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Inertial capture in flow through porous media
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Abstract. We investigate through analytical and numerical calculation of non-Brownian particles trans-

ported by a fluid in a porous medium, the influence of geometry and inertial effects on the capture efficiency

of the solid matrix. In the case of a periodic array of cylinders and under the action of gravity, our results

reveal that δ ∼ St, where δ is the particle capture efficiency, and St is the Stokes number. In the absence of

gravity, we observe a typical second order transition between non-trapping and trapping of particles that

can be expressed as δ ∼ (St − Stc)
α, with an exponent α ≈ 0.5, where Stc is the critical Stokes number.

We also perform simulations for flow through a random porous structure and confirm that its capture

behavior is consistent with the simple periodic model.

PACS. 4 7.55.Mh,47.55.Kf,05.70.Jk,83.80.Hj

1 Introduction

The relevant aspects for the comprehension of fluid flow

and particle transport in an irregular geometry are the

structural one, associated to the topological and morpho-

logical conformation of the porous media, and the phe-

nomenological one, that refers to the hydrodynamics and

particle movement and capture mechanisms. For instance,

the concept of hydrodynamic dispersion commonly refers

to the band broadening phenomenon observed when a so-

lute at low concentratin (ideal massless tracer) spreads

along the pore space under the action of convection and

molecular diffusion [1–3]. In this case, the effect of iner-

tia on the movement of the tracer molecules is always

considered negligible. However, the inertia on the trans-

port of non-Brownian particles through flow in porous

media certainly constitutes an important mechanism that

is still quantitatively not very well understood [4]. It is

usually quantified by the dimensionless Stokes number,

St ≡ V d2
pρp/18�μ, where dp and ρp are the diameter and

density of the particle, respectively, � is a characteristic
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length of the pores, μ is the viscosity and V is the veloc-

ity of the fluid.

Filtration is not only the basic mechanism to get clean

air or water but also plays a crucial role in the chemical

industry. For this reason it has been studied extensively

in the past [5]. In particular, we will focus here on deep

bed filtration where the particles in suspension are much

smaller than the pores of the filter which they penetrate

until being captured at various depths. For non-Brownian

particles, at least four capture mechanisms can be distin-

guished, namely, the geometrical, the chemical, the gravi-

tational and the hydrodynamical process [5]. In the past,

very carefully controlled laboratory experiments were con-

ducted by Ghidaglia et al. [6] evidencing a sharp transition

in particle capture as a function of the dimensionless ratio

of particle to pore diameter characterized by the diver-

gence of the penetration depth. Using a capillary network

to model the pore space morphology, they showed that

this transition does not belong to the universality class

of percolation, contrary to what simple geometrical con-

siderations would suggest. Subsequently, Lee and Koplik

[7] found a transition from an open to a clogged state of

the porous medium that is a function of the mean parti-

cle size. Much less effort, however, has been dedicated to

quantify the effect of inertial impact on the efficiency of a

deep bed filter. For example, Ghidaglia et al. [6] only in-

cluded this effect heuristically in their model through an

ad hoc particle capture parameter. In this paper we first

investigate semi-analitycally and numerically the inertial

capture of non-Brownian particles in a porous medium.

For this problem, which is closely related with deep bed

filtration, we reveal novel scaling relations for ordered as

well as random porous structures.

2 Inertial capture in a periodic porous

medium

We start with an infinite ordered porous medium that

can be completely represented in terms of a single square

cell of unitary size and porosity given by ε ≡ (1−πD2/4),

where D is the diameter of the obstacle, as shown in Fig. 1.

Assuming Stokesian flow, the stream-function ψ is given

by the linear biharmonic equation, ∇4ψ = 0. Here we use

the solution provided by Marshall et al. [8] to obtain the

velocity flow field u and study the transport of particles

numerically. For simplicity, we assume that (i) the parti-

cles are point-like; (ii) the influx of suspended particles is

so small that the fluid phase is not affected by changes

in the particle volume fraction, and (iii) particle-particle

interactions are negligible. Finally, if we consider that the

drag force and gravity are the only relevant forces acting

on the particles, their trajectories can be calculated by

integration of the following equation of motion:

du∗
p

dt∗
=

(u∗ − u∗
p)

St
+ Fg

g
|g| , (1)

where Fg ≡ (ρp−ρ)�|g|/(V 2ρp) is a dimensionless param-

eter, g is gravity, t∗ is a dimensionless time, and u∗
p and

u∗ are the dimensionless velocities of the particle and the

fluid, respectively.

In Fig. 2 we show trajectories calculated for particles

released in the flow for St = 0.25. Once a particle touches
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the boundary of the obstacle, it gets trapped. Our ob-

jective here is to search for the position y0 of release at

the inlet of the unit cell (x0 = 0) and above the horizon-

tal axis, below which the particle is always captured and

above which the particle can always escape from the sys-

tem. The particle capture efficiency then can be straight-

forwardly defined as δ ≡ 2y0. In the limiting case where

St → ∞, since the particles move ballistically towards

the obstacle, the particle efficiency reaches its maximum,

δ = D. For St → 0, on the other hand, the efficiency is

smallest, δ = 0. In this last situation, the particles can be

considered as tracers that follow exactly the streamlines

of the flow, avoiding trapping at the solid matrix of the

porous medium.

In Fig. 3, we show the log-log plot of the variation

of δ/D with the rescaled Stokes number in the presence

of gravity for three different porosities. In all cases, the

variable δ increases linearly with St to subsequently reach

a crossover at St×, and finally approach its upper limit

(δ = D). The results of our simulations also show that

St× ∼ (ε − εc), where εc corresponds to the minimum

porosity below which the distance between inlet and ob-

stacle is too small for a massive particle to deviate from

the obstacle. The collapse of all data confirms the validity

of this simple rescaling approach. The inset on the bottom

of Fig. 3 shows that the behavior of the system in terms of

particle capture becomes significantly different in the ab-

sence of gravity. The efficiency δ remains equal to zero up

to a certain critical Stokes number, Stc, that corresponds

to the maximum value of St below which particles cannot

be captured, regardless of the position y0 at which they

have been released. Some evidence for such a finite crit-

ical point has been presented in previous analytical and

numerical studies [9]. Right above Stc, the variation of δ

can be described in terms of a power-law, δ ∼ (St−Stc)α,

with an exponent α ≈ 0.5. In the inset on the top we show

the variation of δ/D with the Stokes number for different

values of gravity. For any finite value of g, we find a fi-

nite efficiency for positive Stokes numbers. Only for the

zero gravity case the capture efficiency vanishes at a finite

Stokes number Stc.

3 Filtering in a disordered medium

A more realistic model for the porous structure must in-

clude disorder [13]. Here we adopt a random pore space

geometry that is often used to describe porous media [10].

It consists of non-overlapping circular obstacles of diame-

ter D, separated by a distance larger than D/10, that are

randomly allocated in a two-dimensional channel of width

h, until a prescribed void fraction ε is reached. For com-

patibility between periodic and disordered descriptions,

we take the characteristic pore size to be � ≡ D/20 (i.e.,

half of the minimum distance between any two obstacles

of the disordered system). To reduce finite-size effects, pe-

riodic boundary conditions are applied in the y direction.

Finally, end effects of the flow field are reduced by attach-

ing a header (inlet) and a recovery (outlet) region to the

two opposite faces of the channel.

The mathematical description for the fluid mechanics

in the interstitial porous space is based on the Navier-
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Stokes and continuity equations [11]. In our simulations,

we consider non-slip boundary conditions along the en-

tire solid-fluid interface, and a uniform velocity profile,

ux(0, y) = V and uy(0, y) = 0, is imposed at the in-

let of the channel. The Reynolds number is defined as

Re ≡ ρV h/μ. For simplicity, we restrict our study to

the case where the Reynolds number is sufficiently low

(Re < 1) to ensure a laminar viscous regime for fluid

flow. The numerical solution for the velocity and pressure

fields in the pore space is obtained through discretization

by means of the control volume finite-difference technique

[12].

Once the velocity and pressure fields are obtained for

the flow in the pore space, we proceed with the calcula-

tion of particle transport. When the relative velocity is low

|u − up| � 1, the relation between the particle and the

fluid densities is high, ρp/ρ 	 1, and dp > 1μm, except for

the drag force and gravity, most of the forces acting on the

particles become negligible [14]. As before, the trajectories

of the particles are calculated by numerical integration of

the equations of motion, but now considering a drag coef-

ficient which is based on the empirical relation proposed

by Morsi and Alexander [15].

In Figs. 4a-c we show typical trajectories of particles

that have been released at the inlet of the porous system

for St = 3.26 × 10−4, 3.26 × 10−3 and 3.26 × 10−2. For a

fixed value of St, we consider up to 1000 particles to de-

termine (i) whether or not these particles get trapped and

(ii) the precise position at the surface of the porous matrix

where their capture takes place. From these positions, we

obtain the profiles of the fraction of non-captured particles

φ against the longitudinal distance x along the channel. In

the limiting case of a very dilute system (ε ≈ 1) with parti-

cles being transported in the ballistic regime (St → ∞), it

is easy to show that φ(x) = exp(−x/λ), with a penetration

length given by λ = πD/4(1 − ε). For low and moderate

values of St, the behavior of φ(x) is still exponential, but

λ now being a function of the Stokes number. We then

postulate that the previous result can be generalized to

any combination of ε and St as, λ = πD2/4(1− ε)δ, where

the length δ is the capture efficiency analogously defined

as for the periodic porous medium.

As shown in Fig. 5, the penetration length follows a

power-law λ ∼ (St)−α, with a scaling exponent α ≈ 1 that

is, within the numerical error bars, the same for the three

values of porosity investigated. Simulations performed for

a different realization of the disordered porous medium re-

sulted in the same exponent. This value is also consistent

with the exponent found for the periodic case with gravity.

As also shown in Fig. 5, the penetration length of the par-

ticles in the random pore space can be generally expressed

as λ/D = β/St(1 − ε), where ε is the porosity, D is the

grain size, and the prefactor β is a characteristic constant

for the capture process. This simple relation discloses a

novel way to rescale the relevant variables in the filtering

system that can be useful in practical applications.

4 Conclusion

In summary, we have studied the phenomenon of inertial

capture of particles in two-dimensional periodic as well
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as random porous media. For the periodic model in the

absence of gravity, there exists a finite Stokes number be-

low which particles never get trapped. Furthermore, our

results indicate that the transition from non-trapping to

trapping with the Stokes number is of second order with

a scaling exponent α ≈ 0.5. In the presence of gravity, we

show that (i) this non-trapping regime is suppressed (i.e.,

Stc = 0) and (ii) the scaling exponent changes to α ≈ 1.

Finally, the behavior of the random porous medium sub-

ject to gravity is shown to be consistent with this last

picture.
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Planck prize for financial support.
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Fig. 1. Schematic representation of an ordered filter composed

of a periodic array of cylinders.

u
inertial impaction

direct interception
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Fig. 2. Trajectories of particles released from different po-

sitions at the inlet of the periodic porous medium cell. Also

shown are three possible capture mechanisms, among which

only inertial impaction is considered in our study. The parti-

cles are dragged according to Eq. (1) and the flow field u is

calculated from the analytical solution of Marshall et al. [8].
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Fig. 3. Dependence of the capture efficiency δ on the rescaled

Stokes number St/(ε − εc) for periodic porous media in the

presence of gravity. Here we use Fg = 16, a value that is com-

patible with the experimental setup described in Ref. [6]. The

inset on the bottom shows that the behavior of the system

without gravity can be characterized as a second order transi-

tion, δ ∼ (St − Stc)
α, with α ≈ 0.5, and 0.2096 ± 0.0001 for

ε = 0.9. The inset on the top shows the normalized capture

efficiency δ as function of the Stokes number St for different

values of gravity.
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Fig. 4. (a) Contour plot of the velocity magnitude for a typical

realization of a pore space (ε = 0.7) subjected to low Reynolds

conditions. Fluid is pushed from left to right. The colors rang-

ing from dark to light gray correspond to low and high velocity

magnitudes, respectively. Also shown are typical trajectories of

particles in the flow through the porous medium, with grav-

ity in the positive x-direction. From top to bottom the Stokes

number is St = 3.26 × 10−4, 3.26 × 10−3 and 3.26 × 10−2.
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Fig. 5. Log-log plot showing the dependence of the rescaled

penetration length (1 − ε)λ/D on the Stokes number St for

three different porosity values. The solid line corresponds to the

best fit to the data of the scaling function (1−ε)λ/D = βSt−α

with the prefactor β ≈ 0.058 and the exponent α = 1.00±0.02.


