
Traffic gridlock on complex networks

G.A. Mendesa,b,∗, L.R. da Silvaa, H.J. Herrmannb,c

aDepartamento de F́ısica, Universidade Federal do Rio Grande do Norte, 59072-970
Natal, RN, Brazil

bComputational Physics IfB, HIF, ETH, Hönggerberg,8093 Zürich, Switzerland
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Abstract

Understanding vehicular traffic on real and complex networks poses a the-
oretical and numerical challenge. Here we study how a traffic jam spreads
on road networks when driven by an increasing flux of cars between certain
initial and final points. For that purpose, we developed two new vehicular
traffic models and applied them on the Apollonian network and the Swiss
road network. The first model is an electrical analogy, using ohmic and non-
ohmic resistors which is a classical approach in Physics. It is based on the
conservation of the number of vehicles and allows for an easy and fast way
to follow the formation of traffic jams in large systems. The second model
which we call herding model, is based on human driving behavior and also
fulfills vehicle number conservation. We study the sequence of clogged roads
up to the traffic gridlock and display the fragilities of the system. In the
electrical model, by increasing the drivers’ pressure, roads break, like resis-
tors burn out, as the voltage drop between the ends increases above a certain
threshold. For both models we analyze the total flux, the flux of cars leaving
the system, and the distribution of traffic jams for increasing car pressure.
We also studied the dependence on topological features of the network and
compared the electrical model to the herding model.
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1. Introduction

The study of vehicular traffic represents a social systems [1, 2, 3, 4, 5] on a
complex networks [5, 6, 7, 8, 9]. Social systems, have attracted the attention
of physicists due to the possibility of phase transitions, avalanches and other
critical phenomena. Collective human behavior is the basis of social systems
and is driven by individual actions. It can be seen in panic scenarios when
a crowd is escaping from fire in buildings or leaving a particular region of a
city due to a terrorist attack. These situations expose the vulnerability and
failures of infrastructures (like roads) to support extreme situations. One
strong initial event triggers a failure avalanche [10, 11], which spreads in a
cascade-like manner within the network and finally paralyzes large parts of
the system. This kind of behavior is found in many complex systems such as
epidemic spreading [12], financial crashes [13] or bursts of neuronal activity
[14].

Complex Networks are composed by a set of N sites (nodes or vertices)
and links (or edges) that connect pairs of sites in the system. These edges
can transport something like the flux of cars in a street, electric current in
the wires or the flux of water in sewer networks used to collect water from
the buildings and the rainwater.

The study of traffic flow aims to understand the global traffic from the
behaviour of individual drivers. Since the 1950s, researches from different
fields have proposed more than 100 different traffic models [4]. These models
can be organized in microscopic [15, 16, 17, 17, 18, 19], macroscopic [20, 21],
mesoscopic (gas-kinetic) model [22]. Early microscopic traffic models were
proposed by Reuschel and physicist Pipes [15]. This kind of models assumes
that the acceleration of a driver is determined by the car in front. On the
other hand, macroscopic models [20, 21] are restricted to the description of
the collective vehicle dynamics in terms of the spatial vehicle density per
lane and the average velocity as a function of freeway location x and time
t. From the point of view of numerical efficiency, the macroscopic models is
preferred to microscopic models, but both approaches are less efficient than
celular automata models. The mesoscopic traffic models [22] describe the
microscopic vehicle dynamics as a function of macroscopic fields.

We will study here the scenario when many people leave a city. The
reason can be due to the menace of military attack or another disaster. To
simulate this situation, we will introduce two new vehicular traffic models.
The first model is an electrical model [23, 10, 24, 11], based on ohmic and
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non-ohmic resistors which is a classical approach in Physics. It is based on
the conservation of the number of vehicles and provides an easy and fast
way to follow the formation of traffic jams in large systems where streets
are represented by fuses. The second model which we call herding model, is
discrete and based on human driving behavior also conserving the number of
cars. In order to analyze how the traffic jams appear, its consequences on the
flux of cars and the traffic gridlock [25, 26], we will investigate our models
on the Apollonian network (Figure 1), which is a well known network that
exhibits properties seen in real networks such as a scale-free distribution,
as well small-world and hierarchical structure. We will also compare the
distribution of avalanches obtained on the Apollonian network with the ones
on the Swiss road network which was obtained from the Swiss Bundesamt
für Raumentwicklung. Their database contains the maximum speed allowed,
the length and the position of each road.

The plan of this paper is as follows. Section II is devoted to the description
of the electrical model and the computational method used to simulate the
vehicular traffic. In Section III we describe and present the algorithm of the
herding model. Section IV contains our results for both methods. Finally, in
Section V, we will provide some general conclusions on spreading of vehicles.

2. Electrical model for vehicular traffic

This model treats vehicular traffic like an electric system, in this way, the
cars and the roads are represented by eletrons and fuses, respectively. The
electrical network is given by a directed graph G = (N,S) with vertices i ∈
N := 1, ..., n. We will for example use an Apollonian network as shown in
figure 1.

Each link of the network is a fuse with ohmic conductance, σl
jk, in the case

of the ohmic electrical model. This means that the value of conductance does
not change as the external potential applied increases up to critical potential,
Vc. When it is exceeded, the fuse burns out. We define the conductance as:

σl
jk =

vmax
jk

ljk
, (1)

where vmax
jk is the maximum allowed speed allowed and ljk is the length of the

piece of road. The reason to choose this expression is simple, drivers prefer
short and fast roads to long and slow ones, i.e., drivers want to save time.
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Figure 1: Third generation of the Apollonian network. The blue dot is the in-flux and the
red squares are the out-flux.

Observe that the conductance is inversely proportional to the time spent to
drive from j to k. Figure 2a shows the ohmic behavior of equation 1.

A more realistic description of traffic is given by the fundamental diagram
of traffic flow, i.e. the empirical relation between flux and density which in
a first approximation can be described by an inverse parabola [18, 27] corre-
sponding to a non-ohmic conductance, σnl

jk(t), i.e., the conductance changes
as the externally applied potential increases. We call this the non-ohmic
electrical model. The conductance depends on the length ljk, the maximum
allowed speed vmax

jk , and the potential difference between the sites k and j at
the previous time step , Vk(t− 1)− Vj(t− 1). The conductance is given by,

σnl
jk (t) =

(
1− |Vk(t− 1)− Vj(t− 1)|

Vc

)
vmax
jk

ljk
. (2)

If the applied voltage exceeds Vc, the bond burns out irreversibly, thus
changing into an insulator. We are interested in studying how this network
formed by fuses will burn out as the external voltage across the system is
increased.

To understand the breaking process, we first choose the vertices on which
will be applied the external potential. Observe that the initial conditions
define the direction of the currents. Then, we calculate the voltages on the
other vertices by using Kirchhoff’s law:
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Figure 2: The fundamental diagram of the current-voltage response of an ohmic fuse (a)
and a non-ohmic fuse (b) for maximum allowed speed allowed of 100 km/h, different road
lengths and different thresholds Vc. Vc = 10V , length=10 Km (black line), Vc = 10V ,
length=15 Km (red line), Vc = 6V , length=10 Km (green line), Vc = 6V , and length=15
Km (blue line).

5



∑
k

Ijk = 0 ∀j, (3)

where Iij is the current from vertex j to its neighbor k. The previous equation
imposes the conservation of mass.

Ijk = σjk(Vk − Vj), (4)

where σjk is the conductance of the fuse which links vertices j and k. The
potentials on vertices j and k are Vj and Vk. Using equations 3 and 4, the
coupled linear equations to calculate the voltages are given by:∑

k

σjk(Vk − Vj) =
∑
k

σjkVk − Vj

∑
k

σjk = 0. (5)

Solving these equations, give us the potential on each site. To obtain the
currents through each fuse, we use equation 4. Fuses for which the potential
difference is higher than Vc, will burn out, i.e. their conductance vanishes. As
in general the sites of a network are not highly connected, equation 5 will have
many vanishing terms. We write the linear coupled equations as A·x = b
where A is be a sparse matrix due to the vanishing terms in equation (5).
From the computational point of view, the solution of A·x = b can be
accelerated and the simulation of large networks becomes possible when A is
sparse. To simulate our model, we use the routine ”sprsin” from Numerical
Recipes in C [28]. It converts a matrix from full storage mode into row-
indexed sparse storage mode, throwing away any element that is smaller
than a specified threshold. To obtain the potential vector x, we use an
other routine from Numerical Recipes in C called ”Linbcg”. It solves sparse
linear equations by the iterative biconjugate gradient method. The number
of iterations depends on the error tolerance in x chosen.

After we found all potentials and burned out the fuses, we increment the
external potential and update the conductances. This process is repeated
as the external potential is increased until the current leaving the system
vanishes.

3. Herding model

The central idea of this discrete traffic flow model based on human driving
behavior is that the cars arriving at a crossroad j, take the road (link) that
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Figure 3: Current leaving the Apollonian network for different generations (50 runs) for
the ohmic electric model.
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minimizes the time to the next crossroad. The only restriction is that cars
never go back (the route from j to i and from it to j again is forbidden), just
go ahead. The fundamental variables of the model are: the car speed, flux
and the density of each road.

To simplify our model, we consider the cars having the same length and
the roads have constant length and given by L. The maximum density is
reached when the largest road in the network is full of cars (the spacing is
the minimum possible between two cars) in its xmax lanes, i.e.,

ρmax
largest road =

maximum number of cars

xmax · L
. (6)

However, our network of roads is not uniform and each road exhibits different
number of lanes which must be less than xmax. The maximum density for
these roads is:

ρmax
rij

=
xrij

xmax
ρmax

largest road, (7)

where xrij is the number of lanes of a road. This variable can assume values
between 1 and xmax. The road rij goes from crossroad i to j while rji has
opposite direction.

The steps to simulate this model are: First, set the sites that will be
source and sink of cars on the undirected network G = (N,S) with vertices
i = 1, ..., N − 1. Each road has three variables: density of cars ρrij , speed vrij
and flux Φrij . We emphasize that the speed vrij represents the speed for all
cars on road rij.

The density of cars will be:

ρrij = {0 ≤ i ≤ N − 1, 0 ≤ j ≤ N, ρrij ∈ [0, ρmax
rij

]}, (8)

where the ρmax
rij

are chosen from a uniform distribution (0; 1]. The speed of
cars on the road rij is:

vrij(ρrij , t) = vmax
rij

(
1−

ρrij(t)

ρmax
rij

)
where vrij(t) ∈ [0, vmax

rij
], (9)

and the flux of cars leaving the road rij is:

Φrij(ρrij , t) = vmax
rij

(
1−

ρrij(t)

ρmax
rij

)
ρrij(t), (10)
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where vmax
rij

is the maximum speed and ρmax
rij

the maximum density of cars
on the road rij. Note that if there are very few cars on road, they will travel
at maximum speed vrij(0, t) = vmax

rij
. On the other hand, at the maximum

density of cars, the road is completely full and the cars will not move at
all vrij(ρ

max
rij

, t) = 0. This situation would correspond to bumper-to-bumper
traffic. The flux vanishes when the density is zero or maximum and reaches
the maximum for ρrij = ρmax

rij
/2. Observe that equation (10) presents a

behavior similar to the non-ohmic electric model of equation (2) and (3),
since it is also a quadratic function.

The initial condition is given by ρmax
rij

(t0 = 0) = 0 which means that in
the beginning the densities of all roads are zero.

The number of cars entering the network, M in, is kept constant so that
the system can reach a stationary state. The total number of cars arriving
to crossroad j is given by:

M in
j (t) =

∑
i=neighbors of j

[
Φrij(ρrij , t) + Φfont

j (t)
]
4t (11)

=
∑

i=neighbors of j

[
vmax
rij

(
1−

ρrij(t)

ρmax
rij

)
+ Φfont

j (t)

]
4t, (12)

and the number of cars entering the network is:

M font(t) = Φfont(t) 4t =
∑

i=font’s vertices

Φfont
i (t) 4t, (13)

where 4t is the time step, Φfont(t) is the flux entering the system and Φfont
i (t)

is the external flux entering crossroad i. The number of cars on a road that
links the crossroads j and i is the product between its density and its length,
Mrji = ρrijL and its maximum value is Mmax

rji
= ρmax

rij
L. If its density is equal

to the maximum density, it is considered a blocked road and then the flux
and the speed vanish. The difference between the maximum and the actual
number of cars on a certain road rji is given by:

4Mrji = Mmax
rji

−Mrji = (ρmax
rij

− ρrij)L. (14)

With equation (12), we calculate the number of cars arriving at crossroad
j. All these cars will try to follow the road that minimizes the time to the next
crossroad. From equation (9), we generate a list {vrij} where i represents the
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roads which leave the crossroad j in decreasing order. The cars that arrive
at crossroad j will take the road which allows for the highest speed, i.e., the
first road in the list. If there are more cars than the road can support, it will
be clogged and the other cars will choose the second element from the list
until all cars left the crossroad j, remembering that cars never go back. The
number of cars which leave the crossroad j on road rji is:

M exchanged
j→rjk

=

{
M in

j −Mj←rkj for M in
j −Mj←rkj < 4Mrjk

4Mrjk for M in
j −Mj←rkj ≥ 4Mrjk

(15)

This step has to be executed for all crossroads. Then we update the
density of cars for all roads leaving site j. This process will stop when the
system reaches the stationary state or when we do not have any path between
the sources and the sinks of the system.

This model obeys car conservation. It means,

M font
j +M in

j =
∑

k=outgoing roads of j

M exchanged
j→rjk

+M sink
j . (16)

All cars that arrive at a crossroad, must also leave. If all roads rjk around
the crossroad j are blocked, all roads rkj must also be considered clogged.
Remembering that the cars that arrive at sinks will be removed, their number
can be calculated by

M sink(t) =
∑

j=sink’s vertices

M in
j . (17)

In the stationary state we have M font(t) = M sink(t) if there are paths linking
fonts and sinks.

Note that, for the herding model, the cars take the faster road and for
the electric model the cars prefer the path with higher conductivity, σij ∝
vij/lij. Another similarity is that for the herding model, the flux follows a

parabolic function, Φrij(ρrij , t) = vmax
rij

(
1− ρrij(t)/ρ

max
rij

)
ρrij(t), and the non-

ohmic electric model also presents the same kind of function (equation (2)).

4. Results and discussions

In our simulations of the electric model, we consider the central site of the
Apollonian network, i.e., the most connected site, to be linked to an external
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Figure 4: Distribution of the flux on the roads using log bins near to traffic gridlock. (a)
herding model for the 6th Apollonian generation and (b) non-ohmic electric model for the
11th Apollonian generation. The parameters used for the herding model were vmax(i) = 0.3
and ρmax(i) was chosen from a uniform distribution (0; 1]. For the non-ohmic electric model
the parameters are: Vc = 0.1 and σjk was chosen from a uniform distribution (0; 1]. The
external potential drop was increased at each time step by 10−4 V.

potential and the three corners being the second most connected sites to
be grounded, i.e. having potential zero (figure 1). To avoid problems in the
solution of the linear coupled equations (5) and simplify our code, we assume
that a burnt fuse retains a small remanent conductance of 10−8A/V while
a normal fuse has values bigger than unity. It is very important that the
increment of the external potential varies slowly, assuring the convergence of
our method, specially for the non-ohmic electric model which depends on the
previous step. For the herding model, the central site is the place where the
cars are injected and the three corner sites are sinks of vehicles. Our results
are shown in figures 4 and 5 where the the points were obtained from the
system in the stationary state.

Figure 3 shows that for small potentials the behavior of the current leaving
the network is linearly dependent of the external potential. It reaches a
maximum value shortly before the abrupt decrease. Note that with increasing
generation, the current leaving the system also becomes higher. This can be
attributed to the large number of paths between the central and the corner
sites as the network increases. Parallel paths increase the conductivity, and
thus the current arriving at the corner sites.

To understand the similarities between the herding and the electric model,
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Figure 5: (a) shows the number of blocked roads for different values of in-flux, Φin.
For the herding model averaging over 50 realizations on an Apollonian network of six
generations where the vmax(i) = 0.3 and ρmax(i) were randomly sampled from a uniform
distribution (0; 1]. (b) shows how the number of blocked roads evolves as the external
potential increases for the ohmic electric model for different Apollonian generations. The
parameters are: Vc = 0.1 and σjk was randomly chosen from a uniform distribution (0; 1],
for each step the external potential drop was increased by 10−4 V (50 realizations).

we plot in figure 4 the behavior of the flux versus the number of roads having
non-vanishing flux near the traffic gridlock. It shows that there are few roads
with high flux while a large number of roads exhibit low flux for both models.
This can be attributed to the preferential choice of the cars to go directly
from the central site to corner sites.

One of the most interesting features of our models is the gridlock. This is
the situation where roads (links) become so blocked that traffic flow is inter-
rupted. It happens with both model and depends on the Apollonian gener-
ation. For the herding model, the traffic gridlock appears when Φin ≥ 0.276
(sixth generation) and for the electrical model when the external potential is
higher than 0.2913 (figure 5). As the generation increases, the gridlock shifts
to higher values of external potential because high order generations have
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Figure 6: Distribution of avalanche sizes which is defined as the number of burnt links
between two successive increments of potential drop. Here we used the ohmic electric
model averaged over 50 realizations on an Apollonian network of eleven generations. The
parameters are: Vc = 0.1 and σjk was randomly chosen from a uniform distribution (0; 1],
for each step the external potential drop was increased by 10−4 V (50 realizations).

many parallel paths and a highly connected central site. The way how roads
get blocked is different between the models. For the electric model, a small
external potential does not block roads but at a specific potential, it triggers
a failure avalanche (figure 6), which spreads in a cascade-like manner within
a network and finally has an impact on large parts of the system. This kind
of behavior is typical for many complex systems such as epidemic, financial
crashes or bursts of neuronal activity. The avalanche size is defined as the
number of burnt links between two successive increments of potential drop.
Comparing figures 3 and 5, we can attribute the fast decrease of the flux
leaving the network to the increase of the number of blocked roads when
one approaches the traffic gridlock as seen in figure 5. Figure 6 shows the
distribution of avalanche sizes which follows a power-law with slope −1.75 on
an Apollonian network of eleven generations. Networks of less generations
do not exhibit enough avalanches to allow for a precise analysis.

13



10
-8

10
-6

10
-4

10
-2

10
0

Φ

10
-4

10
-2

10
0

10
2

10
4

P(
Φ

)

-0.418

Figure 7: Distribution of fluxes on the Swiss road network, by using log bins close to
traffic gridlock, considering the ohmic electric model. The maximum potential drop which
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A useful and practical application of the electric model is a real road
network. We simulate the vehicular traffic taking into account the real values
of length and maximum speed of the roads of the Swiss road network. The
positive and ground potentials are applied at Zurich and six border cities
in the mountains, respectively, i.e., the flux will be driven from Zurich to
the mountain cities. The distribution of fluxes is shown in the figure 7,
exhibitting a power-law with slope −0.418. This study is helpful to locate
the weakness of the network, exhibiting the sequence of burnt links (roads).
From a detailed analysis, we observe that links associated with highways
are the first to fail. The failure of highways then overloads large part of
the system, triggering the collapse of the network, i.e. producing a ”traffic
gridlock”.

5. Conclusions

In summary, we have introduced two new models that describe the emerg-
ing of traffic jams up to traffic gridlock on an Apollonian network and the
Swiss road network. The electrical model is relatively simple capturing at
least some basic features of vehicular traffic. It gives a realistic distribution
of fluxes on the links as the external potential increases and does not require
a big computational effort. On the other hand, the herding model takes a
big computational effort and is relativity complicated even with few control
parameters. Both models present similar results for the distribution of fluxes
on the roads (links). We also found that the distribution of avalanche size
on the Apollonian network and the distribution of fluxes on the Swiss road
network follow a power-law. It would be very interesting to apply the elec-
trical model also to other types of networks, and study the consequences of
applying the external voltage at different sites. This can reveal the most
vulnerable links when the external potential drop increases, overloading the
network. In this way one can provide solutions to system design.
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