) and without (un-
perturbed interface) instability, for several low-high den-
sity ratios. In Fig. 4, one can notice that in the case
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FIG. 5. Results of the numerical simulation h(t) versus time
for different Mar and density ratios in the nonlinear regime.
Solid lines are the resulting h(t), using the proposed relation,
Eq.(3). In the inset, the results for linear regime are presented
and the solid lines show the asymptotic theoretical growth
rate, Eq.(2).

of perturbed interface, the average temperature is lower,
decreasing with time almost linearly. This effect is en-
hanced by considering larger density ratios. The range of
temperatures exploredin this work corresponds ongoing
experimental conditions [35, 36].

In order to extend our theoretical result to the non-
linear regime, we consider the general case of a shock
wave passing through an interface between two regions
at different densities. Here, a shock wave with the ve-
locity β = |~u|/c = 0.94, traveling from right to left, is
passing through the sinusoidal perturbation in the den-
sity located at xp = 1000 cells. The initial position of the
shock wave is at xs = 1100 cells. Note that, hereafter the
subscripts R, M , and L refer to the right hand side of
the shock, the region between the shock and the initial
perturbation, and the left hand side of the perturbation,
respectively. The pressure is set to be constant across
the perturbation, i.e., pM = pR, by choosing appropriate
values of temperature. We consider various pre-shock
density ratios 8 ≤ nL/nM ≤ 28 and various values of
the relativistic Mach number, Mar ≡ usγ(us)/csγ(cs),
of the shock wave, 2 ≤ Mar ≤ 3. Here the velocity of
the shock us and the sound velocity cs are defined as
in Refs. [28, 37], and a = 0.13fm. In Fig. 5 one can
see that by increasing Mar, as well as the density ratio,
the amplitude grows faster. Note that vf can be used
as the initial growth rate of the nonlinear regime. The
growth rate in the non-linear regime is well described by
the following relation,

∂h(t)

∂t
=

vf
1 + a1( nL

nM
)1/2Mart

, (3)

where a1 = 0.0108 c/fm is an universal constant inde-
pendent of the Mach number and the density ratio. In the
inset of Fig. 5, the results of h(t) for the linear regime
are presented, where the slope of the solid lines repre-
sents the theoretical growth rate, Eq.(2). As expected,
at early times, the compressibility effects decrease the
growth rate, but when they become weaker, very good
agreement is found between the theoretical, Eq. (2), and
numerical growth rates.

One can also study the differences between the non-
relativistic and relativistic RM instability. The result
of 3D simulation can be seen in Fig. 1, where the RM
instability with square cross section is considered, with
nL/nM = 28 and the Mar = 2.4. The 3D simulation
was performed with the same parameters as before and
using a lattice size of 1200 × 200 × 200 cells. For the
purpose of comparison, we have also performed a numer-
ical simulation for the non-relativistic RM at the same
density ratio and Mach number. To this purpose, we
choose the same Reynolds number for both cases, de-
fined as Rer = (ε+p)usγ(us)λ/η [38]. Fig. 1 shows that,
in the non-relativistic RM, the amplitude of the pertur-
bation grows faster, leading to a faster development and
more complex structures of the instability at late times.
In fact, this agrees with our analytical results, Eq.(2),
where we see that relativistic effects lead to a damping
of the instability.

Summarizing, we have shown that the RM instabil-
ity can appear in QGP under actual experimental con-
ditions. This accelerates the formation of the hadronic
gas by decreasing the average temperature of the plasma
of about 10MeV, during its lifetime, t ∼ 10fm/c. In the
presence of partons traveling through the plasma, the
interaction between the multiple generated shock waves
can also lead to RM instability patterns, which eventu-
ally contribute to the cooling process. This effect be-
comes stronger for larger QGP temperatures, and there-
fore, should be taken into account in ongoing and future
experiments where temperatures of around 800MeV and
higher could be reached [35]. In addition, from the linear
stability analysis, we pointed out the sensitivity of the
growth rate of the RM instability to the specific form
of the EoS, thus providing a new procedure to investi-
gate the EoS of QGP. The detailed study of each EoS, as
well as comparisons of the effects described in this Let-
ter with experimental observations, will be a subject of
future research.

As a general outcome, it is also found that, the growth
rate of the instability, at constant density, decreases at
increasing the fluid speed above a certain critical value of
u ∼ c/

√
2, vanishing in the ultra-relativistic limit u→ c.

This effect is counter-intuitive, since one expects that at
higher velocities, instabilities are more likely to appear.
The results of this paper extend to the study of other
phenomena characterized by the presence of shock-waves,
i.e. astrophysics and plasma physics.
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