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Abstract. Dunes are aerodynamic instabilities of a mobile ground. Only recently, the equations of motion of a free granular

surface born by air and gravity have been established. I will present the equations and analyze their stability. A numerical solution

gives very good quantitative agreement with field measurements. As function of wind velocity and the amount of sand, various

patterns are reproduced. I will discuss in particular barchan dunes that under certain conditions behave like solitons and can in

other cases breed offspring. Also practical applications like protection against desertification will be discussed.
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1. Introduction

Everybody knows the majestic wave-like shapes of dunes in the desert. Sand dunes develop wherever

loose sand is driven by a fluid (air, water, etc.) that lifts grains from the ground and entrains them into a

surface flow. The diverse conditions of wind and sand supply in different regions on Earth give rise to

a large variety of different shapes of aeolian dunes [1–3]. Moreover, dunes have been found at the sea-

bottom and even on Mars. Despite the long history of the subject, the underlying physical mechanisms

of dune formation are still not very well understood. How are aerodynamics (hydrodynamics) and the

particular properties of granular matter acting together to create dunes? How is the shape of a dune

maintained when it grows and moves? What determines the size of dunes? Due to the fact that neither now

nor in the near future will we be able to simulate dunes on the grain scale (an average barchan comprises

1015 grains), in the following, we concentrate on an effective continuum model that can be applied to

sand dunes or other geomorphological problems on a large scale. Due to the highly complicated physical

processes involved (saltation, turbulent wind) and the wide range of length and time scales to be covered

– from the dynamics of single sand grains, the formation of ripples, to the genesis and migration of

dune fields, the time and length scales span over more than 7 orders of magnitude – the derivation of the

model will not be given here. We will instead present the basic elements of the model after reviewing

our experimental measurements and finally compare the two.

The simplest and best-known type of dune is the barchan dune shown in Figure 1, shaped in a crescent,

which occurs if the wind comes steadily from the same direction throughout the year and if there is

not enough sand to cover the entire surface. Barchan dunes move proportionally to the wind velocity

and inversely proportional to their height. They are encountered for instance in Peru [4–7], in Namibia

[8], and Morocco [9]. On these dune fields, hundreds of barchans can be found, generally all of the

same size. The dunes have heights between 1.5 and 10 m, while their bases are typically 40–150 m long

and 30–100 m wide. The windward or stoss-side of the dune has typical slopes between 8◦ and 20◦

and is limited by a sharp edge, called the brink. The brink coincides in many cases with the crest of

the dune and separates the slip face from the dune’s windward side. Generally speaking, its section is
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Figure 1. Barchan dunes near Laâyoune, Morocco. The dune in the front, on the left side was measured in detail during our field

trip in May 1999, see [14].

a parabola-like curve reaching from the tip of one horn to the point of maximum slip face height and

back to the tip of the other horn. Despite the fact that for more than 50 years geologists and geographers

have been measuring dunes in the field and have obtained data on height, width, length, volume and

dune velocity, very little is yet known [10, 11] about the exact quantitative shape of barchans. From

a mathematical point of view, the barchan dune is a symmetrical object in the wind direction, but in

nature there are many factors, like non-steady winds or inclined ground surfaces leading to asymmetrical

shapes. Numerical simulations to predict the evolution of barchan dunes and their exact shape have been

performed by [12, 13].

2. Experimental Measurements of a Barchan Dune

2.1. DUNE MORPHOLOGY

Qualitatively, the crescent-like shape of the barchan is well known. The first measurements concerning

barchan dunes and their morphologic relationships were performed by Coursin [15] in Mauritania and

Finkel [4] in the Pampa de La Joya in southern Peru. Hastenrath [5, 6] analyzed barchans in the same

area and revisited the site 20 years later. Additional investigations in the same field were undertaken

by Lettau and Lettau [7]. Slattery [8] measured barchan dunes in Namibia. However, they did not

measure the entire shape of the dune, but only the typical lengths. Our own field measurements [14]

were performed in a dune field in the Sahara desert, located in southern Morocco (former Spanish

Sahara) near the city of Laâyoune.

We define for each horn, the lengths La , Lb and the widths Wa , Wb independently, as Finkel did [4].

The orientation of the measuring axis is chosen according to the wind direction, which coincides with

the symmetry line for a totally symmetric dune. Furthermore, we introduce the length of the slip face

Ls and the length L0 from the dune’s toe on the windward side to the brink. Finally, the height of the

slip face H is defined at the highest point of the brink, which is the intersection of the brink and the

longitudinal centerline of the dune.

The relationship between the width of the horns W = Wa + Wb and the height H of the slip face has

been studied many times. An overview can be found by Hesp and Hastings [10]. A linear relationship

was found between the height H and the width of the horns W .

W = aW H + bW (1)
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For the management of dune movement the volume V of a dune is one of the most interesting features,

apart from the rate of movement vd. Together they determine the bulk flux Qb of sand transported by

the dunes.

Qb = ρsandvdV (2)

To obtain the total flux Qt, in addition to the bulk flux the inter-dune-flux Qi, has to be taken into

account.

Qt = Qb + Qi (3)

A study of these fluxes has been performed by Sarnthein and Walger [16]. In the following, we concen-

trate on the bulk flux and the dune volume.

According to Oulehri [9], the rate of movement of the dunes in the area of Laâyoune is 32 m per year

for a dune of 9 m height. The bulk density of the dune sand is 1670 kg m−1, on average. Using these

data and the calculated volume of 23,000 m3 for dune 7, we obtain a flux of 1.2 million t m−1 per year

or 736,000 m4 per year. Lettau and Lettau [7] estimated a bulk flux of 20,550 m4 per year for an average

barchan of the Pampa de La Joya whose height was 3 m. A large barchan with a height of 5.2 m gave a

bulk flux of 60,000 m4 per year.

The overall length L of a barchan is the sum of the length L0 from the windward foot of the dune to

its crest, the length of the slip face Ls, and the average of the horn lengths Lh = (La + Lb)/2

L = L0 + Ls + La + Lb

2
(4)

This definition uses four lengths, of which only the length of the slip face Ls has an obvious dependence

on the height H ,

Ls = H

tan
, � (5)

where � is the angle of repose with typical values between 31◦ and 35◦. This angle is an intrinsic

property of the sand and is therefore independent of the aeolian processes.

Finkel [4] reported for the horn length.

Lx = ax H + bx (6)

Furthermore, the ratio of the horn length Lh to the stoss-side length L0 also depends on the dune’s

height. This shows clearly that the relative position of the slip face within the whole dune varies from

small to large dunes and that the ratio of horn length to total length increases with the height, as shown

in Figure 3. This disproves scaling invariance of barchan dunes. The size scaling of barchans can be

used to put them all on top of each other by rescaling the axis for each dune and using dimensionless

variables. This is done for the longitudinal cross section in Figure 2. We see that on the windward part

the shape is a parabolloid and the brink position b0 moves to the right for larger dunes. In fact b0 is

a linear function of the height. Therefore, we have a deviation from perfect size scaling as shown in

Figure 3. Looking from the top, the brink line has also the shape of a parabola.
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Figure 2. Profile along the symmetry plane of the dunes (thin lines) using normalized variables and the standard parabola (thick

line) from [14].

Figure 3. Sketch of a small and a large dune.

2.2. WIND VELOCITY AND SAND FLUX

Correlated measurements of the wind velocity v and the sand flux q have been performed [17] on a

large barchan dune near the beach of Jericoacoara (see Figure 4) during the first week of December

2000, at the end of the dry season. The dune has approximately 34 m in height, a width of 600 m, and

the length of its windward side is 200 m. When a fully turbulent atmospheric boundary layer develops

over a flat surface, it gives rise to a logarithmic velocity profile v(z) [18],

v(z) = u∗
κ

ln
z

z0

, (7)

where u∗ denotes the shear velocity, z0 the roughness length of the surface, and κ = 0.4 the von Kármán

constant. The shear velocity u∗ has dimensions of velocity but is defined in terms of the shear stress

τ = ρairu2
∗ and density ρair of the air. According to Hunt et al. [19], the height l of the shear stress layer

can be obtained implicitly through

l = 2κ2L

ln l/z0

, (8)
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Figure 4. Aerial photography of the coastal dune field near Jericoacoara.

where L is the characteristic length of the dune which is measured from the half height of the windward

side to the crest, according to the definition of [19]. From Equation (8), we obtain for L = 100 m and a

roughness length z0 = 10−4 m, a height of this layer of l ≈ 3.2 m (l ≈ 4 m for z0 = 10−3 m). Hence, we

placed the anemometers at a height of 1 m that is well inside the shear stress layer. One should note that

it is very difficult to measure the wind velocity with standard anemometers within this layer for small

dunes. This is the main reason for choosing a large dune. A reference anemometer has been placed

approximately 300 m upwind of the dune’s foot and has been kept there during all the measurements.

With a second anemometer, we measured the average velocity vi every 24 m on the central profile

during 10 min. Finally, we normalized the average velocity 〈vi 〉 by the average velocity in the same

period obtained from the reference anemometer, 〈vi 〉. By doing so, we could get rid of the long term

(>10 min) variations in the wind speed time series throughout the day and obtain the shear velocity u∗,i

through

1 + û∗,i = u∗,i

u∗,0

= 〈vi 〉
〈vr,i 〉 , (9)

where û∗,i is the dimensionless shear velocity perturbation of the air caused by the dune and u∗0

is the undisturbed shear velocity far upwind of the dune. u∗0 can be calculated assuming a typical

logarithmic profile from turbulent flow Equation (7). During our measurements, the wind was blowing

quite constantly and had an average value of 7.5 m s−1 at the reference station. Assuming a roughness

length z0 = 2.5 × 10−4 m, we obtain from Equation (7) the undisturbed shear velocity over the plane

u∗0 = 0.36 m s−1. The averaged and normalized measured shear velocities are plotted in Figure 5.

We also measured the sand flux on the central slice of the dune using cylindrical traps with a diameter

of 5 cm and an opening of 1 cm at the front. The back-side of the traps have an opening of 2 cm covered

by a fabric with pores smaller than the grain diameter. The traps were placed at the same positions

where the wind speed has been measured. From the mass m of the collected sand, the collection time T ,

and the width w of the opening, we calculated the sand flux q = m/(T w). The measured sand fluxes

are shown in Figure 6.
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Figure 5. The circles show the measured shear velocity u∗ and wind speed v(z = 1 m) normalized by their reference values

u∗0 and v0(z = 1 m), respectively. The solid line depicts the prediction of Equation (11) using the measured height profile h(x)

shown in the bottom curve (crosses). The depression at the dune’s foot is about 0.8 and the maximum speed-up at the brink is

approximately 1.4 from [17].

Figure 6. Measured and calculated sand flux onto the central slice of a barchan dune. The circles denote measurements and the

solid line the prediction of the non-equilibrium sand flux model, Equation (13) (solid line). The two dashed lines correspond to

the classical empirical relation for saturated flux [19, 20] is depicted. Yet, these saturated sand flux relations cannot correctly

predict the sand flux near the dune’s foot and show clearly that the assumption of saturation breaks down from [17].

3. The Model

Since we are interested in the formation and movement of dunes, the important time scale of our

problem is defined by the erosion and deposition processes that changes the surface. A significant

change of the surface happens within some hours or even days. In contrast to this, the time scale of

the wind and the saltation process is of the order of seconds and therefore several orders of magni-

tude faster. Hence, we will use in the following stationary solutions for the wind field and the sand

flux. Similarly, we neglect the finite life time of avalanches (a few seconds) and consider them as

instantaneous compared to the movement of the dunes. The separation of the different time scales

and the resulting approximations lead to an enormous simplification, because it decouples the dif-

ferent physical processes. The entire model can be thought of as four (almost) independent parts:
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the stationary wind field over a complex terrain, the stationary aeolian sand transport, the time evolution

of the surface due to erosion, and avalanches.

3.1. THE WIND SHEAR STRESS

The fully turbulent atmospheric boundary layer develops over a flat surface the logarithmic velocity

profile v(z) of Equation (7) [18]. A perturbation of the ground h(x) such as a dune or hill gives rise to

a non-local perturbation τ̂ (x) of the undisturbed air shear stress τ0,

τ (x) = τ0 [1 + τ̂ (x)] . (10)

The functional dependence of the air shear stress perturbation is crucial for the understanding of the

stability of dunes and for predicting the sand flux onto the windward side of a dune. Analytical calcu-

lations of the flow over a gentle hill yield an analytical expression for the shear stress perturbation τ̂ (x)

[19–22]. We performed further simplifications in order to obtain a minimal expression that captures the

crucial features (and only those) and is applicable for sand dunes [23]. The resulting formula for the air

shear stress perturbation τ̂ is,

τ̂ (x) = A

(
1

π

∫ ∞

−∞

h′

x − ξ
dξ + Bh′

)
, (11)

where h′ denotes the spatial derivative of the dune’s profile h(x) in wind direction. The coefficients

A(L/z0) and B(L/z0) depend only logarithmically on the ratio between the characteristic length L
of the dune and the roughness length z0 of the surface. For a dune with a length and width ratio

W/L ≈ 1 and L/z0 = 4.0 × 105 we obtain A ≈ 3.2 and B ≈ 0.3 from [14, 23]. Equation (11)

has several features that are important for dune formation. First, the air shear stress is completely scale

invariant and leads to the same speed-up for small and large dunes. This is expected in the fully turbulent

regime where no characteristic length exists. Secondly, the shear stress perturbation τ̂ (x), Equation (11),

scales with the height H and inversely with the characteristic length L of the dune and thus with the

average slope of the dune’s windward side, τ̂ ∝ H/L . Thirdly, a depression of τ (x) in front of the

hill occurs as a consequence of the strongly non-local contribution in Equation (11). Finally, the shear

stress perturbation τ̂ (x) for the windward side of the dune is calculated using Equation (11), the profile

h(x) on the windward side, and the separating streamline s(x) on the lee side. The result is shown in

Figure 5 together with the measured mean values (averages over 10 min intervals) normalized according

to Equation (9). The agreement between model results and measurements is good. From this, we can

conclude that the heuristic model of the separation bubble combined with the analytic expression,

Equation (11), provide a reasonable approximation for the wind field above the dune. This strategy

enormously reduces the computational effort, compared to the numerical solution of turbulence models

and the averaged three-dimensional Navier–Stokes equation.

Equation (11) is based on a perturbation theory and can only be applied to smooth hills. Jackson

and Hunt [21] assumed H/L < 0.05, whereas Carruthers et al. [24] showed that mean slopes up to

H/L ≈ 0.3 give reasonable results. The windward side of a barchan dune is always below the latter

value and the formula should be applicable. However, flow separation occurs at the brink, which is out of

the scope of the linear perturbation theory. A heuristic solution to solve this problem has been suggested

by Zeman and Jensen [25]. They introduced a separation bubble that comprises the recirculating flow

(the large eddy in the wake of the dune), which reaches from the brink (the point of detachment) to the
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Figure 7. The envelope h̃(x) of the windward profile of a dune h(x) (solid line) and the separating streamline s(x) (dashed line)

form together a smooth object which is used to calculate the air shear stress τ (x) (dash-dotted line) on the windward side. In the

region of recirculation the air shear stress τ is set to zero.

bottom (to the point of reattachment) see Figure 7. We model the separating streamline by a third-order

polynomial that is a smooth continuation of the profile h(x) at the brink xbrink and at the reattachment

point xbrink + L rs, i.e. h(xbrink) = s(0), h′(xbrink) = s ′(0), s(L r) = 0, s ′(L r) = 0, where L r ≈ 6H is the

downwind distance of the reattachment point from the brink. The shear stress perturbation τ̂ (x) for the

windward side of the dune is finally calculated using Equation (10), the profile h(x) on the windward

side, and the separating streamline s(x) on the lee side. An example is depicted in Figure 7.

3.2. THE SAND FLUX

Sand transport has been studied already by Bagnold [26] and it was also he who proposed the first

phenomenological law that predicted the sand transport from the shear stress of the air. Improved laws

have been proposed by several authors in the meantime [7, 20, 27]. However, all these relations assume

that the sand flux q is in equilibrium and can be written as a function of the shear stress τ , q (τ (x)).

Temporal or spatial transients are completely neglected. In the following, we will call such a relation

saturated, because it predicts the amount of sand that can be maintained in the saltation layer at a certain

air shear stress τ .

This condition is hardly fulfilled at the windward foot of an isolated dune [22], e.g. a barchan, where

the bed changes rapidly from bedrock or vegetation to sand. Besides the particular conditions at the

dune’s foot, the sand flux may never reach saturation [28] on the entire windward side, where the shear

velocity increases gradually from the foot to the crest. Wind tunnel measurements indicate that the

typical time to reach saturation in saltation is approximately 2 s [29], which corresponds to a saturation

length of the order of 10 m. This length is of the order of the dune size and can not be neglected if the sand

flux on the entire windward side is significant. Furthermore, it has been observed that the time to reach

saturation increases for shear velocities close to the threshold [29]. In this situation, the sand flux may

never reach saturation on the entire windward side and should increase exponentially with distance from

the dune’s foot [28]. In recent years, several models to calculate the wind field have been developed,

from analytic boundary layer approximations to numerical solutions of the Navier–Stokes equation

with an enormous computational effort. Although some previous studies have discussed the limits of

the saturation approximation in detail [21], much less effort has been dedicated to the development of

sand flux relations that effectively incorporate non-saturation effects [30].
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For the saturated flux many different functional forms of these sand transport laws exist and have

been used in the past. For high shear stresses, however, they all converge to the simple relation proposed

by [1],

qs ∝ τ 3/2. (12)

All other more elaborate relations add higher order corrections to the Bagnold formula that become

important close to the air shear stress threshold. To overcome the limitation of saturation and to obtain

information about the dynamics of the saltation process, numerical simulations on the grain scale

have been performed in the last years [31–33]. Still, concerning the modeling of dune formation, both

approaches had to be discarded. The microscopic models are computationally too expensive and the

equilibrium assumption that is inherent in the simple flux relations does not hold on the entire windward

side of a dune [11, 12, 14, 21, 34]. Since both known approaches cannot be used to model dune formation

we developed a new phenomenological continuum saltation model that is computationally very efficient

on the one side and on the other side incorporates the dynamics of the saltation layer and thus allows for

saturation transients [34]. In this model, the sand flux is defined by a differential equation of the form

∂

∂x
q = 1

ls

q

(
1 − q

qs

)
, (13)

where qs(τ ) is the saturated sand flux and ls(τ ) the characteristic length of the saturation transients,

called saturation length. The saturation length ls(τ ) depends on the air shear stress, but converges

towards a constant value for τ 
 τt [34]. A comparison between the saturated sand flux, our model,

Equation (13), and the field measurements from Jericoacuara can be seen in Figure 6. One observes

that Equation (13) gives the right behaviour at the foot of the barchan, while the neglect of the transient

gives an non-physical dip.

3.3. THE SURFACE EVOLUTION

A spatial change in sand flux implies that erosion or deposition takes place and the surface changes in

height. The time evolution of the surface can be calculated from the conservation of mass,

∂h

∂t
= 1

ρsand

∂q

∂x
, (14)

where ρsand is the bulk density of dune sand. Finally, we note that Equation (14) is the only remaining

time-dependent equation and thus defines the time scale of the model.

The full dune model can be sketched as follows. An initial surface h is used to start the time evolution.

If flow separation has to be modeled the separating streamline s(x) is calculated. Next, the air shear stress

τ (x) onto the given surface h (or h and s) is calculated using Equation (10). From the air shear stress

τ (x) the sand flux can be determined using Equation (13). Then, the integration forward in time of the

surface is calculated from the mass conservation, Equation (14). Finally, sand is eroded and transported

downhill if the local angle ∂x h exceeds the angle of repose. This redistribution of mass (avalanches) is

performed until the surface slope has relaxed below the critical angle. The time integration is calculated

until the final shape-invariantly moving solution is obtained.
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Figure 8. The solutions for large volumes – above a critical height – are dunes including a slip face, whereas for small volumes

heaps develop. An important fact is that the steepest lee side of a heap (dashed lines) is approximately 15◦, which is well below

the angle of repose of 34◦.

4. The Shape of the Dune and Outlook

In order to analyze the properties of the shape-invariantly moving solution of our model, we performed

a series of calculations varying the volumes of the Gaussian hills that have been used as initial config-

uration. The final shape invariantly moving solutions are displayed in Figure 8. For small volumes, we

obtained heaps without a slip face, whereas for large volumes dunes with a slip face developed. Hence,

there is a minimal height for dune formation or, more precisely, a minimal height for the formation of

a slip face. Empirically, this was observed many times in nature.

The simulation also showed that the barchan shape is a steady-state solution. Starting from different

initial configurations having the same volume, one always obtains after a certain transient the same

crescent shape dune. This dune moves with constant velocity inversely proportional to its height and

quantitatively agrees with the ones measured in the field for corresponding volume.

Simulating 3D barchans by starting from an initial Gaussian heap can be done under essentially two

boundary conditions: an absorbing bedrock [q = 0] for coastal dunes or a finite influx and q �= 0 on the

bedrock for desert dune fields. In Figure 9, we see longitudinal profiles along the symmetry plane of

desert barchans for different initial volumes of dunes, normalized such that their heights fall on top of

each other. One observes that the measured profiles from Figure 2 agree very well with this prediction.

The numerical study of Figure 9 also shows that the tail on the windward side is not parabolic but rather

logarithmic.

One can also use our programme to construct virtual dunes and produce virtual desert landscapes.

One example is shown in Figure 10 where one sees four images of the time evolution of two dunes.

The one in front was a little larger than the one behind and therefore also slower. When the two dunes

approach each other, their relative velocity decreases and becomes zero shortly before they touch. The

larger dune in front starts to loose sand to the dune behind until the dune behind is the larger one and

the dune in front, being now the smaller one, can leave the scene since it is now faster. Eventually,

the two dunes will have the same size and shape before and after the collision and only that their

role has been inverted. Therefore, they have survived the collision without change and effectively

crossed each other. One says they behaved like solitons. If the dune behind is even smaller, it will be

swallowed by the larger one, but it might eventually eject baby barchans at the horns. This phenomena

we call breeding. If the dune behind is even smaller, it will completely be swallowed by the dune

in front which we call coalescence. A morphological diagram for the three cases was obtained in

[36].
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Figure 9. Profiles along the symmetry plane of 3D barchans of different size normalized on a single height as obtained from the

model (from [35]).

Figure 10. Four snapshots of the solitary wave behavior of two barchan dunes placed behind each other. The parameters are

h2 = 7.5 m and δh/h2 = 0.9. (a) The two barchans reached their steady form. (b) 0.48 years after (a), the smaller barchan bumps

into the larger. (c) Shows the hybrid state 0.63 years after (a). (d) The two dunes left the hybrid state (1.42 years after (a)) from

[36].

Starting from measured topographies one can predict the future evolution and therefore planify in

advance to protect cities and fields against moving sand masses in the Sahara. Another perspective of

the use of our equations of motion is the possibility to study techniques used to stop or destroy dunes,

like Bofix, as introduced by Meunier in Nouakchott. Here, low fences are placed strategically on the

dune in order to deviate the wind in such a way that digs through eddies and currents virtually channels

in the sand, effectively splitting the dune in pieces.



326 H.-J. Herrmann

Acknowledgement

I want to thank my collaborators P. Rognon, J.S. de Andrade, A. Poliakov, L.P. Maia, K. Kroy, and V.

Schwämmle.
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