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Abstract. We reveal that the transition in the saturated flux for aeolian saltation is generically discontinuous by explicitly
simulating particle motion in turbulent flow in two dimensions. The discontinuity is followed by a coexistence interval with
two metastable solutions. We found also that the mere presence of mid-air collisions, surprisingly, enhances the saturated flux,
which has a peak for an intermediate restitution coefficient of 0.65.
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The natural organization of sand dunes poses interest-
ing questions in the field of granular matter. In aeolian
saltation, sand grains are lifted from the ground and ac-
celerated by the air hopping over the surface and ejecting
other particles [1, 2]. The number of transported particles
grows exponentially until the system reaches the satura-
tion.

The seminal work of Bagold discussed the particle
splash for the first time and related the wind shear ve-
locity and the mass flux through a cubic law [3, 4, 5].
Anderson and Haff [6, 7] studied numerically the statis-
tical properties of the particle splash relating the num-
ber and velocities of ejected particles to the impacting
ones. The particle splash was carefully studied in exper-
iments [8, 9, 10] and used in nonsteady saltation mod-
els [11, 12]. However, the theoretical studies in saltation,
e.g., [13, 14] describe the sand bed as a rough wall in-
stead of resolving it at the particle scale and consequently
rely on an empirical splash function. Therefore we pro-
pose an approach based on discrete element models in
two dimensions to simulate aeolian saltation, which does
not require the use of a splash function.

Particles are subjected to gravity g and dragged by a
height-dependent wind field. A logarithmic velocity field
mimics the wind profile in the absence of saltating grains
in the x-direction with [2]

u(y) =
u∗
κ

ln
y−h0

y0
, (1)

where y0 = Dmean/30 is the roughness of the bed with
Dmean the mean diameter of the particles, h0 the bed
height, κ = 0.4 the von Kármán constant, and u∗ the
wind shear velocity. In the presence of grains, the wind
must dynamically change according to the momentum
exchange [6]. The grain stress τg(y) quantifies the aver-
age force per unit volume f that the wind applies on the
grains above y [15].

FIGURE 1. [Color online] Snapshot of the simulation with
an initially logarithmic wind profile. Colors represent the parti-
cle velocity.

τg(y) =
∞∫

y

f (y′)dy′. (2)

The modified wind shear velocity uτ(y) is the fluid stress
left at the height y after the momentum transfer,

uτ(y) = u∗

√
1−

τg

ρau2
∗
, (3)

where ρa is the air density. The modified shear velocity
is the coefficient of the differential form of the modified
wind profile [7],

du
dy

=
uτ(y)

κy
. (4)

The numerical solution is achieved iteratively. The po-
sition of bed surface is used as starting point of the inte-
gration of the wind profile. However, the particle splash
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dynamically affects the shape of the bed surface. We
define an approximate position for the particle surface
based on the wind velocities. We assume that h0 is the
point where the velocity exceeds 0.1u∗.

The wind drag is the only external force applied in the
particles along the x-direction,

Fd =−πD2

8
ρaCdvrvr, (5)

where ρa is the air density and vr = v−u is the velocity
difference between particle and wind, with vr = ‖vr‖.

The drag coefficient Cd =
[( 32

Re

)2/3
+1
]3/2

, where Re
is the Reynolds number, is suited to model grains with
irregular, but natural, shapes[16].

The aerodynamic lift from the shear flow is approxi-
mately described by [2]

Fl =
πD3

8
ρaCl∇v2

r (6)

where the lift coefficient Cl is proportional to Cd [17].
Alternatively, instead of lift forces, we also introduced

perturbations in the system at rest by lifting up at every
second the particles at the surface by a height Dmean with
a probability c = 0.2 to restart the saltation.

Space is sliced in vertical rectangular domains of size
(250× 75)Dmean. The top is placed sufficiently high to
mimic an open system. Periodic boundary conditions are
imposed in wind direction and top and bottom bound-
aries are reflective. Trajectories are obtained using the
velocity-Störmer-Verlet scheme [18]. The spring dashpot
potential with the spring constant k = 0.5 and a dissipa-
tive damping parameter γ models the contacts between
the particles. The diameters follow Gaussian distribution
of Dmean with σD = 0.15Dmean. We consider a disordered
particle bed with 500 spherical particles initially at rest
with 10 particles dropped from random heights to start
saltation at t = 0s.

We also investigate the effects of the restitution coeffi-
cient e in the saltation. We distinguished interactions be-
tween the saltating particles, namely mid-air collisions,
from those in the particle bed. In the simplest case, we
neglected any collision above the particle bed to mimic
the case of saltation without mid-air collisions. The mid-
air collisions occur above an estimated highest position
for the surface of the particle bed (y > 15Dmean). Alter-
natively, the mid-air collisions have been considered with
a restitution coefficient ranging between 0.2 and 1.0. In
all cases, the restitution coefficient of the collisions in
the bed is fixed to e = 0.7.The dissipation of the lower
boundary was high enough, ew = 0.2, to avoid the reflec-
tion by the lower boundary of the shock wave [8].

We measure the particle flux through

q =
1

DA

N

∑
i

mivx
i (7)

where vx
i is the particle velocity in the x direction, m the

particle mass, and D= ρs
√
(ρa/ρs−1)gD3

mean, where ρs
is the grain density. The saturated flux is the average flux
in the stationary state. Simulated systems with different
number of particles display similar flux. The granular
temperature defined as

T (y) =
1

N(y)

N(y)

∑
i

mi(vi−vm(y))2, (8)

quantifies the fluctuations around the mean velocity
vm(y) = 1/N(y)∑

N(y)
i vi.

The jump at the onset of saltation

Simulations verify the existence of an onset velocity
for sustained flux uc = 0.49 m/s with strong temporal
fluctuations as illustrated in Fig. 2. Below this value the
flux will stop after some time. This happens because an
impact may not necessarily eject other particles that can
carry on saltation, and once the flux is zero it cannot
restart unless a perturbation or lift force is introduced.

FIGURE 2. Flux series for two different Shields numbers
near the onset. In (a), the system was perturbed at t = 9,10,
and 11s to keep the flux different from zero. In (b) the system
never settled down.

In Fig.2(a) below the onset, some perturbations are in-
troduced at t = 9,10, and 11s to restart saltation, after it
stops. The perturbation at t = 11s restarts the saltation
and the flux returns to the previous levels. For ut < u∗ <
uc, the system has a metastable behavior with two pos-
sible solutions, strongly dependent on the initial condi-
tions. ut is the wind shear velocity of the threshold, below
which no particle is transported and uc is a critical wind
shear velocity separating the metastable region from the
normal regime of saltation. The previously defined per-
turbations or lift forces according to Eq. 6 are not suffi-
cient to restart saltation for u∗ < ut , where ut ' 0.40m/s

© 2004 AIP Computational Simulation of Aeolian Saltation November 27, 2012 2



FIGURE 3. [Color online] Saturated flux as function of the
wind shear velocity. (a) Simulated data fitted by qs = A(u∗−
ut)(u2

∗+u2
t ), with ut ' 0.41 m/s, q̃0 = 6.407×10−3kg/(m.s),

A = 0.22kg.s2/m4, in comparison with experimental data
[20].(b) Detailed view of the metastable region of the discon-
tinuous transition. The green curve with triangles and blue lines
with squares are the results including perturbation with c = 0.2
and lift forces with Cl = 0.425Cd , respectively. (c) Average
transient time to settle without perturbation in the metastable
region. The dashed line fits the time distribution according to
ts = t0(u∗/(uc−u∗))p with t0 = 0.081s, p= 1.5,uc = 0.49 m/s.

for perturbations with c = 0.2 and ut ' 0.39m/s for
lift forces with Cl = 0.425Cd . The lower bound of the
metastable region changes depending on the perturbation
probability or the lift constant. They are no longer needed
to maintain the saltation for u∗ ≥ uc [19].

Fig. 3(a) presents the saturated flux for different wind
shear velocities in comparison with field and wind tunnel
experimental data from Iversen and Rasmussen [20]. The
calculated data are well fitted using qs = A(u∗−ut)(u2

∗+
u2

t ), with ut ' 0.40m/s, q0 = 6.407× 10−3kg/(m.s),
A = 0.22kg.s2/m4 q̃s = q̃0 + A(u∗ − uc)

1/2 with A =
1.52 and q̃0 = 0.01, which is similar to the relation
proposed in Ref.[21]. Figure 3(b) presents details of the
discontinuous transition at uc with a jump q0 in the
saturated flux. The green triangles are the data including
perturbations and the blue squares are the data with
lift forces. Additional simulations show that ut and the
jump q0 depend on the lift coefficient Cl . Figure 3(c)
presents the average transient time < ts > it takes for
the system to settle without perturbation or lift, diverging
when u∗ → uc. The dashed line fits the data according
to ts = t0[u∗/(uc− u∗)]p with t0 = 0.052s, p = 1.5. The
transient times < ts > were averaged over 60 simulations
with different initial conditions.

The role of mid-air collisions

Figure 4 shows two distinct behaviours of saltation
regarding mid-air collisions. In the simulations without
mid-air collisions (red and dashed trajectories), particles
follow the standard trajectory of saltation. Accelerated

by the wind, particles ascend, reach a maximum, fall
back, and eject other particles. The inclusion of mid-air
collisions diversifies the behavior of the particles. For
instance, a descending particle bounces again upwards
after a collision with another particles in the air, which
affects the flying range, as illustrated by Fig. 4. During
the flying time of the yellow trajectory, the red trajectory
hops over the ground several times. Every hop dissipates
the energy of the particle, whereas the particle of the yel-
low trajectory extracts more momentum from the wind.
Additionally, the particles can fly higher after colliding
with another particles. The energy increase of the particle
affects also the splash impact by ejecting more particles.

FIGURE 4. [Color online] Trajectories of the particles in the
simulations with (yellow) and without (red) mid-air collisions.

This explains the results, shown in Fig 5, where the
simulations with mid-air collisions display higher satu-
rated flux. However, Fig. 5 shows that it is not true that
the increase of the restitution coefficient always enhances
the total flux, because the simulations for e = 1.0 display
a smaller flux. The inset of the Fig. 5 shows the change
of saturated flux with the restitution coefficient for dif-
ferent wind shear velocities. Interestingly, the saturated
flux peaks around e ≈ 0.65, as observed in Fig. 5, This
peak is more evident for high shear velocities.

Figure 6(a) show the concentration, defined as the
volume fraction occupied by particles for u∗ = 2.0 m/s.
Particles spread along the vertical direction according to
the restitution coefficient. They concentrate near the bed
in the absence of mid-air collisions or low coefficients
of restitution and disperse to the top with the increase of
the restitution coefficient. Figure 6(b) confirms through
the flux profile that the flux in saltation for u∗ = 2.0 m/s
is higher with inelastic mid-air collisions.

Figures 6(c) and Fig. 6(d) show a higher granular tem-
perature and a larger variance in the angle of the parti-
cles, respectively, for the elastic case. The two explain
the existence of the peak in the saturated flux. The peak
results from the competition of two factors: the energy
dissipation, which is is responsible for the alignment of
the particles, and the upward drift from the particle colli-
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FIGURE 5. Dependence of the saturated flux q on the wind
velocity u∗ (main plot) and on the restitution coefficient e
(inset). Three different types of mid-air collisions have been
considered: inelastic ((black) circles), elastic ((red) triangles),
and no collisions ((green) diamonds).

sions. Without the dissipation, particles do not align and
move in random directions. The direction of the align-
ment is set by the wind drag. In the same manner, there
is no particle transport without the wind. Therefore the
two scenarios can be summarized as it follows: In the
inelastic case, the flux consisted of fast particles concen-
trated and aligned near the bed. In the elastic case, par-
ticles move to larger heights but are not aligned, which
results a smaller flux.

In summary, we reproduced the aeolian saltation
through DEM in two dimensions without any assump-
tion concerning the splash. The simulations revealed a
discontinuous transition with a metastable state at the
threshold of the saturated flux. Furthermore, the inclu-
sion of mid-air collisions on the saltation model consid-
erably enhances the saturated flux. The dissipation of the
collision plays a very relevant role on the maximization
of the saturated flux. Future works could investigate if
this peak persists with the inclusion of the rotation of the
particles and also in three dimensions.
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