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The local electronic structure on finite chains is investigated using the Hubbard model. We study
the spatial-peak structure as obtained by scanning tunneling microscopy (STM) constant-current
topography in terms of local occupation numbers as a function of the electron-electron interaction,
band filling and temperature. This theory offers an interpretation of the experimental results.
We propose a mechanism able to explain the even-odd oscillation of length distribution on atom
chains. The site-dependent magnetic moment and its consequence for the magnetic properties and
experiments are also examined.
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Experiments usually encounter great difficulties in
studying truly one dimensional structures[1, 2]. However,
recently, with the help of scanning tunneling microscopy
(STM) the formation of quantized chain-localized states
in the pseudogap of the substrate bulk band in mono-
tonic chains at semiconductor or insolator surfaces has
be observed [3–5]. This opens a way to reveal the pe-
culiarities of electrons in a one dimensional (1D) regime
[1–7].

The investigation of the influence of finite-size effects
is particularly interesting. The electronic properties suf-
fer strong effects due to the finite length of chains. The
breaking of translational symmetry creates electronic end
states. The electronic quantum confinement in finite
length segments changes the density of states within the
chains. The conductivity along the chain shows spatial
variations in the electronic density of states. Different
sample voltage increases substantially the electronic den-
sity of the end atoms [8]. The 1D quantum potential
well has been proposed to describe the confinement of
the electrons and the local conductivity determined by
the superposition of wave functions [3, 4, 9]. A fitting
process of wave vectors shows a 1D free electron band dis-
persion relation. These results have been also described
by effective 1D tight-binding models [4, 8]. A fundamen-
tal question in this field is the effect of electron-electron
interaction. This is particularly important in 1D systems
with a strong interaction between electrons [10].

This letter is devoted to study the electron-electron
interaction and the local behavior of the physical quanti-
ties by using the Hubbard model to understand the main
effects of the electronic quantum confinement within fi-
nite length chains. The direct observation of the local
electronic structure on a finite chain by STM stresses the
importance of exploring these effects theoretically.

Solutions for the 1D Hubbard model are known since
the sixties [11]. The local behavior of the physical quan-
tities is however not completely known. Only partial in-

formations are available [12–14]. For example, moment-
dependent occupation numbers on rings have been cal-
culated, but its spatial dependence is not available. We
report on site-dependent properties of open chains. This
theory allows for an interpretation of experimental re-
sults on finite-size effects in real systems. In particu-
lar, we observe the spatial-peak structure measured by
STM constant-current topography in terms of the site-
dependent occupation number (charge). We also propose
a mechanism to interpret the even-odd oscillation of the
length distribution of atom chains and we examine the
site-dependent magnetic moment (spin) yielding proper-
ties that can be confirmed by experiments.

The 1D Hubbard model is defined by the Hamiltonian

H = −t
∑

iα

(c†iαci+1α + hc) + U
∑

i

ni↑ni↓. (1)

where t is the single electron hopping strength and U
the on-site Coulomb interaction. To gain a quantitative
picture of the on site-dependence on a chain we have com-
puted the local occupation number nm(i) = 〈Ψm|n̂i|Ψm〉
and the local spin number Sm(i) = 〈Ψm|Ŝzi |Ψm〉, where
|Ψm〉 is the mth eigenvector with energy Em, n̂i =
n̂i↑ + n̂i↓ and Ŝzi = n̂i↑ − n̂i↓ at site i.

We perform exact calculations of physical quantities
of 1D systems having N atoms described by the Hamil-
tonian (1). We use the standard direct diagonalization
method [15]. We have calculated eigenvalues and eigen-
functions for chains with different values of U/t and elec-
tron densities. For the diagonalization, we imposed open
boundary conditions in order to break the translational
symmetry.

We begin the analysis of the internal structure on an
atom chain by examining the site-dependent occupation
number along the axis of a chain of 15 atoms for one
electron. Fig. 1a shows a measure of the local density
of states along a Cu15 chain. We fit the results obtained
in Ref. [4] using a superposition of the site-dependent
occupation number along the axis of a chain for the first
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FIG. 1: (a) Site-dependent occupation number n(i) =P
m cmnm(i) along the axis of a chain of 15 atoms for one elec-

tron including the first four eigenenergies c1 = 0.33, c2 = 0.31,
c3 = 0.26 and c4 = 0.06. Experimental (full line), extracted
from Ref. [4] and theoretical (dotted line) eigenenergies for
chains of (b) three, c) five, (d) seven and (e) nine atoms. (f)
The electron hopping strength as function of the chain length.

four eigenenergies. This is equivalent to the tight bind-
ing approach considered before [3, 4]. There, the dif-
ferential conductivity is compared with the square wave
functions of a particle in the 1D potential well. Here, we
use the nm(i) to fit the differential conductivity patterns
obtained by STM. By shifting the voltage of STM, the
system falls into a specific eigenfunction |Ψm〉, the nm(i)
is affected, and the site dependence structure as revealed
from STM images, for different values of the voltage, is
naturally reproduced. In contrast to a superposition of
wave functions of the 1D potential well [3, 4, 9] or tight
band model [8], the images are described here by the site-
dependent occupation number along of the chain axis.
The experimental data of the eigenenergies for chains of
three, five, seven and nine atoms, extracted of Ref. [4],
are fitted taking the experimental ground-state energies
and considering t conveniently to obtain the experimen-
tal bandwidths. The theoretical and experimental energy
spectra are shown in Figs. 1b-e. The electron hopping
strength as function of the chain length can be observed
in Fig. 1f. Note that, as the chain length increases the
electronic hopping decreases and for the limit of infin-
ity chain length, considering that the hopping follows a

FIG. 2: Experimental (black circle), extracted from Ref. [16]
and theoretical (white circle) distribution of chain lengths for
t/(kBT ) = 0.5 and (a) low defect density (ρ = 0.0625) and
(b) medium defect density (ρ = 0.125).

power law t ≡ t(N) ∝ t(∞)+1/N , we found t(∞) = 0.87.

The question of the length distribution of atom chains
may also be investigated. Recent results of the distribu-
tion of chain segments of gold deposited on a Si surface
reveal a relation between the chain length and the co-
hesive energy [16]. The size distribution is characterized
by a strong peak for a length of one atom and even-odd
oscillations, where even chain lengths are favored over
odd lengths. We have obtained a direct relation between
this experimental result and the local electronic density
of the Hubbard model on a finite open chain. We find
that there are sites in the excited energy levels where
the probability of finding electrons is zero. We also ob-
serve that these sites correspond to positions that divide
the chain in m subchains of equal length. This behavior
happens, for example, for the first excited energy level
in the odd atom chains. In this case, the central atom
has n1(i) = 0 and corresponds to positions that divide
the chain in two subchains of even atoms. The delocal-
ized electronic structure determines the stability of the
atom chain structures. The cohesive energies are a con-
sequence of the local electronic structure [16, 17]. In par-
ticular, we observe that the sites with zero probability to
find electrons on odd chains are non ligant, and result in
a larger probability for breaking chains. To address this
problem we propose a simple model. First, we consider
the distribution of chain lengths for a completely random
distribution of defects on chain to be ρ(1 − ρ)N , where
ρ is the defect density [16]. Since chains are fabricated
at temperature T ∼ 1000◦C and considering t ∼ 1 eV,
it is relevant to evaluate the canonical average for all x
quantity as 〈x〉 ≡∑i xiexp(−Ei/kBT )/Z (Z is the par-
tition function). Next, we assume that there are quan-
tum states breaking a chain of length m into g pieces
of length N . It follows that gm,N = (m + 1)/(N + 1)
and we can write the distribution of chain lengths as
P (N) = A

∑∞
m=1 ρ(1− ρ)m〈q(m,N)〉, where A is a nor-

malization constant, qi(m,N) = gk,NδkN , k = k(m, i) is
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FIG. 3: Values of n0(i) for a chain of 8 sites in the quarter-
filled band (a) versus U/t for temperature T = 0 and (b)
versus T for U/t = 8.

a nontrivial function and δkN is the Kronecker’s delta.

Fig. 2 shows the experimental data, extracted from
Ref. [16], and our theoretical chain lengths distribution
for low and medium defect densities. The even-odd os-
cilations are clearly visible. In this way, we can quali-
tatively explain the experimental chain lengths distribu-
tion. In addition, a mechanism for the apparent charge
in chain length obtained by comparing STM images of
the same sample region taken at different voltage [8] is
also reproduced by our results. Besides the formation of
electronic end states observed in Ref. [8], we can con-
sider that taking different voltages in STM, the system
falls into as energy level that corresponds the different
positions that divide the chain in subchains.

In addition to the one electron case, it is possible to
vary the band filling of chain structures [4], and/or the
electron-electron interaction U . We have found in a half-
filled band for U = 0 that the occupation number is site-
independent for the ground-state. For U > 0 this result is
valid for all states. This is relevant in order to to evaluate
the thermodynamic quantity 〈n(i)〉. We obtain in a half-
filled band that 〈n(i)〉 = 1/N for all sites i, temperatures
T and couplings U > 0. For other than half-filled bands,
we observe a site-dependence of nm(i). It is interesting
to compare the half-filled with the quarter-filled bands.
Contrary to the half-filled band, the quarter-filled band
case is expected to preserve metallicity for large U/t, thus
providing an optimal limit to observe spin-charge separa-
tion [2, 18]. For a quarter-filled Hubbard band we have
found a rich dependence on U , m, i and T . Fig. 3a

presents the topography of n0(i) versus U/t for a chain
of 8 sites in the quarter-filled band for the temperature
T = 0. At low values of U/t, the intermediate atoms
have a greater value than average and the end and cen-
tral atoms have smaller values. Here, the probability
of finding electrons is higher on the intermediate atoms.
The site dependence decreases if the electron-electron in-
teraction increases. For U/t → ∞ the site dependence
disappears and for all i we find n0(i) = 1/8. We can
alternatively fix U/t and vary the temperature in order
to cover the other energy states. Fig. 3b shows this for
U/t = 8 (other values of U/t have similar results). The
effect of increasing the temperature is equivalent to the
increase of U/t, large temperature destroys the site de-
pendence of the charges at the chain.

For the magnetic properties of finite chains, first-
principle calculations have shown that for small chains
the spin moment depends on position and cluster length.
For example, for Co chains on Pt(111), the spin mo-
ments at the end atoms are higher than those at the
central atoms and the spin moment of the central atom
was found to decrease if the chain size increases [19]. Re-
sults of the present study are illustrated in Fig. 4. The
local spin number S0(i) versus the position i for a chain
of 7 sites, for the half-filled band and temperature T = 0,
can be observed for different total spins S =

∑
i S0(i) and

U/t = 8. For S = 1/2 the alternate signal of S0(i) for
odd and even position gives evidence for an antiferromag-
netic structure. The cases S > 1/2 have a ferromagnetic
structure, since all S0(i) have the same signal. Site in-
dependence is found for S = 7/2. On the other hand,
when S is between the minimal and maximal values we
find a site dependence for S0(i), whose amplitude still
alternates but not sufficiently to alternate its sign. For
S = 5/2 we obtain that S0(i) is higher at the end atoms
than at the central atoms as has been found for Co chains
on Pt(111) [19]. An important aspect is the influence
of the band filling and cluster length. In particular, we
have found that for the case of even total electron number
(nm =

∑
i nm(i)) the Sm(i) is site-independent in all m

states. 〈S(i)〉 = 0 for all sites i, temperatures T and cou-
plings U . Considering N even, using that 〈n(i)〉 = 1/N
in the half-filled band and 〈S(i)〉 = 0, we have that the
canonical ensemble averages are site-independent, like in
mean-field, and 〈n↑(i)〉 = 〈n↓(i)〉 = 1/(2N) indicating
that the open finite even chain is paramagnetic in the
half-filled band. It is important to mention that we find
a site independence although the system has no transla-
tional symmetry. The situation for odd finite chains is
different. In this case 〈n(i)〉 = 1/N , but 〈S(i)〉 has a com-
plex site-dependence. For the ground state, at U = 0 we
obtain a structure in which S0(i) = 1/(N+1) and on the
nearest-neighbor sites S0(i) = 0 (

∑
i S0(i) = Sz0 = 1/2).

At U > 0 we observe an antiferromagnetic structure.

Finally, we explore the dependence of the site-
dependent spin on the coupling U . Fig. 4b shows S0(i)
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FIG. 4: (a) Site-dependent spin S0(i)/S versus the position
i for a chain of 7 sites, for a half-filled band, U/t = 8 and
different total spin S =

P
i S0(i). (b) S0(i) for a chain of 6

sites for a quarter-filled band versus position i for temperature
T = 0 and U/t = 0, 2, 8, 16 and 50.

for the quarter-filled band versus i for a chain of 6 atoms
and typical U/t values. The ground state has S = 1/2.
Here, we show the case Sz = 1/2. For low U/t all S0(i)
have the same sign favoring a ferromagnetic order and
the higher S0(i) values are at intermediate atoms and
the smaller at the central atoms. Increasing U/t the cen-
tral atoms assume negative values for the spin and the
higher S0(i) shift to the end atoms following a ↑↑↓↓↑↑
magnetic stripe structure.

The control and manipulation of the spin rather than
the charge of electrons [20] in STM could show the very
rich behavior of the local magnetic properties presented
here. It will be of interest to explore the possibility to
develop spintronics in the context of STM devices. The
principle of the ’spin STM’ would be the tunneling of
electrons between the tip and the surface of the sample
generated by a current of spin-polarised electrons. This
would generate images that are sensitive to the spin po-
larization of the electrons. The site-dependent magnetic
moment (spin) shown here could be confirmed by these
experiments.

In conclusion, we have studied the spatial structure
of the electronic charge and spin of the Hubbard model
on finite chains, involving band filling, temperature and
electron-electron interaction. We have shown that the
spatial-peak structure of STM constant-current topog-

raphy can be explained in terms of the site-dependent
occupation number. We also interpret the even-odd os-
cillation of the length distribution of atom chains and
examine the site-dependent magnetic moment (spin) in-
dicating properties that may be confirmed by a possible
STM device sensitive to the spin polarization of the elec-
trons. This work provides a simple novel theoretical ex-
planation of the electronic confinement in atomic chains
and opens up a way for a more detailed analysis of the
recent STM measurements.
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