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In extremely polydisperse packings we replace the local packings by so called soft-particles to reduce the num-
ber of particles in an MD. We introduce a method to generate such a particle including a random polydisperse
packing and, in order to implement these soft-particles into an molecular dynamics, propose a method for mea-
suring their constitutive laws.

1 INTRODUCTION
Our goal is to understand extremely polydisperse me-
dia where the size distribution follows a truncated
power law where the polydispersity, the ratio be-
tween largest and smallest particle, ranges over four
decades. These media are comparable to modern high
performance concrete (HPC). To reduce the enormous
number of particles in the simulation we develop a
self-consistent model where we only simulate the first
decade. All smaller particles are handled through so-
called soft-particles. A soft-particle contains particles
of the next decade and again a set of soft particles
containing the remaining decades. For the last decade
we only have ”normal” particles in the soft particles.

2 THE MODEL
Self-similar space-filling packings (Baram & Her-
rmann 2004) are good models for ideally dense gran-
ular packings and their size distribution is a good ap-
proximation to known distributions for high perfor-
mance concrete. In both cases the size distribution is
a truncated power law:

P (r) = ar−b rmin < r < rmax, (1)

with the particle radiusr restricted to the inter-
val [rmin; rmax], the prefactora chosen such that
∫

rmax

rmin
P (r) = 1 and an exponentb . For the pack-

ings shown in (Baram & Herrmann 2004; Borkovec,
de Paris, & Peikert 1994) the value of the exponent
is roughly3.5. We define the polydispersityΠ of the
size distribution by the ratioΠ = rmax

rmin

.
Figure 1 shows a two dimensional Apollonian

Packing which demonstrates the hierarchical charac-
ter of a space-filling packings. The local packings
in the voids between the largest particles are, them-

Figure 1. . An apollonian packing in two dimensions showing
the hierarchical structure and the structure of the local packings.

selves, a polydisperse packing with the same expo-
nentb in the truncated power law of Equation 1.

As the polydispersity of HPC ranges over four
decades one would need enormous computing power
to trace every individual particle in a simulation.
Therefore we want to use the hierarchical structure
of polydisperse packings and combine the local pack-
ings into meta particles we will call soft-particles.
Then, instead of calculating the motion of all the par-
ticles in these local packings, we need only to con-
sider a much smaller number of soft-particles. In this
way, we significantly reduce the number of particles
to trace, making it possible to simulate granular media
with a large polydispersity. In the following we will
describe the generation of these soft-particles and in-
troduce a method to determine their contact behavior.



3 THE GENERATION OF THE SOFT-
PARTICLES

Figure 2 shows a soft-particle consisting of an invisi-
ble, rigid shell with radiusRs, volume 4

3
πR3

s and the
polydisperse packing for which we chose as polydis-
persityΠ = 10. As HPC cannot be packed as ideally
as an Apollonian packing we use a randomly gener-
ated packing in the soft-particle.

Figure 2. . A soft-particle consisting of a random polydisperse
packing with polydispersityΠ = 10 within an invisible shell of
radiusRs.

To generate the random polydisperse packing we
modified the hierarchical packing algorithm described
by Tomaso Astes (Aste 1996) such that we can use a
continuous size distribution. Therefore, we first gen-
erate a listL of n particles. The sizeri of each particle
is sampled randomly from the power law. The volume
VL of all particles in the listL is given by:

VL =
4

3
π

n
∑

1

r3

i
(2)

We stop the generation of particles whenVL > βVS,
where the factorβ needs to be larger then one and uli-
mately will determine the density of the soft-particle.
Now we order the list such thatr1 > r2 > ... > rn and
each particle in our listL, starting with the biggest
one, is givenI trials to be put into our soft particle.
During each trial we choose a random position in-
side the shell, and if there is no overlap with either
the shell or other already inserted particles we put the
particle into that position. The particle is discarded if
we don’t succeed afterI trials. As the particles are
not touching each other we we generate a basic con-
tact network for the inserted particles. We start with
the largest particle, determine its nearest neighbour
and if both do not touch, we increasee its radius such
that it exactly touches the nearest neighbour. Then we
go on to the next smallest particle and again make it
touch its nearest neighbour. We do this for each in-
serted particle. The final non-Apollonian packing has
a densityρi which can be adjusted by changing the
parametersβ andI. When fitting Equation 1 to the

size distribution of a polydisperse packing generated
this way, we get an exponent which is roughly 3.5 and
thus in agreement with the exponent for three dimen-
sional space filling packings and HPC.

4 THE FORCE LAWS
In a polydisperse packing, constructed of solid parti-
cles, we want to replace the local packings with our
soft-particles. In order to do so, we must know how
the soft particles interact with each other and the re-
maining solid particles. For the measurement of these
constitutive laws, we use a molecular dynamics simu-
lations of the solid particles making up a soft-particle.

We use the Hertz-law (Hertz 1882) to calculate the
contact forces in normal direction.

Fn =

√
R12h

3

2

D
(3)

with the reduced radiusR12 = R1∗R2

R1+R2

, the overlaph
and the constantD which, for two spheres of different
materials, is given by:

D =
3

4

(

1− ν2

E
+

1− ν ′2

E ′

)

(4)

Whereν is the Poisson ratio andE is the elastic
modulus. The primed variables are the material con-
stants for the second particle. Static friction is imple-
mented using the model of Tsuji et al. (Tsuji, Tanaka,
& Ishida 1992). The friction force exerted by the tan-
gential spring is given by:

Ft =
√

R12hDtht; Ft ≤ Fnµ (5)

Hereht is the spring length andDt is given by

Dt =
2E

(2− ν)(1 + ν)
(6)

If the tangential force would be larger then the
Coulomb frictionFnµ the spring length is set such
that Ft = µFn. We have setν = 0.3, E =
500000N/m2, µ = 0.3 andRs = 0.016m.

To include our soft-particles into such a simula-
tion we need to know the analogs of Equation 3 and
Equation 5 for the soft-soft and soft-solid interactions.
That is , we need to know the normal and tangential
forces as a function of overlap. For the solid particles
building a soft-particle, the shell is an inpenetrateable
wall of the same material. Thus they interact accord-
ing to the Hertz-law. Other particles not belonging to
this soft-particle do not interact with the shell. They
only interact with the solid particles inside the shell.
Additionally the position of the soft-particle (the cen-
ter of the shell) is fixed unless we move the shell itself.
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In general the wanted force laws depend on the
radii of the interacting particles. For simplicity we
restrict ourselves to two cases. For the soft-solid con-
tact we use a soft-particle and a wall, which is a solid
sphere of infinite radius. For the soft-soft contact we
use two soft-particles of the same size. In both cases
we need the repulsive normal force in dependence of
the normal deformation/overlaphn and the friction
force in dependence of the tangential deformationht.

The measurement itself is done the following way:
We take, as the first particle, a soft-particle and, de-
pending on the measurement, place a wall or a second
soft-particle such that it is touching but not overlap-
ping (hn = 0) the first particle. From this configu-
ration we move the particles toward each other until
hn reaches a given value. After relaxation we measure
the net force exerted onto the second particle, and thus
determineFn(hn) for this value ofhn. All measure-
ments are done when the system is relaxed, meaning
no particle is moving and all acting forces are fixed.

The tangential force depends on the normal defor-
mation. Therefore we start from each state used to
measureFn(hn) and slowly rotate each solid particle
of the first soft-particle a given angleα around an axis
through the center of the soft-particle and perpendic-
ular to the normal direction. The resulting tangential
deformation is given byht = πRs

180
α and after relax-

ation we measure the force onto the second particle.
The relaxation process is very time consuming. Af-

ter a short time, most particles are at rest but a few are
still moving very slowly making it impossible to cun-
duct a precise measurement. To speed up the relax-
ation of these slow particles we use following method:
After applying the desired deformation we six times
wait for 0.3 seconds set the translational and angular
velocity of every particle to zero and let the system
further relax.. This stops the slowly moving parti-
cles in the voids and damps every contact. Experience
shows that after two or three stopings the system is re-
laxed enough. Just to be on the safe side we stop the
system six times. After the last stopping we wait at
least another 0.3 seconds before conducting any mea-
surement.

5 RESULTS
We performed the simulation described above for
many different values ofhn and ht. The results in
this section were obtained by averaging over seven
different simulations. Figure 3 shows the force law
in normal direction for the soft-soft and the soft-solid
contact. We plot the repulsive normal forceFn over
the scaled normal deformation∆n = hn

Rs

. The top line
shows the Hertz-law for a contact of a solid particle of
radiusRs with a wall. The second line shows the mea-
surement for the soft-solid interaction and the third
line showing almost no repulsive force is the soft-soft
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Figure 3. . Constitutive law in normal direction. The upper dot-
ted line is the constitutive law for a contact between a wall and
a solid particle. The lower plot shows the average consititutive
law for our soft-particle with the wall. We fitted this plot with
Eq. Equation 7. The error bars in the plot are of the size of the
points.

interaction. Unlike in the Hertz-law, for normal de-
formationshn smaller then a thresholdδ, there is no
repulsive force as the soft-particle can still be com-
pactified. We fit the constitutive law in normal direc-
tion with,

F (∆n) =

{

0, 0 < ∆n < δ
a∆nb + c, ∆n ≥ δ

, (7)

where we calculateδ from the fitted function. The
resulting values are shown in Table 1.

Table 1.
soft-solid soft-soft

a 73,669N 28,512N
b 2,799 5,003
c −0,035N −0.002N
δ 0.065 0.148
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Figure 4. . Tangential force in the soft-solid contact as a func-
tion of the tangential deformation. We show plots for different
normal deformations where larger normal deformation causes a
larger tangential force. The left plot shows the tangentialforce in
the direction of our tangential deformation. The right plotshows
the tangential force in the perpendicular direction, whichis, on
average, unaffected by the deformation.
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Figure 5. . Tangential force in the soft-soft contact as a function
of the tangential deformation as shown in Figure 4.

The tangential force in general lies in a plain per-
pendicular to the normal direction of the contact. Fig-
ure 4 and Figure 5 show the tangential force as a func-
tion of the tangential deformation for the soft-solid
and the soft-soft interaction for different normal de-
formations. The left plot shows the force in direction
of the tangential deformation, the right one shows the
perpendicular component. We will neglect the per-
pendicular component with values close to zero. One
can also see that, due to the inhomogeniety of our
soft-particles, a tangential force is existing even for
zero deformation and getting larger with increasing
normal deformation. This prestrain averages out the
more simulations we average over, though.

6 MODELING THE TANGENTIAL CONTACT
In a simple model we assume a linear tangential
spring in our simulated contacts where the acting
force will be limited by the coulomb force. For the
spring constant we take the slope of the left plots
around zero deformation.
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Figure 6. . Tangential spring constant as a function of the normal
deformation. The top curve shows the soft-solid interaction the
lower one the soft-soft interaction.

Figure 6 shows the spring constant in dependence
of the normal deformation for both contacts. For fit-
ting we used:

kt(∆n) =

{

0, 0 < ∆n < δ
a∆nb + c, ∆n ≥ δ

(8)

As boundary condition we setδ to be of the same
value as for the normal measurements since there is
no contact if no normal force exists and thus the tan-
gential spring constant needs to be zero. From that
conditions followsc = aδb. The resulting values are
shown in Table 2.

Table 2.
soft-solid soft-soft

a 0,740N/m 0,982N/m
b 2,100 4,422
c −0,0024N/m −0.00021N/m

7 CONCLUSION
In this paper we introduced a model to simulate ex-
tremely polydisperse media by replacing the local
packings in these media with soft-particles. To use
these meta-particles in simulations we determined
their constitutive laws for normal and tangential de-
formations with molecular dynamics. For the normal
deformation we could measure the repulsive force di-
rectly and fit it with Equation 7. Asuming, as a sim-
ple model, a linear spring for the tangential interac-
tion we determined the tangential spring constant as a
function of the normal deformation. For the future we
need to measure the change of the friction coefficient
for the soft-particles as that affects the maximal pos-
sible tangential force. We also need to detremine how
the measured constitutive laws change with the radius
of the soft-particles. First measurements indicate that
the friction coefficient increases and the scaling goes
quadratic with the change of the radius.
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