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Abstract

We introduce two improvements in the numerical scheme tailsite collision and slow
shearing of irregular particles. First, we propose an midtiive approach based on sim-
ple relations to compute the frictional contact forces. &pproach improves efficiency
and accuracy of the Discrete Element Method (DEM) when nmiogehe dynamics of the
granular packing. We determine the proper upper limit ferititegration step in the stan-
dard numerical scheme using a wide range of material paeaséfo this end, we study
the kinetic energy decay in a stress controlled test betieeparticles. Second, we show
that the usual way of defining the contact plane between twapaoal particles is, in gen-
eral, not unique which leads to discontinuities in the diogcof the contact plane while
particles move. To solve this drawback, we introduce anrateulefinition for the contact
plane based on the shape of the overlap area between toysditiges, which evolves
continuously in time.
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1 Motivation and model

To model the dynamics of granular media a commonly used appris the well-
known Discrete Element Method (DEM) [1-3]. When appliedlamsshearing [4—
6] the computation of frictional and therefore contact &xbetween particles may

* Corresponding author
Email address! i nd@ cp. uni -stut tgart. de (Pedro G. Lind).

Preprint submitted to Elsevier Science 4 December 2007



«~— V /2 (a)

\ Sy W -
I INA P 7
TSNS
AT T

%

Fig. 1.(a) Sketch of the system @56 particles (green particles) under shearing of top and
bottom boundaries (blue particles). Horizontally periodoundary conditions are consid-
ered and a constant low shear rate is cho@@nlllustration of two overlapping particles,
where the overlap regioA between particles fully characterizes the contact fdree

introduce numerical errors that can be larger than the gimciof the integration
scheme used in DEM [7]. Moreover, if irregular particles esasidered — typically
polygons — the definition of the contact plane between towgiparticles is not
straightforward.

In this paper we propose an approach to compute the tangeoniact force with
the same numerical precision as the normal force. Our ingar@vocedure is spe-
cially suited for the case of slow shearing when large irgggn steps are needed
for efficient computation, when studying e.g. the occureent avalanches [10]
and the emergence of ratcheting in cyclic loading [11]. Idiadn, we discuss the
drawbacks of the common procedures for computing the coptane between
touching particles. We will show that for polygonal (anregtic) particles it varies
discontinuously in time perturbing the proper convergdandbe stationary state in
stress controlled tests. To overcome this shortcoming weduace a proper defini-
tion which does not depend on the shape of the touching fEstand is suited for
both regular and irregular particles.

Our model considers a two-dimensional system, as sketchieidi 1a. Each parti-
cle has two linear and one rotational degree of freedom gbedmtained between
two boundary plates shearing against each other [8, 10Th@]volumetric strain
is suppressed, i.e. the position of the walls is fixed andetieno dilation. Peri-
odic boundary conditions are imposed in the horizontalatioa. The evolution
of the system is given by the integration of Newton’s equegiof motion, where
the resulting forces and momenta acting on each particlgiaea by the sum of
all contact forces and torques applied on that particlgeetsely. The boundary
particles move with a fixed shear rate.



The integration of Newton’s equation of motion is usuallyndawvith a predictor-
corrector scheme [1, 12], which consists of three main staggmely prediction,
evaluation and correction. In the prediction stage oneaetdrfor each particle the
predicted position and acceleration of the center of mass.i$ done by means of
Taylor expansions of the linear and angular positionsgdymigl the corresponding
velocities and higher-order time derivatives, as fundiohthe current values [12,
14]. During the evaluation stage, the predicted coordinheach particle is used
to determine the contact fordéﬁrm at timet 4+ At. Since the method is not exact,
there is a difference between the accelerafign: At) = :‘; A;/m and the value
obtained in the prediction stage, namely = (¢ + At) — (¢ + At). Finally, the
differenceAr is used in the corrector step to correct the predicted posénd its
time derivatives, using proper weights for each time déxeg12]. The weights
depend upon the order of the algorithm and the differentjabéion being solved.
These corrected values are used for the next integratipn ste\t.

In our simulations we integrate equations of the form- G ?), using a fifth
order predictor-corrector algorithm that has a numerigargoroportional tq A¢)°
for each integration step [12].

Typically, the particles can neither break nor deform, fragmentation is ne-
glected. The deformation is usually modeled by letting ipkas$ overlap [1, 15],

as illustrated in Fig. 1b. The overlap between each pair dighes is considered
to fully characterize the contact: the normal contact fascssumed to be propor-
tional to the overlap area [19] and its direction perpenidicto the contact plane,
which is usually defined by the intersection points betwéenktoundaries of the
two particles [19].

The contact forces;, are decomposed into their elastic and viscous contribstio
F°and F" respectively. The elastic part of the contact force is syngpten by the
sum of the normal and the tangential components, with ré$pdoe contact plane,
namely

F© = Fea° 4+ Feie, 1)
where the normal component reads
F¢=—k,A/l,, 2

with k,, the normal stiffnessA the overlap area antl the characteristic length
of the contact, which, for two particlesand j, is given byl. = r; + r; with
r; = 1/A;/2m and A, the area of the particlg and similarly for particlej. The
tangential force is considered to be proportional to thetelalongatiort of an
imaginary spring — also called Cundall-Stack spring [15{ tha contact, namely

Fy = =k, 3)



wherek; is the tangential stiffness argds the elastic elongation updated as
(t+ At) = ¢(t) + oA, (4)

whereAt is the time step of the DEM simulation, anflis the tangential compo-
nent of the relative velocity*© at the contact point.

Having both components of the elastic force, the tangealsstic elongatioq is
updated according to the Coulomb limit conditigh| = pF™, with p the inter-
particle friction coefficient. If the Coulomb condition isached, particles are in the
inelastic regime, and sliding is enforced by keeping cartdtae tangential force
F!. Here the tangential elongatigrtakes its maximum value pk,, A/ (k;l..). Oth-
erwise, if the contact is in the elastic regimé{| < ©F) the elongatiort can
increase in time, following Eq. (4).

The viscous force”™ takes into account the dissipation at the contact which is
important to maintain the numerical stability of the meth®klis force is calculated
as [15]

F' = —m, i, (5)

wherem,. is the reduced mass of the two touching particles amlthe damping
coefficient.

The suitable parameters for using this model are the intecfgafriction y, the
normal stiffness:,,, the ratiok, /k, between tangential and normal stiffnesses and
the ratioe, /¢, between tangential and normal restitution coefficient® fstitu-
tion coefficients are defined from the contact stiffness ardping coefficient [16]

as [17]

€n = exp (—mn/w) = exp (— il ) (6)

\VAmk, /2 — 1

for the normal component, whete = /w2 — 7?2 is the frequency of the damped

oscillator, withwy = +/k,/m, the frequency of the elastic oscillaton,. the re-
duced mass, angl= v,,/(2m,.) is the effective viscosity.

We start in Sec. 2 by describing the dependence of the abawenal procedure
on the integration step, showing that the computation ofribonal forces yields
a numerical error larger than the rest of the calculatioroviercome this shortcom-
ing we then describe in Sec. 3 a geometrical improvement &haesociated error
is, for any studied case, of the same order as the error ofrdgigbor-corrector
scheme. In Sec. 4 we address the particular case of irregaitticles, discussing
the most common ways of computing the contact plane betvwoeeing particles
and proposing a more suitable definition. Discussions andlasions are given in



Sec. 5.

2 Choosing a proper integration step

The entire algorithm above relies on a proper choice of thegnation stepAt,
which should neither be too large to avoid divergence of ttiegration nor too
small avoiding unreasonably long computational time. s #ection we explore
the numerical error introduced by the frictional force in. E4) and determine
the range of proper integration steps that guarantee ocgenee of the numerical
scheme.

A typical criterion to chose the integration stéy is to take a value such that
At < t./5 [17,18], wheret,. is the characteristic duration of a contact defined
by [5,13, 17],

O — (7)

While in several cases, one uses an integration step mudtesian the thresh-
olds above [5], for low shear rate, very small integraticgpstimply a high com-
putational effort, and sa¢ should be chosen close to the threshp)d. As shown
below, the upper threshold (fraction @) below which the numerical scheme con-
verges, strongly depends on (i) the accuracy of the appneseth to calculate fric-
tional forces between particles, (ii) on the correspondingation of the contact
and (iii) on the number of degrees of freedom.

In a previous work [7] we have shown that considering valudeAbclose to the

upper limit¢./5 yields relaxation times depending a@xt for the kinetic energy
Ey(i) =1 (mi? + Iiﬁf) of each particle, when particles are subject to a non-
zero friction. In particular, in the absence of frictidv¥,, attains a stationary value,

while when friction is present it changes monotonically.

To obtain the proper threshold as function of the parametiesar model, we con-
sider the simple situation of two circular particles in @it as sketched in Fig. 2,
and study the kinetic energy of one of them under externalrigr We start with
two touching discs, sayandj, wherei remains fixed angl is subject to a forcé”’
perpendicular to its surface (no external torque is indpakxhg ther-axis. As a re-
sult of this external force, the digaundergoes translation and rotation. The contact
forces are obtained from the corresponding springs that@rguted as described
in Sec. 1 and act against the external force. This resulta bsaillation of discj

till relaxation (dashed circle in Fig. 2) with a final centdmoass displacement of
AR and a rotation around the center of masa\éf



Fig. 2. Sketch of the stress controlled test of two parti¢iiscs). The particle located
at R; remains fixed, while the particle &t; is initially touching particlei. The vectorﬁij
connecting the center of mass of particlesdj is initially oriented45° with respect to the
z-axis. After applying the constant fordéto discj, the system relaxes till it reaches a new
position (dashed circumference). Between its initial andlfposition particlel undergoes

a displacemenfA R and a rotatiom\6 (see text).

Since F' is kept constant, the procedure is stress controlled.iipthe kinetic
energy as a function of time, yields an exponential decay as

Ey(t) = E\” exp (—W), (8)

wherety is a relaxation time whose value clearly depends on the riatieq step
At. Typically [7] the relaxation timeéy depends or\t for integration steps larger
than a given threshold;t.. We define this threshold as the proper upper limit for
the suitable integration steps. In other words, we want terd@ne the upper bound

At S E(M? kt/knv Et/en)tcv (9)
whereT; (i, ki / k., €;/€,) is a specific function that will be determined below.

We start by studying the influence of the stiffness, fixijpg= 500 ande¢,; /e, =
1.0053. Figure 3a shows the relaxation timg of the kinetic energy of the two-
particle system fok,, = 1,50, 200, 10* and10® N/m. We see that decreasiuyy,

the relaxation timéy increases till it attains a maximum. This is due to the com-
putation of the tangential force using the Cundall-springesne in Eq. (4) that
yields smaller values for smaller integration steps. Tladiszation oftz occurs
when At is small compared to the natural periv@y, of the system. Thud; is

the largest value o\t for which we have this maximal relaxation time, in this case
T, = 10~3. Further, all the curves in 3a can be collapsed by using thealzed
integration step\t/t., as shown in Fig. 3b. From the inset of Fig. 3b we also see
that the contact time scales#as~ k /2, which comes from Eq. (7).

In the case where rotation is neglected, we obtain a congtant10~* as shown
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Fig. 3. The relaxation timeg (in units oft.) as a function ofa) the integration steght and
(b) the normalized integration stept/t., where the contact tim&. is defined in Eq. (7).
Here the friction coefficient is kept fixed = 500 and different stiffnessek, (in units of
N/m) are considered. The quotiefit /¢. collapses all the curves for differehyf,. We find
te ~ k:,jl/2 as illustrated in the inset (see Eq. (7)). As a final result fomds a constant
T, = 1073. For other values of the friction coefficient one observesilar results. The
relaxation time is also plotted as a function of the nornealimtegration step\¢/¢., when
rotation is suppresse(t) 1. = 500 and different values df,, and for(d) k,, = 4 x 10® and
different values of.. The dashed horizontal line in (b) indicates the relaxatiome of the
kinetic energy in the absence of friction (see text).

in Fig. 3c. ThisT; value is one order of magnitude smaller than the previousrone
Eq. (9) and can be explained by considering an ‘infinite’tioic coefficient in the
rotational degree of freedom [7]. Indeed, by comparing Bowith Fig. 3a, we see
that the relaxation timey is smaller when rotation is suppressed. However, while
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Fig. 4. The relaxation timeg (in units oft.) as a function of the friction coefficient (a)
when rotation is suppressed afi) when rotation is considered. Hedg, = 4 x 10® N/m
which corresponds to a contact time= 9.8 x 10~° s. The normalized integration step
At/t. = 1075,



Fig. 3c clearly shows that; does not depend on the stiffnéss the same is not
true for the friction coefficient;, as shown in Fig. 3d.

In Fig. 4a we observe that, in the absence of rotation, theie ¢change of the
relaxation time aroung. = 1, which is not observed when rotation is considered
(Fig. 4b). This transition occurs since for larger valueg of 1, one had, > F,,
and therefore the frictional force increases and drivessiistem to relax faster.
Further, with rotation one observes a larggebecause there is an additional degree
of freedom, that also relaxes.

We also check the dependence of the relaxation time on thetiney parameters

k. /k, ande;/¢€,. Figure 5a shows the relaxation time as a function of the atined
integration step\t/t., using different stiffness ratios and with fixgd= 500 and
e;/€,. We point out the following. First the convergence to a stary value of

tr is faster for large stiffness ratio ds/k, — 1, yielding larger values of;.
Second, the stationary valuegf decreases with the stiffness ratios. This decrease
is logarithmic, as shown in Fig. 5b.

The dependence of; on the stiffness ratio can be explained by taking into actoun
that the larger the ratib, / k,, the largerF;. Since the tangential fordg controls the
convergence of the numerical method, the lakggk,, the faster the dissipation and
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Fig. 5. Dependence of the relaxation time on the ratigfk,, of the tangential and normal
stiffnesses(a) the convergence towards the relaxation time for decreastegration steps
using different stiffness ratioifb) the approximate logarithmic dependence @bnk, /%,
(see text). Hergw = 500 ande; /e, = 1.0053. No rotational constraint is here considered.
Dependence of the relaxation time on the ratigfs,, of the tangential and normal restitu-
tion coefficients(a) the convergence towards the relaxation time for decreasiagration
steps using different restitution ratidb) the relaxation time z as a function ok /k,, (see
text). Herey = 500 andk;/k, = 1/3. No rotational constraint is here considered.



thus, the smaller the stationary valuetgf The logarithmic dependence observed
in Fig. 5b can be explained from direct inspection of Eq. (6).

Figure 5c, showing the relaxation time as a function of th®rg /¢, for fixed
w = 500 and k,;/k, = 1/3 can be explained similarly as in Fig. 5b. Here the
dependence of the stationary valug gone, /¢, is approximately exponential.

When the Coulomb condition is fulfilled (inelastic regimtéje dependence aivt
observed in all figures above, does not occur, since thegitrexf the tangential
force is given byF, = pF,. All the previous results are taken within the elastic
regime. This indicates that the improvements in the algorishould be imple-
mented when computing the elastic component of the tarajestintact force, in
EqQ. (4), as explained in the next Section.

3 Improving the integration of the contact force

Using the Cundall’s spring [4], the relaxation time of theotparticles only con-
verges whenAt is a small fraction?; of the contact time.. Such dependence
results from Eq. (4),that includest in the computation of the tangential force in
our predictor scheme which has an errof Af ).

To overcome this shortcoming, we propose a different egppaso compute the
elastic tangential elongatian It is based on geometric relations and does not use
At. Our expression fof contains only the quantities computed in the predictor
step, guaranteeing a precision foof the same order as the one of the predictor-
corrector scheme. We illustrate our approach with the srapstem of two discs, as
sketched in Fig. 2, and discuss further the more realissie capolygonal particles.

In Fig. 2, the elastic elongation of the tangential sprirgutes from the superposi-
tion of both translation and rotational degrees of freedgres ¢\ + ¢\,

For the translational contribution, the elastic elongatiadepends only on the rela-
tive position of the two particles. In this case we substited). (4) by the expression

Q;

ai“‘(l,j

D¢ 4+ Aty = €(t) + (RY(t + At) — Rij(t) - (10)

wherea; anda; are the radii of the discsand j respectivelyﬁij is the vector
joining both centers of mass and points in the directien j (see Fig. 2). Indey
indicates quantities derived from the coordinates contpatehe predictor step.

Considering only the rotational contributioﬁig- constant), the elastic elongatién
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Fig. 6.(a) Comparison of the relaxation tintg (in units oft.) when using the standard in-
tegration scheme (squares) and the proposed improved sdleguties). Here, we perform
the stress control test between two particles with irragpédygonal shape, as illustrated
in Fig. 1b and rotation is neglected (see tet). The relaxation timég (in units of¢.)
using Egs. (10) and (11) between two discs, as illustrat&agn2; for the three cases when
considering only rotation, only translation or both, théaxation time remains constant
independent of the integration step (see text).

depends only on rotation between tintemndt + At:

70t + At) = €7 (1) + (02t + At) — 62(1))ay, (12)
wheret? (t) is the angle of some reference point on partjckd the predictor step
of timet.

Using such expression, we have shown [7] that the relax#titey ; is independent
on the integration step. This is due to the fact that all gtiestin the expressions
above have an error of the same order of the predictor-domrecheme.

When considering polygonal particles, one must also tateancount the shape
of the particles. For polygons, the decomposition of thetelaelongationt into
translational and rotational contributions is not as &lias for discs. This stems
from the fact that the contact point no longer lies on the secbnnecting the
centers of mass. Thus, one should recalculate each timeo#iton of the center
of mass (only from translation) and the relative positionhaf vertices (only from
rotation). For that, instead of using Eqgs. (10) and (11), wepute the overlap
areas between the two particles at timesdt + At and consider the dislocation
of the corresponding geometrical centers. This yieldsrdmestational contribution
to the spring elongation. The contribution from the paetidtation is computed by
determining the angular change due to the rotation of thedbraector between
timest andt + At.

10



Fig. 7. lllustration of the definition of contact plane (tkisolid lines) between touching
discs and touching polygons. While for discs the definit®nnique, since the plarte. is
perpendicular to the plain containing the center of thegjigar polygons the same is not
true, yielding the possibility of more than one suitableicko

Figure 6a compares how the relaxation time varies with thenabzed time step
when the standard Cundall approach is used (squares) andomhé@nproved ap-
proach is introduced (circles). Clearly, the dependenctherintegration step ob-
served for the usual integration scheme disappears whemguoved approach
is introduced. Therefore, all the conclusions taken aboveiscs remain valid for
polygons. In Fig. 6b we show the case of two discs for comparis

4 An accurate definition of the contact plane

An additional improvement concerning polygons is the prapeice of the contact
plane. Usually shear system consider the simple situatigploerical particles.

Such patrticles yield a well defined contact plane, namelyw#otor perpendicular
to the one connecting the centers of mass of the two touchantirfes. Figure 7

illustrates this definition of contact plane for the case tfa-dimensional system.
In the case of polygons the branch vectors are not paraltetrerefore no unique
definition is possible. Usually [19] one usually chooses fiteme containing the
intersection points and of the boundaries of the two tougperticles. When there
are only two intersection points there is a unique possibigact plane. However,
due to the motion of the patrticles, the overlap between themgive rise to more

than two intersecting points that yields different possitbntact planes. In Fig. 7
we illustrate a case where two different choices suit egulaé condition above for
a contact plane between two touching polygons.

11



In this Section, we propose to define the contact plane asnégassing through
the center of mass of the overlap area having an orientagfinetl by an angle
a. (with the z-axis) given by the geometrical average of the orientatiogles of
each (non-oriented) edge of the overlap polygonal witheesfp thex-axis. As
shown below such definition is unique and guarantees a aamigwariation of the
orientation of the contact plane while the polygons mové,iashe case in a model
of irregular particles under shearing.

More precisely, for an overlap polygon delimited by edges, where each edge
n = 1,...,m lies on a specific lingg = xtan«, + b,, the contact plane in the
two-dimensional case is defined from

y = xtan a. + b, (12)

whereb. = y. — x. tan o, With (z., y.) the coordinates of the center of mass of the
overlap polygon, and

221:1 O‘ngn

: 13
ST (13)

A =

with 7, the length of segment. Since the angles,, are angles between non-
oriented lines, they can be acute or obtuse. To solve thes@nchination we choose
all the angles for the sum in Eq. (13) to be acute. Then, afterputinga, we
choose either the line in Eq. (12) or the one perpendiculdé; tiepending which
one is more perpendicular to the line joining the center odsra both particles.

The main advantage of our definition in Eqg. (13) is that whiegtigcles move the

orientation of the contact plane varies continuously whikiit overlap (polygonal)

area, as illustrated in Fig. 8 with the curve marked by bsllen the contrary, con-
tact planes taken from two intersection points of the twggohs present frequent
discontinuities, as can be seen from the examples with equiaf~ig. 8. Such dis-

continuities occur since not only the size and orientatibthe edges defining the
overlap polygon vary in time, but also themberof edges.

There is also the advantage that such a definition enables/ghem to behave as
physically expected. For instance, during relaxation ofrass controlled test as
illustrated in Fig. 9, the characteristic physical proerscillate and converge to
a stationary value. In Fig. 9 we plot bo#fy/ F,, anda.. for both definitions. We can
see that the convergence of the new definition is similar tarapkd oscillation,
contrary to what is observed for the conventional definit®®ach deviation from
the damped oscillation behavior occurs due to the discotigs observed in Fig. 8,
which act as external excitations in the damping of the glagioscillation. As a
conseguence, the relaxation time associated with themtiscmus contact plane is
smaller than when using our definition, as illustrated in Ei@

12
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Fig. 8. lllustration of the orientation of the contact plagesen by anglex. as a function
of time when two polygons overlap each other. Two differegfirdtions of contact plane
are considered: the usual definition (squares) and the ampoged (bullets), as given in
Eqg. (13). One sees that while the proposed definition vanasrmuously, the usual defini-
tion shows discontinuities that influence the contact betwtuching polygons (see also
Figs. 9 and 10).
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Fig. 9. Time evolution ofa) the ratioF;/F,, and(b) of . for the usual definition of the
contact plane. The same evolution is plotted (ir(d) the new definition in Eq. (13). In
each case two curves are plotted, corresponding to twaeifféntegration steps (see text).
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(circles) and the new definition of the contact plane (bsj)let

5 Discussion and conclusions

We introduced a technique to improve the accuracy of the nigcalescheme used
to compute the evolution of particle systems, showing thatrange of admissible
integration steps has an upper limit significantly smalant previously assumed.
The new approach for computing the frictional forces is aerahtive to the Cun-
dall spring, given by Egs. (10) and (11) and suits not onlydingple situation of

discs but also more realistic ones, where particles hawgpaohl shape.

Further, our upper limit of the admissible range of inteigratsteps was deter-
mined for a single contact using a stress controlled testidpendence on the stiff-
ness, restitution coefficient and friction coefficient wasefully addressed. When
a larger system/( patrticles) is studied, multiple contacts must be taken ato
count, which will yield an upper limit that we conjecture te b/ of the upper
limit obtained above.

Finally, for the case of polygonal particles, we also introgld a definition for the
contact plane between two touching particles. Our defmiigonot only based on
the intersections points of the particles in contact bub als the geometry of the
overlap area. Thus, the contact plane varies continuousiygl the stress con-
trolled tests and is unique, contrary to the usual definition
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