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Abstract

Based on the recently developed picture of an electronic ideal relativistic fluid at the Dirac

point, we present an analytical model for the conductivity of graphene that is able to describe

the linear dependence on the carrier density and the existence of a minimum conductivity. The

model treats impurities as submerged rigid obstacles, forming a disordered medium through

which graphene electrons flow, in close analogy with hydrodynamics. To describe the mini-

mum conductivity, we take into account the additional carrier density induced by the impurities

in the sample. The model, which predicts the conductivity as a function of the impurity con-

centration, is validated by extensive simulations for different values of E , the dimensionless

strength of the electric field, and provides excellent agreement with experimental data.
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Graphene is a fascinating material exhibiting very unusual properties. One of them is the yet

unexplained linear increase of the conductivity with the number of charge carriers.1,2 Classical

transport theories have not succeeded in providing a convincing explanation for this striking be-

havior. Here, we propose a completely different approach, based on the recently developed picture

of an electronic ideal relativistic fluid at the Dirac point. In fact, the classical transport theories,

based on short-range scattering of electrons by impurities, predict that the electric conductivity

in graphene should be independent on the carrier density.3 However, some recent works4,5 have

suggested that such linear dependence might be potentially explained by treating the impurities as

screened Coulomb scatterers.

Due to the special symmetries of the honeycomb lattice, electrons in graphene behave like

massless Dirac particles, whose collective dynamics, under suitable conditions, can be described

as a relativistic fluid, where the speed of light is replaced by the Fermi speed c∼ 106m/s.6 The most

likely relevant limiting factor for the graphene conductivity is given by random charged impurity

centers,4 which can be treated as submerged obstacles, hindering the electron flow, similarly to

the way a disordered medium does in the context of fluid dynamics. Since the relativistic fluid

approach is derived from the quantum Boltzmann equation (QBE) for graphene,7 a hydrodynamic

description of the conductivity can be expected to apply as long as the QBE collision operator

takes proper account of the Coulomb interactions between electrons. Therefore, once Coulomb

interactions are included in the viscosity of the fluid, the conductivity (which typically, unlike

viscosity, is a property of the flow rather than of the fluid) becomes a function of the dissipation

introduced in the system by the impurities, i.e. the electron-impurity interaction.

In this Letter, we treat graphene as a disordered medium and develop a model for its conduc-

tivity, as a function of the impurity density. The model explains the anomalous dependence of

the conductivity on the carrier density and the minimum conductivity due to the carrier density

induced by the impurities. The results are compared with experimental data, yielding very satis-

factory agreement. Our treatment is based on the hydrodynamic equations derived by Müller et

al.,6 based on the quantum Boltzmann equation for electrons in graphene. This analysis delivers
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Figure 1: Absolute value of the electronic velocity in graphene for two different impurity concen-
trations, 4.85% (bottom) and 0.12% (top). The electric field is applied in the x direction (from left
to right) and set up to 1.77 V/m. Yellow and dark colors denote high and low speeds, respectively.

the value of the transport coefficients, namely the fluid shear viscosity, which is an input parameter

in our model. According to this approach, the equations for the Dirac electron fluid in graphene

read as follows: ∂ρ/∂ t +∇ · (ρ~u) = 0, for charge conservation; ∂ε/∂ t +∇ · [(ε + p)~u] = 0, for

energy density conservation and

ρr

[
∂~u
∂ t

+(~u ·∇)~u
]
+∇p+

~u
c2

∂ p
∂ t
−η∇

2~u = ρ~E , (1)

for momentum conservation. Here, c is the Fermi speed (∼ 106m/s), ε the energy density, p the

pressure, ρ the charge density, ~u the drift velocity, ρr = (ε + p)/c2, and ~E the external electric

field. The shear viscosity can be calculated with η =CηM(kBT )2/(4h̄c2α2), where Cη ∼ O(1) is

a numerical coefficient, T is the temperature, α = e2/ε h̄c is the effective fine structure constant,

e being the electric charge of the electron, ε the relative dielectric constant, and M the number

of species of free massless Dirac particles.6 Additionally, the entropy densities can be calculated

according to the Gibbs-Duhem relation ε + p = T s. These equations have been derived under

the assumption |~u| < c, and therefore the relativistic correction term, ∝ ∂ p/∂ t, can be neglected,

so that the classical Navier-Stokes equations are recovered. Note that, despite the high speed of

the electrons, |~u| ∼ 0.1c, the Reynolds number remains moderate, due to micro-metric size of the
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samples and the high kinematic viscosity of the electronic fluid in graphene, as detailed in Ref.8

and in the Supplementary Material,.9

To be specific, we assume that the electronic fluid moves in the x direction as a consequence

of an electric field E, following ∇ · (ρr~u) ' 0 (incompressible limit). Assuming that the impuri-

ties behave as circular rigid obstacles of diameter d, which in graphene can be interpreted as a

characteristic length for the range of the electron-impurity interactions, we can calculate the force

~F acting on a single impurity due to the electronic flow, as ~F =
∮

Π · d~l, where Π is the stress

tensor defined by Πi j = pδi j +ρruiu j +πi j, with the viscous tensor πi j = η(∂ui/∂x j +∂u j/∂xi),

and~l is a unit vector perpendicular to the line that encloses the circular impurity. Here the indices

i, j = 1,2 denote the coordinates x and y. Thus, solving the equations for the Dirac electron fluid,

in the steady state (all time derivatives are neglected), and following an analogous procedure as in

classical hydrodynamics,10 we obtain for the drag force, FD = Fx,

FD = ληv , (2)

where λ is a dimensionless parameter that depends on the Reynolds number. Here, v is the velocity

of the fluid very far from the impurity. In order to justify this linear relation between FD and v,

and the fact that λ depends on the velocity, we first simulated single impurities with different sizes

and different fluid velocities (see Fig. Figure 2), obtaining that a linear approximation is valid in

the range of experimental relevance. Note that, for a perfect fluid, there would be no drag force.

However, from the point of view of the kinematic viscosity, electrons in graphene are far from

being representable as a perfect fluid (for more details see Supplementary Material ,9 and Ref.8).

Let us denote by nc the impurity concentration of the system, nc = Nπd2/(4A), N being the

number of impurities in a sample of area A. We can thus propose the relation between v and the

total current density as J = (1−nc)ρv.

Let us consider a representative elementary area of the sample of length dx in the direction of the

flow and dy across it. With N circular impurities in this area, we can write N = 4ncdxdy/(πd2).
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The total force acting on the electronic fluid due to impurities (equal to the total force acting on

the impurities due to the fluid), is given by Ftot = N FD. Note that this reasoning is only valid in

the low concentration regime, where the flow modified by one impurity does not affect the flow

around others. In order to describe correctly the graphene physics, we need to include in our model

an extra feature. Due to the linear Dirac-Weyl spectrum of graphene, and the non-existence of a

gap between the conduction and valence bands, the slightest amount of impurities or any external

potential will induce charge carriers in the graphene sample.11,12 It seems reasonable to assume

that the total amount of carriers induced by the impurities will be ∝ ncA, leading to an extra carrier

density in the sample given by γnc/(1− nc), with a proportionality constant γ that characterizes

this impurity-sample interaction.
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Figure 2: Drag force FD acting on a single impurity as a function of the graphene flow drift velocity
for different impurity diameters. The solid lines represent the linear dependency of the drag force
on the velocity of the fluid. In the inset, the dependence of the dimensionless parameter λ on the
impurity diameter is shown.

Summing the forces acting on the elementary area leads to: (1−nc)ρEdxdy + γncEdxdy/(1−

nc)−Ftot = 0, and by inserting the value of Ftot , we obtain

FD =
ρπd2

4

(
1−nc

nc
+

γ

ρ(1−nc)

)
E . (3)

Replacing Eq. Eq. (2), taking into account that J = (1−nc)ρv and Ohm’s law, we can identify the
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conductivity as:

σ =
ρ2πd2

4ηλ

(
(1−nc)

2

nc
+

γ

ρ

)
= σ0

(1−nc)
2

nc
+σmin , (4)

where we have introduced the coefficients σ0 = ρ2πd2/(4ηλ ), and σmin = σ0γ/ρ . This equation

is our key result. A similar derivation, for fluid dynamics in disordered media, can be found in

Ref.13 Note that σ0 also can be written as σ0 = n(e2πd2c2/12kBT νλ ), where n = ρ/e is the

electronic number density and ν the kinematic viscosity.9 From this expression, we can see that

away from the Dirac point the conductivity in graphene depends linearly on the carrier density,

thus implying a constant mobility µ = σ/ne, in agreement with experimental observations.1,2 In

addition, our model can also explain why the mobility remains almost constant in the range of

temperatures where ν ∝ T−1,8 and the presence of a minimum conductivity given by second term

on the rhs of Eq. Eq. (4), σmin, which is independent on both the carrier and impurity densities.

Nevertheless, unlike other theoretical models, it cannot explain, in the present form, the sublinear

behavior of the conductivity for impurities of vanishing range because, in that range, point defects

and boundary conditions start to dominate. In this derivation we have neglected the electron-

phonon interactions, and therefore, our model only works for low temperatures.14 However, from

the theoretical foundation of the hydrodynamic model,6 it is known that the present approach can

only be used at high enough temperatures where the collision-dominated regime applies, and where

the definition of a drift velocity makes sense (due to thermal fluctuations and/or electric potential

of the impurities, the induced carrier density is high enough to experience collisions). Thus, even

at the Dirac point, where the carrier density is supposed to be zero, the thermal fluctuations can

induce enough carriers to be in the collision-dominated regime and the present model becomes

applicable. In this letter, we use a temperature that is within the range of validity to satisfy these

conditions, T ∼ 100K.

In order to use dimensionless numbers, we define the following relations: ~u = u0~u′,~t = t0~t ′,

(x,y,z) = L0(x′,y′,z′), ρr = ρr0ρ ′r, ρ = ρ0ρ ′, and ~E = E0~E ′, where the prime quantities are dimen-

sionless, and u0, t0, L0, ρr0, ρ0, and E0 are characteristic values for the respective physical quan-

tities. Thus, using the equation of state p = ε/2, we can deduce p = 1
3ρr0u2

0 p′ and ε = 2
3ρr0u2

0ε ′.
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Replacing these relations in Eq. Eq. (1), multiplying by t0/u0, and using the relation u0 = L0/t0, we

identify two characteristic dimensionless numbers (see Supplementary material9). The first one is

the Reynolds number, which is, Re = u0L0/ν , and the second one, which we call “E number” is

defined as E = ρ0E0L0/(ρr0u2
0) = ρ0V0/(ρr0u2

0), where V0 = E0L0 is the characteristic potential.

Using these definitions, Eq. Eq. (1) can be written as

∂~u
∂ t

+(~u ·∇)~u+
1

3ρr
∇p+

~u
3

∂ p
∂ t
− 1

Re
∇

2~u = E
ρ

ρr
~E, (5)

where primes have been removed for notational simplicity. Note that this equation is dimension-

less and therefore the universal features of the dynamics of the system are only controlled by the

numbers Re and E : the latter measures the strength of the electric drive, while the former scales

inversely with the dissipation opposing this drive.
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Figure 3: Comparison between our results (stars) and experimental data for the conductivity σ ,
as a function of n/ni. Data from Ref.1 are represented by up and down triangles, from Ref.12 by
circles and squares, and from Ref.15 by diamonds and crosses, for electrons and holes respectively.
Solid lines from bottom to top, theory for separations δ = 0 according to Ref.,4 our results, and
theory for δ = 0.2nm.4 In the inset (top), we show the conductivity as a function of (1−nc)

2/nc,
with an inset to observe the minimum conductivity. In the inset (bottom) we zoom into the framed
region around to the Dirac point.

For the simulation, we use the hydrokinetic fluid solver proposed by Mendoza et al.,16 adapted

to two-dimensional flow in graphene.8 The simulation was implemented on a grid of size 256×512
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cells, representing a rectangular graphene sample of size 1.5× 3µm. We set up samples with a

fixed number of impurities located randomly on the grid, each impurity covering one cell size,

varying nc between 0.12% and 60%. The Dirac-quasiparticle fluid in graphene has a kinematic

viscosity ν = 8.57× 10−3m2/s,8,9 and by taking the Fermi speed u0 = 106m/s as a characteristic

speed, we obtain a Reynolds number Re = 350. Equating Re for both systems, in physical and

numerical units, the cell size and time step are fixed to δx = 5.86nm and δ t = 5.86fs. For a given

temperature, T0 = 100K in our case, we can calculate the carrier density, n0 = 1.411×1014m−2 and

therefore, using the approximate relation ε = 2n0kBT0,6 the energy density ε = 3.90×10−7J/m2

and the density ρr0 = 5.84×10−19kg/m2. Using the electron charge, we obtain the charge density,

ρ0 = 2.26×10−5C/m2. In numerical units, these values correspond to n0 = 4.845×10−3, ε = 2/3,

and ρr0 = ρ0 = 1.0, where the charge of the electron is e = 2.064×102. Using the characteristic

velocity u0, we can calculate the value of the characteristic current density J0 = ρ0u0 = 22.6A/m or

J0 = ρ0u0 = 1.0 in physical and numerical units, respectively. On the other hand, to calculate the E

number we can replace the values in numerical or physical units, and obtain for the units conversion

of the electric field that E0 = 10−6 (numerical units) is equivalent to E0 = 4.41V/m (physical units).

In this work, E takes values from 10−5 to 2× 10−4. To model the extra carrier density induced

by the impurities, we introduce an extra density charge ∆ρ on each impurity position, and made

several simulations for different values of ∆ρ , finding that ∆ρ = 60 (1.36×10−3C/m2 in physical

units) leads to a minimum conductivity of 4e2/h. This values corresponds in our analytical model

to γ = 60, in numerical units.

The simulations ran up to 5×105 time steps. Fig. Figure 1 illustrates the speed of the fluid for

two different impurity densities. An electric field of 1.77 V/m was applied in x direction (from left

to right). Here we can see that for low impurity concentration (see Fig. Figure 1, top), the speed of

the fluid presents fluctuations on larger scales, leading to changes in the local current density and,

therefore, affecting the total conductivity of the sample.

From the calculation of the electric current density and the electric field, we obtain Ohm’s law.

The conductivity σ is calculated from the numerical slopes and plotted as a function of the impurity
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Figure 4: Conductivity σ as a function of n/ni for different types of scattering models.4 RPA is
the conductivity calculated by using random phase approximation with Coulomb scatterers. The
unscreened Coulomb interaction would yield a conductivity smaller than the minimum value in
graphene, over the entire range of gate voltages.

concentration. The inset of Fig. Figure 3 presents the comparison with the analytical solution,

using Eqs. Eq. (4), showing an excellent agreement with the numerical data. We obtain σ0 =(9.9±

0.1)×10−2e2/h, and σmin = 3.4±0.6. Note that there is a difference between our analytical model

and the numerical simulations for the minimum conductivity because for high impurity densities,

the flow around one impurity starts to affect the flow around the others, and therefore, Eq. Eq. (4)

needs some corrections terms. Thus, while the minimum conductivity given by the analytical

model is ∼ 3.4e2/h, the result from the simulation gives us ∼ 4e2/h. We have verified that the

conductivity of graphene, as computed in our model, does not show any appreciable dependence

on the size of the system.

In order to compare with experiments, we express the conductivity in terms of the ratio n/ni,

where ni is the impurity density ni = (2.91× 1016m−2)nc. Setting n = n0, we obtain that ξ ≡

(1/α)n/ni = n−1
c , with α = 4.85×10−3. Replacing this result into Eq. Eq. (4), we obtain σ/σ0 =

ξ (1− 1/ξ )2 +σmin/σ0. Note that for values ξ � 1, i.e. n/ni� α = 4.85× 10−3, this equation

tends to

σ ' σ0ξ +σmin =
σ0

α

n
ni
+σmin . (6)

This corresponds to the asymptotic linear dependence obtained by different theoretical models for
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graphene.4,5,11,12,17–20

In Fig. Figure 3, we can appreciate the dependence between the conductivity and the ratio n/ni,

and the minimum conductivity predicted by Eq. (6) is clearly visible. The experimental data have

been taken from Refs.,1,12,15 and show good agreement with the results of the present work. In

Fig. Figure 3, we also compare with the model proposed by Hwang et al.,4 where the impurities

are located in a plane (substrate) parallel to the layer of graphene, with a separation δ between

the layers. In Fig. Figure 4, we compare our results with random phase approximation (RPA)4

of Coulomb impurity charges. In the RPA model, the Boltzmann transport equation is used with

impurities that are located randomly in the graphene sample. Our model shows good agreement in

the slope of RPA, however, we achieve slightly higher values due to the shift associated with the

minimum conductivity.

To conclude, we have developed an analytical model which accounts for a linear behavior

of the conductivity with the electron density n, as well as with the ratio n/ni, in the limit n/ni�

4.5×10−3. In addition, it can also explain the minimum conductivity in graphene as a consequence

of the carrier density induced by the presence of impurities. Our model is based on a hydrodynamic

description of electron flow in graphene, whereby Coulomb interactions are included through the

viscosity of the electron fluid, in the collision-dominated regime.

This work is based on the hydrodynamic description of electrons in graphene proposed in Ref.,6

which is a model developed for undoped graphene that neglects the electron-impurity and electron-

phonon interactions. Here we have extended this approach by adding the electron-impurity inter-

actions as a heterogeneous medium. Since this approach rests on basic conservation laws, it is very

robust and independent on the validity of an underlying quantum Boltzmann equation, as long as

the microscopic interactions support the build-up of a finite viscosity.21 Thus, our model is able to

reproduce experimental results to a very satisfactory degree of accuracy.

For the set of parameters investigated in the present Letter, linear Ohm’s law appears to apply

throughout. However, based on Ref.,8 by increasing the size of the impurities (less screening),

non-Ohmic behavior could occur, due the onset of pre-turbulent phenomena within the graphene
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sample. It would be very interesting to verify such possibility by future experiments, as well as the

inclusion of the electron-phonon interaction to model samples at high temperatures, and the study

of the Joule heating mechanism in graphene.
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