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Avoiding a Spanning Cluster in
Percolation Models
Y. S. Cho,1 S. Hwang,1 H. J. Herrmann,2 B. Kahng1*

When dynamics in a system proceeds under suppressive external bias, the system can undergo
an abrupt phase transition, as can happen when an epidemic spreads. Recently, an explosive
percolation (EP) model was introduced to understand such phenomena. The order of the EP
transition has not been clarified in a unified framework covering low-dimensional systems and
the mean-field limit. We introduce a stochastic model in which a rule for dynamics is designed
to avoid the formation of a spanning cluster through competitive selection in Euclidean space.
We use heuristic arguments to show that in the thermodynamic limit and depending on a control
parameter, the EP transition can be either continuous or discontinuous if d < dc and is always
continuous if d ≥ dc, where d is the spatial dimension and dc is the upper critical dimension.

The notion of percolation transition (PT)
(1) is widely applied in a variety of dis-
ciplines; it explains the formation of a

spanning cluster connecting two opposite sides
of a system in Euclidean space, such as occurs in
metal-insulator or sol-gel transitions. Alternative-
ly, percolation can also be interpreted as the for-
mation of a macroscopic cluster in the system,
and this concept has been used to model the
spread of epidemics (2) and the formation of
opinions within social networks (3). These two
pictures may be regarded as the same, but they
can lead to different evolution processes in Eu-
clidean space. Here, we study an abrupt PT (4)
from these two perspectives.

One of the models in the more general second
category is the classic Erdős and Rényi (ER) (5)
model, in which the evolution proceeds as fol-
lows: Starting with N isolated nodes, an edge
is connected between a randomly selected un-
connected pair of nodes at each time step. Then,
as the number of connected edges is increased, a
macroscopic cluster is generated at the percola-
tion threshold, and its size is increased continu-
ously. Recently, the ER model was modified by
imposing additionally a so-called product rule or
sum rule, which suppresses the formation of a
large cluster (4). Because of this suppressive bias,
the percolation threshold is delayed; thus, when
the giant cluster eventually emerges, it does so
explosively. Hence, this model has been called
the explosive percolation (EP) model. This result
has attractedmuch interest (6–23), including open-
ings toward other subjects such as synchroniza-
tion phenomena (23), jamming in the Internet (24),
and analysis of real-world networks (25). Initial-
ly, this explosive PT was regarded as a discon-
tinuous transition; however, it was recently found

that the transition is continuous in the thermo-
dynamic limit (9), followed by a mathematical
proof (10) and extensive supporting simulations
(11–13). The random graph in fact represents
the mean-field description of the model on a
Euclidean lattice. EP problems in Euclidean space
have also been considered, and the numerical
results suggest discontinuous percolations (14).
Because of the absence of analytic results, the
order of explosive PT in Euclidean space has not
yet been determined. Under this circumstance, it
is of interest to clarify the order of the explosive
PT in Euclidean space and on random graphs in a
unified manner.

The product rule or sum rule was inspired by
an idea first mathematically developed in (26, 27)
to investigate the power of multiple choices in
random processes. These ideas were refined to
what is called an Achlioptas process, in which
one chooses the best among randomly given mul-
tiple options to avoid the formation of a certain
target pattern (28). Here, we choose the spanning
cluster rather than the giant cluster as the target
pattern of the PT in Euclidean space. Surprisingly,
this choice, while keeping the strategy of choosing

the best among several options, enables us to
determine analytically the order of the explosive
PT for the spanning cluster in the thermodynamic
limit. In this spanning cluster–avoiding (SCA)
model, the transition can be either discontinuous
or continuous below the upper critical dimension,
depending on the number of potential bonds m
introduced in the dynamic rule, and it is contin-
uous above the upper critical dimension (i.e.,
in the mean-field limit). Thus, the appearance of
an abrupt PT can be clarified within a unified
scheme. Moreover, the analytic results and the
methodology used in the SCA model can serve
as a platform for understanding the PTs for other
models showing abrupt transitions, such as the
product rule (4) and the Gaussian model (18). In
fact, the general mechanism underneath the abrupt
PT is that by throttling spanning, the finite clus-
ters can become very dense, so that when they
finally merge to a percolating configuration, a
substantial fraction of sites is immediately in-
volved in the largest cluster.

We begin by introducing an adequate sup-
pressing rule in Euclidean space. Starting with a
d-dimensional regular square lattice of linear size
L having N = Ld nodes and Nb = zN unoccupied
bonds, where z is the coordination number di-
vided by 2, we randomly choose at each time step
m unoccupied bonds. They are classified into two
types: bridge and nonbridge bonds. Bridge bonds
are those that would form a spanning cluster if
occupied. We want to avoid bridge bonds being
occupied, and thus one of the nonbridge bonds is
randomly selected and occupied (Fig. 1A). If the
m potential bonds are all bridge bonds, then one
of them is selected randomly and occupied (Fig.
1B). Once a spanning cluster is created, no more
restrictions are imposed on the occupation of
bonds. This procedure continues until all bonds
are occupied. The selection rule among multiple
options is inspired by the best-of-m model (19).
We denote the number and the fraction of oc-
cupied bonds as ‘ and t = ‘/zN, respectively. By
analogy to ordinary percolation, t can be inter-
preted as an occupation probability, and also as
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A B

Fig. 1. (A) Dynamics of the SCA model on a square lattice. For the case m = 2, two empty bonds, b1 and
b2 (shown as dashed lines), are randomly selected. If one of them is a bridge bond (b2), by which a
spanning cluster would be formed, then the nonbridge bond (b1) is chosen. (B) At t= tc2, two bridge bonds
can be selected for the first time. Then, one of them is taken randomly and a spanning cluster is formed.
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the time of our dynamic system. We define ‘cm
as the number of occupied bonds when a bridge
bond is occupied for the first time. The perco-
lation threshold is tcm ≡ ‘cm/Nb, which form > 1 is
larger than the percolation threshold tc of ordinary
percolation.

We performed extensive numerical simulations
for various system sizes L and parameter values
m to see (i) how the order parameter Gm(t)—the
fraction of sites (nodes) belonging to the span-
ning cluster—behaves as a function of t and m,
and (ii) how the percolation threshold tcm aver-
aged over configurations depends on m, L, and
dimension d. Then, extrapolating these results,
we determined the order of the PT under the sup-
pressing rule in the thermodynamic limit.

We now briefly show numerical results and
then theoretical results, of which derivations are
presented in (29). First, for a given m, Gm(t) = 0
for t < tcm. For tc < t < tcm, a spanning cluster is
not created because of the suppressing rule,
whereas it is formed in ordinary percolation.
However, for m > 1 and t > tcm, once one bridge
bond is occupied, no further bonds are suppressed
and thus the spanning cluster is not modified.
Thus, Gm(t) follows the curve of G1(t) for t > tcm
(Fig. 2A). Therefore, there exists a finite dis-
continuityG1(tcm) at tcm. In the reverse evolution,
dynamics proceeds under the bias of sustaining
the spanning cluster. For this case, evolution
can be understood as the opposite procedure—
that is, from occupation to deletion of bonds.
Then, the spanning cluster can sustain up to 1 – tcm,
but its size reduces to NBB/Nb, where NBB is the
number of bridge bonds. In the thermodynamic
limit, the fraction NBB/Nb is zero in the interval
[1 – tcm, 1 – tc] for d < 6 (20). Thus, the order
parameter behaves as shown in Fig. 2B.

Next, we plot the percolation threshold for
systems with linear size L, tcm(L), versus L for
several values ofm.We find that tcm(L) decreases
and converges to tc as L increases for m = 2, and
that tcm(L) increases and converges to 1 as L
increases for m ≥ 3 in two dimensions. More
generally, we find that there exists a critical value
mc(d ) = d/(d – dBB) for d > dBB, where dBB is the
fractal dimension of the set of bridge bonds (20),
such that if m < mc, tcm(L) decreases and con-
verges to tc as L increases, and if m > mc, tcm(L)
increases and converges to 1 as L increases. This
is shown in Fig. 2C for two dimensions, and in
fig. S2, A and C, for three and four dimensions,
respectively. The analytic solution for mc(d) is
presented in (29). It is estimated that mc(d) ≈
2.55 T 0.01 (d = 2), 5.98 T 0.07 (d = 3), 16.99 T
5.23 (d = 4), 50 (d = 5), and∞ (d = 6). For d = 5,
the standard deviation is larger than the mean
value. dBB is equal to d in d = 6, which is thus
the upper critical dimension, and the formula for
mc is valid for d < dc = 6. To simulate for non-
integer m cases, once we select an unoccupied
bond randomly, and if that bond is a bridge bond,
then it is occupied with the probability q(t)1–(1/m),
where q(t) is the probability that m potential
bonds are all bridge bonds. Otherwise, it is always

occupied. This dynamic process can be imple-
mented without choosing m different unoccupied
bonds, but by choosing just one bond.

Subsequently, we check the convergence rates
for tcm(L) – tc and 1 – tcm(L) as a function of L.We
obtain power-law behaviors, tcmðNÞ − tc e N−1=n<

and1 − tcmðNÞ e N−1=n>,where the exponentsn<
and n> are derived analytically (29) as 1=n< ¼
½1 − ðm=mcÞ�=ðmzþ1Þ and 1=n> ¼ ½ðm=mcÞ −
1�=ðm − 1Þ. The exponent n is rewritten as dn,

where d is the spatial dimension and n is the ex-
ponent characterizing the scaling relation between
length scale L and the occupation probability t.
These results are shown in Fig. 2, D and E, for
two dimensions, and in fig. S2, B andD, for three
and four dimensions, respectively. We show in
(29) that the standard deviation for the statistical
fluctuations of the critical point tcm(N) behaves in
the same manner as s< e N−1=n< for m < mc and
s> e N−1=n> for m > mc, and this is confirmed

Fig. 2. (A) Schematic plot of the spanning cluster size Gm(t) versus t, the number of attached bonds per
Nb for the SCA model, with m = 1 (red), 2 (green), 3 (blue), and 4 (purple). Inset: Same plot with real
data, which are obtained after averaging over the samples containing nonzero Gm(t) at each time t.
Data are obtained for a system size of N = 106 in two dimensions. (B) Hysteresis curve of the order
parameter in forward and backward evolution. (C) Plot of tcm(L) versus L for various values of m.
(D) Plot of tcm(L) – tc for m = 2 versus L, which is the case m < mc. (E) Plot of 1 − tcm(L) for m = 3
and 4 versus L, which is the case m > mc. Solid lines are guidelines with the slopes theoretically
predicted. All data are averaged over 104 configurations.

A B

Fig. 3. (A) Plot of the giant and second largest clusters just before the percolation threshold tc4− for
m = 4. Clusters are compact and the boundary is self-affine, with fractal dimension dBB ≈ 1.22. In
general, for sufficiently large m, only very few clusters remain at tcm−(N). (B) Plot of ns versus s at tcm−
for m = 3, 4, 5, and mc ≈ 2.55 in two dimensions. Simulations are performed for N = 106, and the
data are averaged over 103 configurations. The solid line is a guideline with slope –3.

8 MARCH 2013 VOL 339 SCIENCE www.sciencemag.org1186

REPORTS

 o
n 

M
ar

ch
 7

, 2
01

3
w

w
w

.s
ci

en
ce

m
ag

.o
rg

D
ow

nl
oa

de
d 

fr
om

 

http://www.sciencemag.org/


numerically in fig. S1B. Note that at a tricritical
point mc, tcmcðL → ∞Þ is finite; for example,
tcmcð∞Þ ≈ 0:72 in two dimensions, which is nei-
ther tc nor unity, and the fluctuation is large and
independent of N.

On the basis of the above results, we come to
the conclusion that for d < dc = 6, the percolation
threshold in the limit N → ∞ is tc for m < mc,
finite tcm atm =mc, and 1 for m > mc [(29), equa-
tions 8 to 10]. For d ≥ dc, mc → ∞, and for finite
m, tcm → tc (29). We conclude that when m is
finite, the PT is continuous in the limit N → ∞.
In statistical physics, it is known that mean-field
results above the upper critical dimension are
equivalent to the solution on sparse randomgraphs.
From this perspective, our result for d > dc is
comparable to previous results for the EP model
(10) on random graphs.

For the SCA model in the regime m > mc at
t−cmðLÞ, we find that there are only a few clusters
and that they are compact (Fig. 3A). Thus, the
cluster size distribution at t−cmðLÞ decays rapidly
in the region of small cluster size and exhibits a
peak in the region of large cluster size (Fig. 3B).
The interface between clusters forms naturally
along the bridge bonds and is self-affine. Because
of the presence of already macroscopically grown
but not yet spanning clusters, the order parameter
is increased drastically when occupying a bridge
bond. Finally, we note that for d ≥ dc, a discon-
tinuous PT can take place if m varies with the
system size N. We obtain a characteristic value
mc ~ ln N such that when m increases with N
slower than mc, the PT is continuous, and when

m increases with N faster than mc, the PT is
discontinuous. They occur at tc and 1, respec-
tively [see (29)].

For the product rule (4), the nature of the PT is
similar to the mean-field behavior of the SCA
model in low dimensions such as d = 2. Under
the best-of-m strategy, when m varies with the
system size as m > mc ~ ln N, clusters are also
compact and the number of clusters is limited to a
finite value, and thus a discontinuous PTcan take
place. However, for a fixed m and in the thermo-
dynamic limit, the PT is continuous [see (29)].
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Emergence of a Measurement Basis
in Atom-Photon Scattering
Yinnon Glickman, Shlomi Kotler, Nitzan Akerman, Roee Ozeri*

After measurement, a wave-function is postulated to collapse on a predetermined set of
states—the measurement basis. Using quantum process tomography, we show how a measurement
basis emerges in the evolution of the electronic spin of a single trapped atomic ion after
spontaneous photon scattering and detection. This basis is determined by the excitation laser
polarization and the direction along which the photon was detected. Quantum tomography
of the combined spin-photon state reveals that although photon scattering entangles all
superpositions of the measurement-basis states with the scattered photon polarization, the
measurement-basis states themselves remain classically correlated with it. Our findings shed light
on the process of quantum measurement in atom-photon interactions.

The interaction between quantum systems
and their environment results in decoher-
ence and reduction of quantum superpo-

sitions to classical statistical ensembles. On the
other hand, probing a fraction of the environment
(environments by nature are too large to be mo-
nitored as a whole) yields information about the

system state. The back-action on the system can
then result in the emergence of a measurement
basis. The measurement basis states will be those
that are classically correlated with the detected
environmentmodes, whereas their superpositions
will be entangled with the environment (1, 2).
Thus, decoherence, measurement, and entangle-
ment all partake in the quantum measurement
process.

Because atomic systems can be well iso-
lated from their environment and coherently
controlled with good fidelity, they are a good

experimental platform for the study of such
fundamental quantum phenomena. In a typical
experiment, a bipartite atomic superposition is
controllably coupled to its environment and mon-
itored in order to investigate different facets of
decoherence and measurement. Examples in-
clude the study of decoherence due to coupling
to engineered reservoirs by using trapped atomic
ions (3) or the observation of the progressive de-
coherence of the measurement apparatus by using
the interaction between atoms and a microwave
cavity (4).

A natural environment for atomic systems is
the electromagnetic vacuum to which they couple
via spontaneous photon scattering. The effect of
light scattering on the coherence of atomic inter-
ferometers showed that scattered photons expose
the path an atom has taken (5–7). Photon scattering
by trapped atomic ions, in which the direction
and magnitude of the internal angular momen-
tum of an atom become correlated with a scattered
photon, results in spin decoherence (8–10). State-
selective florescence by use of resonant laser light
was used tomeasure the internal electronic state of
atoms with a very small error probability (11–13).
Last, the entanglement between a single atom and
a spontaneously scattered photon was recently
observed (10, 14, 15). In all of these experiments,
decoherence, measurement, and entanglement

Department of Physics of Complex Systems,Weizmann Institute
of Science, Rehovot 76100, Israel.

*To whom correspondence should be addressed. E-mail:
roee.ozeri@weizmann.ac.il
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Percolation transitions for cd d : Analytic solutions for cmt  

 
We consider the probability ( )q   that all randomly chosen m  unoccupied bonds 

are bridge bonds at t , given by btN . This probability is obtained as 
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The exponent 0  is the correlation length exponent for ordinary percolation transition 

(PT), BBd  is the fractal dimension of a pattern formed by bridge bonds (20), and the 

exponent   is an exponent describing the transition behavior of BBN . As BBN  

increases, bridge bonds form a chain or a surface in two and three dimensions, 
respectively, and thus the fractal dimension of bridge bonds is bounded as 

1 BBd d d   . cm  is denoted as 
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across which the order of the PT changes. Numerical values of ( )cm d  for various 

dimensions are listed in Table S1.   
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Next, we calculate the probability that the system reaches a percolating state at   

for the first time, which is given by  
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We call cm  the value at which ( )Q   has its maximum. Then, the relation 
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holds at /cm cm bt N  . cmt  depends on the system size N . We find that ( )cmt N  

behaves differently for the cases cm m  and cm m . When 1 cm m  , ( )cm ct N t  

decreases as a power law 1/~ N   , and when cm m , 1 ( )cmt N  decreases as 
1/~ N   . The exponents are obtained by inserting Eq. (1) into Eq. (5) as 
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We remark that at ,cm  1( ) ~ ( ) / (1 ) ,
cm

cq N t t t      which may be written as 

1( ) ( ),q N q  where  ( )q t  is independent of .N Then,  ( )q t  satisfies the equation 
 ( ) ln ( ) /q t q t t    and its solution is 

ccmt . Thus, 
ccmt  is finite in the thermodynamic 

limit, which is neither ct  nor unity. Moreover,  ( ) ~ 1q O N  at 
ccmt , and thus the 

probability to actually occupy a bridge bond is non-negligible. 

 

Percolation transitions for cd d  

 
When BBd d  for cd d , the probability ( )q t  in Eq. (1) is independent of the 

system size N  as  
 



 
 

3 
 

 
( )

( ) ~ ( )
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q t f t
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.                                               (8) 

 
Then, for finite m , following a similar step as used to derive Eq. (6) from Eq. (5), we 
obtain that  
 

                                       
1/( 1)( ) ~ m

cm ct N t N   .                                                 (9) 

 
Then a continuous PT occurs at ct  in the thermodynamic limit.  

 
If m  varies with N  as ~ lnm N , then cm ct t  is independent of N . That is, cmt  is 

finite. Then, a discontinuous PT occurs at finite cmt , which is neither ct  nor unity. 

Furthermore, when m  is increased faster than ln N  as N  is increased, cmt  increases. 

In this case, we rewrite Eq. (5) as 
 

 
ln ln

ln const
1 1

N f
f

m m


   

 
,                                      (10) 

 
at cmt t , where the prime denotes the first derivative with respect to t . For the case 

lim ln / ( 1) 0,N N m    we obtain a finite cmt  which satisfies the relation 

( ) (1 )cm c cmt t C t   , where C  is const. Actually, this cmt  is the percolation 

threshold of the bridge percolation transition  (20). 
 

Statistical fluctuations of the percolation threshold 
 

Next, we consider the statistical fluctuations of the critical point cmt . To quantify 

the fluctuations, we consider the percolating probability distribution function ( )Q t  

around the critical point cmt . The standard deviation ( , )m N  of cmt  is calculated 

using the relation  
 

21/ ~ (ln ( ))Q t                                                     (11) 
 
at cmt , where the double prime denotes the second derivative with respect to t . Then, 

we obtain that  
 

1/

1/

     for   ,
~

     for   .

c

c

N m m

N m m














 



                                             (12) 
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Thus, for cm m  ( cm m ), the fluctuations are relatively large near cm  and become 

smaller with decreasing m  (increasing m ) for a fixed system size. The standard 
deviations shrink with increasing N  for a given m . However, when cm m , the 

standard deviation remains constant, independent of the system size. Thus, it 
generically appears that the explosive percolation threshold fluctuates heavily from 
sample to sample at the tricritical point cm . The theoretical prediction is confirmed 

by simulation data, shown in Fig.S1. On the other hand, from Eq. (12), we can find 
that the exponent   characterizes the scaling relation between length L  and the 
occupation probability t . 
 

Percolation transitions in the product rule model 
 

Here we study the explosive PT for the product rule (PR) model under the best-of-
m strategy in Euclidean space, in which the dynamics proceeds under the suppression 
against the formation of large cluster. At each time, m potential bonds are selected 
randomly, and a set of the products of sizes of the two clusters connected by each of 
these potential bonds are calculated. If a selected potential bond is an intra-bond, then 
the product is taken as the square of that cluster size. The potential bond producing 
the minimum of those products is actually occupied, and the other 1m  potential 
bonds are discarded. Previous studies focused on the case 2m   in Euclidean space 
(6, 13, 14). Here, we want to see the behavior of the PT for general m, and compare it 
with the results for the SCA model.  

 
First, in Fig. S3A, for a given system size, for example, 200L   in two 

dimensions, we examine the behavior of the giant cluster size per node ( )mG t  as a 

function of time t  for various m. The transition point ( )cmt L  is delayed as m  is 

increased. Interestingly, the increase of ( )mG t  for relatively small m such as 

2 8m    is different from that for relatively large m such as 20m  : (i) For those 
small m, ( )mG t  increases sharply. However, the jump size decreases with increasing 

the system size (Fig. S3E). For this case, large clusters are not compact, but contain 
isolated small clusters inside at the onset of the abrupt change of the order parameter, 
denoted as cmt   (Fig. S4A). The cluster size distribution at cmt  , decays as a power-law  

in the small-cluster-size region, but shows a bump in the large-cluster-size region 
(Fig. S4B). (ii) For those large m, ( )mG t  increases irregularly, caused by the 

averaging over plateaus stemming from different configurations (Fig. S3B). Plateaus 
appear when intra-cluster bonds are added to the system. During the transient period, 
small clusters merge with surrounding large clusters, and this merging dynamics 
leads to the formation of compact clusters at cmt  as shown in Fig. S4C. The interface 

between two compact clusters is self-affine with the same fractal dimension as that of 
bridge bonds in the SCA model (Fig. S5). Cluster sizes of such compact clusters are 
almost monodisperse as shown in the cluster size distribution in Fig.S4D, because 
smaller (larger) clusters are more (less) likely to merge to others. We find that the 



 
 

5 
 

jump size of the order parameter remains finite as the system size is increased (Fig. 
S3F).  

The number of distinct clusters ( )cl cmN t  at cmt  exhibits distinct features. (i) When 

m is small such as 3m  , the extensive relationship ( ) ~cl cmN t N  holds, whereas (ii) 

when m is large, a crossover behavior occurs: For small N , the sub-extensive or the 

system-size independent relationship ( ) ~cl cmN t N  with 1   or 0  appears, 

whereas for large N , the extensive relationship ( ) ~cl cmN t N  holds. This behavior in 

2-dim is shown in Fig. S6A. The crossover point, denoted as *N , scales as * amN e , 
where a  is const. When N  is fixed, the crossover occurs at * ~ lnm N . Thus, as 
N we have *m  . The phase diagram is shown in Fig. S6B. This result is 
intrinsic, independent on dimension. We argue that when the number of clusters 
linearly depends on (is sub-extensive of) system size, the jump size of the order 
parameter decreases (finite). Thus, for the PR model, the PT is continuous in the limit 
N   for a finite fixed m even in low dimensional systems. However, if m  varies 
with system size with the constraint lnm N , then the percolation transition could 
be discontinuous. This result is the same as the mean-field result above the upper 
critical dimension 6ud   for the SCA model. The crossover behavior is also 

observed on random graphs (Fig. S6C and D).  
 
Here, we present a heuristic argument supporting the above numerical results. We 

consider the case (i) with relatively small .m  We show snapshots of the system at 
several time steps to display how the system evolves, finding that small clusters still 
remain above the percolation threshold but large clusters merge, eventually making 
the largest cluster (Fig. S7). As m  is increased, the bump size in the large-cluster-
size region is increased, whereas the small-cluster-size region is reduced (Fig. S8). 
We denote the characteristic cluster size as *s , which divides those two regions. We 

calculate the probability sp  ( lp ) that a cluster of size  * *s s s s   is selected 

randomly as  

   

*

*1

  

  and   ,
(1 ) (1 )

s

s ls s

s
s l

ds n sfds n sf

p t p t
t t



 
 


                                     (13) 

 
where ( )sn t  is the cluster size distribution at ,t  and  s lf f  are the mean densities of 

unoccupied bonds in small and large clusters, respectively and (1 )t  is the density 

of unoccupied bonds in the system. The relation 1s lp p   holds. Then, the 

probability that all m  potential bonds are selected in the bump region is given by 

   ,
m

l m lP t p t . If the condition 1
,l mP N   is satisfied, then the probability that an 

unoccupied bond is actually added to a cluster of size *s s   is negligible. Thus, the 
bonds are actually occupied in small clusters, and as a result, clusters become 
compact and ( ) ~cl cmN t N   with 1  at cmt . This condition may be written as 
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ln / lnc lm m N p   unless 0lp  . For ,cm m  small clusters co-exist, and then 

( ) ~cl cmN t N  at cmt . We note that such different cluster shapes for cm m  and 

cm m  can be seen in the SCA model in Fig. S9.  

 

When cm m , clusters are compact, and they merge as time goes on. We consider 

the cluster merging dynamics (Fig. S9) between times cmt  and cmt , at which a single 

macroscopic-scale cluster remains. Because the cluster size distribution has a narrow 
bell shape (Fig.S4D), we assume for simplicity that all cluster sizes are equal. Then, 

the linear size of each cluster is  1/
( ) ~ / ( )

d

cl clL t N N t and the total length of the 

interfaces scales as ( ) ~ ( ) ( ).BBd
BB cl clM t N t L t  Cluster merging process takes place when 

an inter-cluster bond is actually occupied, which occurs with probability,  

                                 

 PR

1

1

( ) ~ 1
(1 ) (1 )

1 ( )
             ~ .

1

BB

k m k

BB BB

k b b

d

d
cl

mk M M
Q t

km N t N t

N t

t N







    
          

 
   


                      (14) 

 
After two clusters are merged, we assumed that remaining clusters are reorganized 
and their sizes are again monodisperse with a larger size but their number is reduced. 
This assumption is viewed in ensemble average perspective. The process is repeated. 
The decreasing rate of the number of clusters is given by  
 

 PR1
( ).cl

b

dN
Q t

N dt
                                                (15) 

Because the abrupt phase transition occurs in a short time interval, we may make the 
approximation  1/ (1 ) 1/ (1 )cmt t    for cm cmt t t   . Using Eqs. (14) and (15), and 

the boundary conditions ( ) ~cl cmN t N  and ( ) 1cl cmN t   , we obtain that 

 (1 ) /~ .BBd d
cm cmt t N                                                (16) 

We have confirmed the exponent numerically in the inset of Fig.S3F. Since the 

exponent is (1 )
0BBd

d


  for 1  , cm cmt t   is reduced to zero as N  , whereas 

the jump size of the order parameter remains as (1)O . Thus, the transition becomes 

sharper as the system size is increased. However, when the system size exceeds *N , 
1  . Thus, the transition becomes continuous. Therefore, the criterion whether 
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1   or 1  in the thermodynamic limit is a good indicator to determine the type of 
PT.  

    It is noteworthy that the PT for the PR model is reduced to the mean-field result 
for the SCA model, which is due to the following reason. In the SCA model, the 
cluster merging dynamics is mainly determined by bridge bonds, of which the 
number is smaller than  O N  below the upper critical dimension, but is of order of 

 O N  in the mean-field limit. In the PR model, however, the cluster merging 

dynamics is determined not only by the selection of unoccupied bonds on the 
interface, but also of intra-cluster bonds, and their total number is  O N . Thus, the 

PT for the PR model is reduced to the mean-field behavior of the SCA model even in 
low dimensions.  

 

Percolation transitions in the Gaussian model 

The Gaussian model (18) was introduced to search a discontinuous percolation 
transition, which is defined as follows: At each time step, an empty bond is selected 
randomly, and is occupied with probability, 

2

~ exp ,
s s

p w
s

    
   

                                                    (17) 

where s  is the cluster size created by occupying the bond and s  the average cluster 
size in the system that would be formed after an empty bond is occupied. w is a 
control parameter defined in the region 0w  . When 0w  , the model is reduced to 
the ordinary percolation model. When 1w  , this model displays compact clusters at 
the onset of the PT, and the transition is discontinuous, independent on spatial 
dimension (18).  

Here, we examine the number of clusters ( )cl cmN t  as a function of the system size 

N  at the onset of the PT. It is expected that for a fixed w , ( )cl cmN t  increases 

linearly with N  for small system sizes, and sub-extensive for large system sizes. 
Indeed, we find that such crossover behavior appear in two dimensions (Fig. S11). 
Thus, for finite w , the percolation transition is discontinuous in the thermodynamic 
limit for the Gaussian model.  
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Figure  S1. 

A. Plot of the percolation thresholds with variance versus system size L  in two 
dimensions for the SCA model. B. Plot of the standard deviations of cmt  versus system 

size L  in two dimensions. They decay in a power-law manner for cm m , and are flat for 

cm m . Solid lines are guidelines with theoretically obtained slopes. All data are 

obtained after averaging over 410  configurations.  
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Figure S2. 

A. and C. Plot of the percolation threshold cmt  versus system size L  for various numbers 

of potential bonds m in three (A) and four (C) dimensions for the SCA model. Dotted 
lines are straight lines. Inset: Successive slopes of cmt  vs. L  for 6cm   (A) and 17cm   

(C). They tend to decrease to zero, which implies that cmt  converges to a finite value. We 

also checked that the successive slopes of 1 cmt  and cm ct t  decrease to zero at cm . This 

indicates that cmt  is finite, neither ct  nor 1. B. and D. Plot of scaling relations, cm ct t  vs. 

L  for cm m  and 1 cmt  vs. L  for  cm m  in three (B) and four (D) dimensions. Dotted 

lines are guidelines with theoretically obtained slopes. All data are obtained after 
averaging over 410  configurations.  
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Figure S3. 

A. Plot of the giant cluster size ( )mG t  vs. time t  after ensemble average for various m for 

the PR model in two dimensions. Data are obtained for m  1, 2, 3, 5, 8, 10, 20, 30, 50, 
100, and 300 from the left to the right with a fixed size 300L  . B. Similar plot of ( )mG t  

for 30m   and 200L   after ensemble average (dotted line) and for a single 
configuration (solid lines). C. and D. Plot of the giant cluster ( )mG t  vs. time t  for fixed 

2m  (C) and 30m   (D), but various system sizes L 100, 300, 700, 1500, 3000, and 
5000 from the right to the left. As the system size increases, a giant cluster grows more 
drastically. E. Plot of the jump size vs. system size N  for 2m  . For cm m , jump size 
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is measured as the height of ( )mG t  just after the abrupt growth. Solid line is a guideline 

with slope 0.02 . Inset: Plot of the maximum value of ( )mdG t dt  vs. system size N . 

Solid line is a guideline with slope 0.48 . F. Plot of the jump size vs. system size N  for 
30m  . In this case ( cm m ), jump size is measured as the height when a large-scale 

plateau takes place. The estimated jump size is independent of N . Inset: Plot of the 
maximum value of ( )mdG t dt  vs. system size N . Solid line has slope 0.57, consistent with 

the theoretical value (1 ) /BBd d . Data for ( )mG t  and G  are obtained after averaging 

over  410  configurations. 
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Figure S4. 

Snapshots of clusters for the PR model at time cmt  at which the order parameter begins to 

increase drastically. The data are obtained from two dimensional systems with linear size 
200L  , but for different m values. For small 2m   (A), clusters contain small-sized 

clusters within them. For large 30m   (C), clusters are compact. Plot of the cluster size 
distributions for 2m   (B) and 30m   (D) at cmt . Data in B and D are obtained after 

averaging over 310  configurations in two dimensions with linear size 310L  . Solid line 
in (B) has slope 1.95 . 
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Figure S5.  
Plot of the number of unoccupied bonds which inter-connect one cluster and its neighbor 
if occupied (perimeter) vs. radius of gyration of each cluster for 10m   and 30 in two (A) 
and three (B) dimensions at cmt  for the PR model. Thus, the slope means the fractal 

dimension of perimeter of clusters. Solid lines are guidelines with slopes 1.22 (A) and 2.5 
(B), respectively. Simulation results are obtained after averaging over 310  configurations. 
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Figure S6. A. Plot of the number of clusters at cmt t  vs. system size N  for several 

values of m for the PR model in two dimensions (A) and random graphs (C). Dashed and 
solid lines are guidelines with slopes one and 0.05, respectively. A crossover behavior 
occurs between the behaviors  ~  0.05clN N    for *N N  and ~clN N  for 

*N N , at the point * ~ amN e  ( const.a  ), which are represented by the solid curves in 
B and D. Red squares in B and D are estimated values of *N  from the numerical data in 
A and C. All data are obtained after averaging over 410  configurations. 
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Figure S7. Snapshots of clusters in the system with 200L   at several time steps for 

2 cm m   for the PR model at xt  in ( c x cmt t t  ) (A), cmt  (B), cmt  (C), and cmt (D). 

Even after the giant cluster is formed, small-sized clusters still remain in the system. 
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Figure S8. Plot of the density of s-sized clusters at cmt  vs. cluster size s in 2-dim with 

system size 310L   for several m. As m is increased, bump size is increased, and the 
small-cluster-size region is reduced. Here *s  is the characteristic size beyond which the 
bump is distinct. All data points are obtained after averaging over 410  configurations.  
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Figure S9. Snapshots of clusters for the SCA model when 2m   (A) and 5 (B) in the 
system with 200L   at cmt . Two large clusters are not compact but include small clusters 

in A, but compact in B.  
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Figure S10. Snapshots of clusters for 30 cm m   in a system with  200L   for the PR 

model at several time steps when jumps arise as shown in Fig. S3B.  
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Figure S11. Plot of the number of clusters clN  at cmt  as a function of system size N  for 

several w values for the Gaussian model in two dimensions. Data are for 
8 6 4 20,10 ,10 ,10 ,10 ,w     and 1 from the top. Dashed line is a guideline with slope 1. For 

810w   (open circle), a crossover can be seen from the behavior ~clN N  in small-N 

region to the one ~clN N  with 1   in large-N region. All data are obtained after 

averaging over 310  configurations. 
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Table S1. List of numerical values of ( )cm d  for dimensions 2 6d   . The values for   

and BBd  were measured in (16). * The standard deviation becomes larger than the mean 

value cm . 
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effects [such as predation risk at flowers 

( 10)], relapses after periods of abstinence, or 

withdrawal symptoms ( 11).  
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Getting the Jump on 
Explosive Percolation

MATHEMATICS

Robert M. Ziff

An analytical approach to explosive dynamical 

percolation yields general conditions for the 

transition to be a continuous or discontinuous 

process.

        P
ercolation refers to the formation of 

long-range connectedness or conduc-

tivity in random systems. Simple mod-

els for percolation were independently devised 

in the areas of polymer science ( 1) and mathe-

matics ( 2) in the 1940s and ’50s, and have been 

both a persistent theoretical challenge and an 

enduring practical paradigm ever since. In the 

past decade, percolation has become a central 

problem in probability theory, and has fi gured 

in the work of two recent Fields medalists ( 3). 

A recent and somewhat controversial devel-

opment concerns looking at the dynamics of 

percolation under various global bond selec-

tion rules and how percolating systems make 

the transition from being disconnected (or 

comprising a group of disconnected clusters) 

to being fully connected. It had been shown 

that the transition can proceed explosively, in 

which the transition is discontinuous ( 4), but 

that scenario was later challenged when it was 

shown that for some specifi c systems, such a 

transition is in fact continuous. On page 1185 

of this issue, Cho et al. ( 5) show analytically 

and numerically that the explosive percolation 

transition can be either continuous or discon-

tinuous, depending on the bias against certain 

“bridging” bonds and the dimensionality of 

the system.

In standard percolation, the probability 

P∞ that a given point is part of a percolating 

cluster is a continuous function of the bond 

occupation probability p, the probability that 

a bond is conducting or open. P∞ is zero for 

cases where p < pc but rapidly grows for p > 

pc, where pc is the percolation threshold that 

signals the onset of long-range connectivity. 

In an infi nite system and for p slightly greater 

than pc, P∞ behaves as P∞ ≈ (p – pc)
β, where 

β is a fractional power, such as 5/36 ≈ 0.139 

in two dimensions ( 6), so the derivative dP∞ /

dp is infi nite at pc. Being continuous, the per-

colation transition can be considered to be a 

kind of second-order phase transition.

Bonds can be added one at a time and 

clusters merged as they are added, leading 

to a dynamical percolation transition. Achli-

optas et al. ( 4) introduced a new model of 

percolation in which two candidate unoccu-

pied bonds are simultaneously considered, 

and only the one that joins the smaller clus-

ter-size sum or product is added. Simulating 

this model, they found that the percolation 

transition is delayed to a higher value of p, 

but then occurs in an explosive and seem-

ingly discontinuous manner, more akin to a 

fi rst-order phase transition. Similar behavior 

is observed in many other systems, including 

regular lattices, when a variety of bond-addi-

tion rules are used ( 7– 10).

Distinguishing a discontinuity from a 

sharp continuous transition in a fi nite system 

can be tricky, however. In 2010, da Costa et 

al. ( 11) showed theoretically that the random-

graph model was in fact continuous under a 

modifi ed product rule, but with a very small 

β (~0.056), which makes it nearly indistin-

guishable from a discontinuous transition. 

More investigation and proofs of the conti-

nuity followed for a variety of systems ( 12, 

 13), and it is now generally accepted that the 

original two-choice product rule leads to a 

continuous transition, but it wasn’t previ-

ously proven for a Euclidean lattice such as 

the simple square lattice.

Still, there remain some undoubtedly dis-

continuous explosive transitions out there. 

For example, a simple model of joining only 

the bond that gives the smallest product over 

all bonds in the system is discontinuous—the 

last bond joins two huge clusters together. A 

hierarchical long-range model also shows a 

discontinuity ( 14).

Cho et al. introduce a model of percola-

tion with a new global constraint on a Euclid-

ean lattice: If a candidate bond causes the 

system to percolate from one side to another, 

then the model biases against it. Specifi cally, 

m candidate bonds are chosen simultane-

ously, and if any are nonbridging, then one 

such bond is chosen randomly and occupied. 

If they are all bridge bonds, then one of those 

is chosen and occupied. Equivalently, just one 

unoccupied bond can be chosen and occupied 

(if it is a nonbridge bond) or occupied with an 

appropriate probability (if it is a bridge bond).

Now, m = 1 corresponds to standard per-

colation with critical bond occupancy tc. For 

m > 1, Cho et al. observe that percolation is 

delayed until a later occupancy tm > tc, but 
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Joining the dots. Schematic of the probability P∞ 
that a point belongs to the spanning cluster versus 
the occupation probability t, for regular percolation 
of m = 1 (solid line) and for a typical case with m > 
1 (dashed line). A jump in P∞ for m > 1 is evident. 
(Inset) A typical bond confi guration showing a later 
stage where most of the sites belong to two distinct 
clusters. The algorithm preferentially puts new bonds 
along edges that do not connect the two clusters.
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then, once the boundary between the two 

large clusters has been breached, bridging 

bonds cease to exist, and the system follows 

essentially the behavior for m = 1. Thus, 

there is a jump in P∞ and the system shows a 

discontinuity (see the fi gure).

However, when going to larger systems, 

some telling behavior is found. For m less 

than a critical value mc, tm decreases to the 

standard percolation value tc and the discon-

tinuity disappears. Likewise, when, for m > 

mc, tm increases to 1, the explosive percola-

tion occurs but only at full occupancy. Cho 

et al. relate mc theoretically to the backbone 

fractal dimension and predict mc ≈ 2.55, 

which is consistent with their extensive 

simulations.

The work of Cho et al. shows the impor-

tance of taking the infinite-size limit and 

explains some of the confusing and contra-

dictory behavior seen in this fi eld previously. 

Exactly at m = mc, the discontinuity in the 

transition persists with a critical occupancy 

tcm less than 1, so in this special case a non-

trivial discontinuous transition on an infi nite 

Euclidean lattice evidently exists. Investigat-

ing the nature of this transition and fi nding 

other models that can be tuned to a similar tri-

critical state is a rich area for future research. 
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         D
eveloping tumors face a multifaceted 

immune response that can ultimately 

“edit” the tumor by eliminating cells 

that cannot evade antitumor responses. Con-

sequentially, tumors employ many mecha-

nisms to evade immune responses, including 

expression of inhibitory chemokines or cyto-

kines and recruitment of immunosuppres-

sive cells such as regulatory T cells (Tregs) ( 1, 

 2). Tregs are known for suppressing immune 

responses and maintaining immune homeo-

stasis, but are also often found in the tumor 

microenvironment where their presence cor-

relates with poorer patient outcomes. More-

over, acute Treg depletion in transplant mod-

els of cancer results in more potent antitumor 

immune responses. Thus, Tregs are considered 

important players in tumor development. 

However, relatively little is known about why 

Tregs infi ltrate tumors or how they are formed. 

On page 1219 of this issue, Malchow et al. 

( 3) address these questions and discover 

that developing tumors do not elicit novel 

Treg responses, but rather they recruit and/

or expand Treg populations naturally found 

within the tissue from which the tumor arises.

Tumors can elicit T cell responses because 

they have distinct protein expression rela-

tive to normal cells ( 4). T cells bearing anti-

gen-specifi c surface T cell receptors (TCRs) 

recognize tumor antigens displayed on the 

cell surface, which results in T cell activa-

tion, proliferation, and destruction of tar-

get cells. Multiple layers of regulation exist 

to avoid T cells that recognize “self anti-

gens” and target healthy cells. This regula-

tion starts in the thymus, where developing 

T cells with TCRs that recognize self anti-

gens are deleted or become immunosuppres-

sive Tregs ( 5). Although the complete pathway 

for developing these “natural” Tregs (nTregs) is 

unclear, it involves a molecule called autoim-

mune regulator (Aire), which is expressed by 

specialized thymic epithelial cells and helps 

them express a variety of tissue-restricted self 

antigens. In this way, developing T cells are 

fi rst exposed to these antigens before leav-

ing the thymus ( 5). Tissue-specifi c self anti-

gens are thought to be critical for the func-

tion and localization of some nTregs, but how 

they affect tumor-infi ltrating Tregs is less well 

understood. Complicating matters, Tregs can 

also be generated post-thymically from con-

ventional T cells, when they are exposed to 

antigen in the presence of immunosuppres-

sive molecules such as transforming growth 

factor–β. Induced Tregs (iTregs) are critical to 

maintaining immune tolerance to environ-

mental antigens (e.g., commensal bacteria), 

and it has been suggested that immunosup-

pressive factors within the tumor microenvi-

ronment could convert tumor-specifi c T cells 

into iTregs. Furthermore, because nTregs and 

iTregs can differ in plasticity ( 6), it is plausi-

ble that one population could be more ame-

nable to therapeutic modulation. Thus, it is 

important to identify the antigens recognized 

by tumor-associated Tregs and to determine the 

role of antigen recognition in their develop-

ment and function.

To address the role of antigen recogni-

tion, Malchow et al. used an elegant system 

for sequencing the TCRs expressed by tumor-

infi ltrating Tregs and conventional T cells. Like 

fingerprints, these TCR sequences distin-

guished different T cell clones present within 

the tumor microenvironment. Using a geneti-

cally engineered mouse model of prostate 

tumor development, they found that tumors 

were consistently infi ltrated by Treg popula-

tions bearing a single TCR (called MJ23), 

which differed from TCRs present on con-

ventional tumor-infi ltrating T cells. Further-

more, this TCR was specifi c for an antigen 

expressed in normal prostate tissue. Thus, 

this Treg population was not selected for on 

the basis of expression of a novel antigen by a 

developing tumor, but was instead capable of 

recognizing an antigen expressed by the tis-

sue from which the tumor arose.

The authors went on to show that the 

MJ23 TCR was suffi cient to drive Treg devel-

opment within the thymus and that this pro-

cess required the function of Aire. This led 

to the accumulation of Tregs within prostate-

draining lymph nodes of male mice, regard-

less of whether they had a tumor. MJ23 TCR 

expression also caused nTreg development in 

female mice, which lack prostate tissues but 

likely carry the gene that encodes the rel-
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