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An alternative to the use of continuous equations and constitutive models is
the microscopic description of the material in terms of the grains themselves
and the contacts (interactions) between them. This approach has been suc-
cessfully applied in recent years to the study of many different problems in
soil mechanics and granular physics. An open question is how realistic the
microscopic model must be in order to accurately describe the macroscopic
behavior observed in experiments. The objective of this contribution is to show
the influence of different simple mathematical models of compacted granular
soils on the overall elasto-plastic response of the system as a whole. We will
focus our investigation on granular ratcheting, which is the persistent strain
accumulation that a granular soil suffers under certain cyclic stress condi-
tions. The direct influence of different models on the ratcheting response of
the material will also help us to understand further this peculiar behavior of
the system.

1 INTRODUCTION

The differences between continuum and discrete methods perfectly reflect the
different ways of approaching problems in soil mechanics. On the one hand,
a continuum description of the material is possible based on well established
macroscopic constitutive equations, whose parameters are usually measured
experimentally. On the other hand, a discrete description will directly take
into account that the material is composed of distinct grains or particles that
interact with each other. The final aim of this micro-structural approach is,
however, to find macroscopic state variables in terms of micro-variables such
as contact forces, grain displacements, local interactions, etc ..., in the same
way that hydrodynamic fields can be connected with motion of molecules in
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a fluid. There is however no analogue to Kinetic Theory in soil mechanics,
although some useful results are available connecting macroscopic mechanical
variables with a local, microscopic description of the material [3, 5].

Molecular Dynamics algorithms (MD) has been extensively used during
more than fifty years for the numerical solution of a wide variety of problems.
Although molecular fluids were the original application of the method [1], it
has been also applied successfully to the study of granular materials in their
diverse forms [9]. In the field of soil mechanics, the term discrete element
method is often applied to this technique in order to emphasize the differences
with finite element methods. This name should be understood as referring to
all numerical solving methods in which the dynamics of the grains are solved.
In this sense, the term discrete element method is general and includes the
Molecular Dynamics based methods (usually called Distinct Element Methods
[4]) as well as more recent algorithms in which the basic unit are also the
grains and their interactions [18]. The Non Smooth Contact Dynamics (CD)
is therefore also a discrete element method, in the sense that the evolution of
the system is solved reproducing the dynamics of the particles in terms of their
inter-particle interactions [17]. It has been profusely used in the investigation
of force networks and contact forces [21, 22, 23, 11].

The aim of this paper is the investigation of the influence of contact mod-
eling on the overall macroscopic response of a granular material subjected
to a stress-controlled cyclic loading test. In such experiment, above the so
called shakedown limit, there is a plastic response of the system character-
ized by a constant strain-rate and a cyclic behavior of the sliding contacts
(usually called ratcheting) [2, 8]. In order to investigate these phenomena, we
first reproduce several loading cycles and analyze the differences found using
different simulation methods, namely the MD and CD algorithms. This will
lead us to a brief discussion of the system response to a gradual increase of
pressure up to the point where deformation starts. The applicability of both
MD and CD discrete schemes to the study of the micro-mechanics of our sim-
ple granular soil model will be also briefly discussed. Results from MD and
CD simulations of a dense system of spheres under the conditions of a biaxial
test will be presented.

Recently, a thorough comparison of both methods has been presented for
the case of a very simple granular packing [13]. In that reference, the influence
of the iterative process inherent to CD, on the indeterminacy of the method
has also been discussed and has been shown to be relevant for the overall
material response. In this paper, we want to investigate the relevance of the
contact law used in the MD algorithm. For that purpose, results of the sim-
ulation of a granular packing using a linear and a non-linear contact law will
be discussed.

This paper is organized as follows. In Section 2 some basic features of MD
and CD methods are presented. The use of different mathematical contact laws
in the MD method are also discussed. In Section 3, we present the results of
the simulation of rigid and deformable particles under biaxial test conditions.
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We use Contact Dynamics for rigid particles and Molecular Dynamics for
deformable ones. In this latter case, we show also results of two different
contact laws. We conclude, in Section 4, with the discussion of the results.

Particle 2 Grain 2

Grain 1Particle 1
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Fig. 1. Mathematical model of the deformation of the grains and contact forces.
The particles (idealized grains on the right side of the figure) are allowed to overlap,
but they are subjected then to an elastic force proportional to the overlapping that
pull them apart. The interaction of two grains is represented on the left side of the
figure, where their deformation is explicitly shown.

2 DISCRETE ELEMENT METHODS

A granular medium is a physical system composed of distinct basic units
(grains) of a macroscopic size (typically bigger that 1µm). If the material is
dry and non-cohesive, the only interactions between grains are friction and
repulsion. In this paper, we will stick to the usual case of Mohr-Coulomb
friction. The discrete character of the medium results in a complex behavior
during loading and unloading that cannot be described properly up to now
by any constitutive equation. Given the nature of the system, it is possible,
however, to solve numerically the evolution of the grains once a valid model
has been established.

Discrete element methods fit by construction and nature in a microscopic
description of the granular medium. In this approach, the nature of the grains,
and their interactions, fully determine the material response. How these
interactions are modeled is an interesting subject itself, since contact modeling
is a key point for any discrete model [12]. Currently used discrete methods
can be basically divided into two main categories, depending on the nature of
the particles (soft or infinitely hard). The simplest model reproducing most
of the key features of granular material is an assembly of disks (or spheres,
in 3D). In the MD method, the disks are soft in the sense that they can
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overlap, and the interaction between them is visco-elastic and proportional
to the overlap. This idealization mimics the deformation that two real grains
experience during collision (see Figure 1). The dynamics of the system is then
solved in fixed time steps in which disturbances propagate only to the closest
neighbors. In CD, the grains are rigid and an implicit iterative algorithm is
used, which has the significant advantage that the implementation of friction is
straightforward. An important difference between the CD and MD approach
stems on the fact that in the first, the granular packing has access to any
possible force network, whereas in MD, its choice is restricted, because the
forces can only be modified by small motions of the grains. We will describe
the algorithms used for the MD and CD simulations presented in this paper,
after dealing with the boundary conditions used in our simulations.

2.1 Boundary conditions: biaxial test

The biaxial test is often used in engineering to characterize the stress-strain
behavior of materials. In our two dimensional version of the experiment, a
sample is closed in a rectangular test chamber, and subjected to a confining
pressure. Then a force is applied to the fully mobile box walls, so that σ1 6= σ2,
as shown in Figure 2. In our experiments, we put a granular material in the
biaxial test chamber, and start with σ1 = σ2. The walls compress the originally
dilute material into a dense packing. Then, σ2 increases gradually until the
sample starts to deform, i.e., σ1 and σ2 obey

σ1 = P0, σ2 = P0(1 + ∆σf(t)), (1)

where f(t) is a function of time, and the ∆σ controls the loading intensity.
Note that ∆σ is basically the maximum value of the deviatoric stress reached
during the test. We choose f(t) so that the system is loaded quasi-statically,
that is, it passes through a series of stationary states, up to the value of
∆σf(t0) where a reorganization of the contact distribution is forced. The
response of the system will be measured by the dimensional quantity γ, which
is defined in terms of the deviatoric permanent strain. This, analogously to
the deviatoric stress, is the difference of the strains in the principal directions.
Let the permanent strains in the principal directions be:

ε1(t) =
Lx(t)

L0
x

, (2)

ε2(t) =
Ly(t)

L0
y

. (3)

Where Lx/y(t) are the dimensions of the system at time t, whereas L0

x/y are
the dimension at the beginning of the loading. Then, γ is defined as:

γ = ε2 − ε1. (4)
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Sometimes it is interesting to define the recoverable resilient strain, γR,
accumulated along a cycle. Similarly to Eq. (4), the resilient deviatoric strain
is defined in terms of the resilient strains as

γR = εR
2 − εR

1 . (5)

The definition of εR
1 and εR

2 are similar to that in Eqs. (2) and (3). They are
both measured at the final stage of the loading, just before unloading starts.
More detailed information about γR and other resilient parameters can be
found under the reference [7]

Fig. 2. Hambly’s principle for biaxial test. The degrees of freedom of the walls
allows imposing any pair of stresses σ1,σ2 to the system.

2.2 Molecular Dynamics

In MD, the contact forces are calculated by considering that the overlap be-
tween two touching particles represents the deformation generated by the
collision. In this context, the most successfully applied model for the contact
between two spherical bodies is the well known Hertz-Mindlin model [10, 15],
in which the the contact forces in the normal (fn) and tangential (ft) direc-
tions increase with the overlap distance (see Figure 1):

fn = −Knd, (6)

ft = −Ktδt, (7)

with a relatively complicated expression for the contact stiffnesses in terms of
the normal overlap distance, d:

Kn =
4

3
E∗

√
R∗d1/2, (8)

Kn = 8G∗

√
R∗d1/2, (9)

being E∗ is the equivalent Young modulus, G∗ the equivalent shear modulus
and R∗ the equivalent radius of the particles. An incremental approach for
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the force calculation, based in the previous assumptions, allows accounting
for dissipative micro-slip effects [16]:

∆ft = −Kt∆δt, (10)

where
Kt(,.δt, E

∗, G∗, R∗, µ, ...) (11)

The periods in the previous function indicate further dependencies that might
also be important (such us the stress path, or any other additional relevant
variables). This latter law is sometimes known as Hertz-Mindlin-Deresiewicz
incremental contact law.

The normal-dashpot model

A much simpler approach, originally proposed by Cundall and Strack [6],
is easily applicable to larger systems of granular materials. Let us suppose
that two particles i and j first touch at time t∗. Two imaginary springs are
then created, one pointing along the normal direction, and the other along
the tangential direction. The two springs have different properties to account
for the difference between normal and tangential forces. The normal spring
simply oppose to further overlapping. The constant of the spring, kn, controls
the stiffness of the contact (i.e. the typical depth of the overlapping). Besides
this elastic force exert in each contact, a viscous damping is also imposed,
assuring some dissipation during the collision. Thus the normal force is

R = knδn − γδ̇n, (12)

where δn is the length of the normal spring.
The calculation of the tangential forces T is slightly more complicated,

because they must obey the Coulomb condition |T | ≤ µR, where µ is the
static friction coefficient. We suppose that a tangential spring is created at
time t∗ and it is related to the tangential force via a second spring constant
kt and a damping constant γt. One must first calculate a candidate tangential
force

T̃ = ktδt − γδ̇t, (13)

where δt is the length of the tangential spring. Then, the Coulomb condition
is enforced:

T =

{

T̃ , |T̃ | ≤ µR,

sgn(T̃ )µR, otherwise.

Several modifications of equations ( 12) and ( 13) are found in the liter-
ature, and used to capture more realistic or specific features, like cohesion
[24, 26]. A modified version of the spring-dashpot model coupling fluid flow
and particle interaction has been recently used by Olivera and Rothenburg
[19] to study the effect of friction on the undrained response. These authors
have proved that friction provides additional particle stability, whereas the
macroscopic strength is significantly enhanced by increasing the friction coef-
ficient.
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The normal spring length

An interesting point, is how the definition of the normal spring length δn

affects the spring-dashpot model and, more specifically, the material response.
The most commonly chosen option is to define δn as the penetration distance
between two overlapping disks (distance d in Figure 1):

Rl = knd − γḋ. (14)

Another possibility is to define the spring length proportional to the over-
lapping area (A, in the figure). In order to be consistent with the dimensions,
the normal contact law between to interacting grains with respective radii r1

and r2 will be in this case:

Rnl = kn
A

r1 + r2

− γḋ. (15)

Note that the repulsive force depicted in this equation is not linear with
the overlap distance. In the range of overlapping distances involved in our
simulations, the behavior of the contact laws is obviously different (see Figure
3).

 0
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Fig. 3. Values of δarea

n /δlin

n in terms of the overlapping distance d scaled with the
mean radius R. The typical range of values of d found in our simulations are shown
in the inset. This ratio gives a clear idea of the deviation of the non-linear law respect
to d. The dotted line corresponds to d = 1.

From the contact forces calculated in the simulation where a non-linear
law is used, Eq. ( 15), it is possible to calculate a equivalent linear normal
stiffness, as:

k∗

l =

∣

∣

∣

∣

∆Fn

∆p

∣

∣

∣

∣

, (16)
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where ∆ represents the increment of the variables. Defined in this manner, this
stiffness is similar to the Hertz-Mindlin-Deresiewicz incremental contact law
of equation ( 10). It is now interesting to know if the stiffness so defined is still
independent of the overlapping distance d. Figure 4 shows the values of k∗

l

calculated in our simulations. A power-law dependence is obtained, namely
k∗

l ∝ δ0.5. Note that this result is consistent with the dependence of the
overlapping Area A with d.

 1

 10

 100

 1000

 0.001  0.01  0.1

d/R

kl*

α x1/2

Fig. 4. Equivalent linear stiffness k∗

l as a function of the overlapping distance at
the contacts in the simulation with a non-linear law in the normal spring. The
overlapping distance is scaled with the mean radius of the particle R.

2.3 Contact Dynamics

In this method, there is no overlapping of disks, for they are considered as
perfectly rigid and interacting with each other only at the contact point.
The algorithm is basically an iterative procedure after which a force network
is calculated down to some precision satisfying certain physical restrictions
[20]. The main constraint to be fulfilled is impenetrability. The normal force
is chosen to be the smallest value R needed to avoid interpenetration. The
proper tangential force is chosen that prevents the contact from sliding. If
Coulomb’s condition cannot be satisfied, the contact will slide with T = µR
against the relative velocity.

The main drawback of CD is the indeterminacy of the forces. The impor-
tant question arises: what makes the CD method choose one of these possible
solution among the others? or, is the selected solution somehow special among
the other admissible, or are they all equivalent [14, 25]. The forces must be
calculated iteratively because each contact force depends on the adjacent con-
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tact forces, which means that the problem cannot be solved locally for each
contact.

3 RESULTS

In this section we will present the results of our simulations. The system we
are dealing with is composed of 100 disks with a Gaussian distribution of radii,
whose mean is R = 1cm. The initial condition was obtained by compressing
a random distribution of the grains up to a certain pressure P0 = σ1+σ2

2
. The

compression was carried out without friction between the particles, in order
to obtain a denser sample.

The main parameter of the MD model is the normal stiffness kn. In our
simulations kn = 1.6 · 106N/m. The typical frequency of the spring ω (and
therefore the characteristic oscillation period ts = π/ω), can be defined in
terms of kn:

ω =
√

kn/mij − η0. (17)

In this expression, mij is the reduced mass of the particles that interact and
η0 is the damping constant, another parameter of the simulations. In terms of
this latter quantity, the relaxation time is tr = 1/η0. In the MD simulations,
this time should be much bigger than ts, tr >> ts. The MD time step tMD ,
should also taken big enough, so that tMD << ts. In the cyclic loading, we
choose the typical period much bigger than the oscillation time, t0/ts = 105.
Important parameters for the simulation are the ratio of stiffnesses kt/kn

and the static friction coefficient. In our simulations kt/kn = 0.33, and the
confining pressure P0 = 0.001kn. Since all our experiments are in the quasi-
static range, we can assume that the static and dynamic friction coefficient
are equal µ = 0.1. For the CD simulations, the same value of the friction is
used. In the iterative process, the previous force configuration at the contacts
is used as first guess. We choose this as a sensible way of implementing history
dependence in the simulation [13].

3.1 Comparing MD and CD

For the comparison between the algorithms, the system is first homogeneously
compressed under a certain pressure P0, until a compacted state is reached.
This first stage is carried out with the MD algorithm. After this preparation of
the sample, two different simulations (MD and CD) are run in which the axial
component of the stress, σ2, is periodically changed. We choose the simplest
expression for f(t) in Eq.( 1):

f(t) =

{

t, if t < t0/2,
t0/2 − t, if t > t0/2
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Fig. 5. Stress-strain curve obtained after the loading and unloading of a compressed
sample in a MD (left) and CD (right) simulation. The initial condition was the
same in both experiments. The system was compressed at a linear rate and the
decompressed at the same rate until the original stress state was reached. Note the
difference in horizontal axes (γ). The maximum value of the deviatoric stress in this
simulation is ∆σ = 0.2

Note that the period t0 has been defined in the previous paragraph in
terms of the oscillation time ts.

Figure 5 shows the strain-stress curve after one of these cycles, obtained
with the MD algorithm (left) and with the CD algorithm (right). The differ-
ences in the range of values are obvious. The perturbation that the loading
exerts on the system is much weaker in the CD simulation, and related to the
precision of the method. But note also that the energy dissipated is bigger in
the MD cycle, and so is the remanent strain at the end of the process.

0e+00

1e-01

2e-01

3000 6000 9000

t (s)

γ (%)

MD
CD

γ

0 5000 10000

0.

2.e-5

4.e-5

6.e-5

γ

t (s)

Fig. 6. Evolution of the permanent strain γ in the Molecular Dynamics and in the
Contact Dynamics simulations. The inset shows, in a more appropriate scale, the
behavior of γ in the CD simulation.
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The higher inertia of the CD method is even more clearly observed in
Figure 6, where the evolution of the strain γ is plotted for both methods in
an alternative experiment in which the load is steadily increased, namely:

f(t) = t.

In the MD simulation, the system starts expanding slowly. A sudden com-
pression is perceived at t = 2700s, after which the deformation rate seems to
grow again. This leads to a collapse of the sample at the end of the simulation.
In this range of values, however, the CD simulated sample seems to remain
unaltered. A closer look to its behavior is presented in the inset of the figure.
In the CD simulation, the response is smoother than in the MD case. At a
first stage, the system seems not to be affected by the imposed loading. There
is however a critical load, beyond which, the system expands. In contrast to
the MD experiment, this expansion is carried out without any collapse or
breakage of the physical structure of the grains and is also much smaller.

3.2 Comparing different visco-elastic laws

The existence of granular ratcheting has been reported in MD simulations
of a dense packing of polygons [2] and disks [8]. The response of a given
compressed system of disks subjected to cyclic loading varies according to the
imposed loading going from a resilient (elastic) response, to a regime in which
the permanent accumulated deformation increases after each cycle a constant
amount.

Initial configuration

For comparison, we have used the same initial conditions for both simulations
with different contact laws. This initial configuration has been therefore care-
fully obtained. First, the system is homogeneously compressed under a certain
pressure P0 using a non-linear contact law for the contacts, until a compacted
state is reached.

Note that the normal spring stiffness kn is the same for both simulations. A
change in the contact law therefore implies a change in the confining pressure
necessary to keep the initial configuration as well. A secondary compression
is consequently necessary in the simulation with the linear law. We have cal-
culated that the equivalent confining pressure in the linear case to be:

P lin
0 = 2.2528P area

0 . (18)

Material response

After this preparation of the sample, two different simulations are run (with a
linear and a non-linear law for the normal at the contacts) in which the axial
component of the stress, σ2, is periodically changed,
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f(t) =
1

2

(

1 − cos

(

2πt

t0

))

, (19)

where t0 is the period of the cyclic loading. The changes in the loading are
characterized by the parameter ∆σ, which is directly related to the maximum
value of the deviatoric stress (see Eq. 1).

Different contact models induce different macroscopic and microscopic re-
sponses of the material. On the one hand, Figure 8 shows a big difference in
the number of sliding contacts, although in both simulations ns is periodic, ns

being much smaller in the linear case. This different behavior of the sliding in
the system induces a different material behavior, reflected in the stress-strain
cycles of Figure 7. The stiffness of the material is higher in the linear case.
This can be measured in terms of the resilient modulus MR = ∆σ/γR, which
is the ratio of the maximum deviatoric stress and the corresponding deviatoric
resilient strain defined in Eq. ( 5). MR is noticeably higher for the simulation
were the linear law was used. Observe also that in this linear case, dissipation
(the area enclosed by the cycle) is also smaller, when compared with the other
curve in the graph. Note also that the stress-strain cycle is more asymmetric
in the case that a linear law is used.

 0

 0.25

 0.5

 0.75

 1

 0  0.02  0.04  0.06  0.08

 γ (%)

q/P0

Area
Linear

Fig. 7. Stress-strain cycles for the linear and non-linear (Area) contact laws. q =
σ1 − σ2 is the deviatoric stress and the deviatoric strain, γ, is defined in the text.

The effect on the permanent strain accumulation is also very clear, as one
can see on Figure 9. If a linear contact law is used, the system accumulates
permanent strain at a speed one order of magnitude lower than the non-linear
case. One reason for the different behavior in the system is the change in the
typical value of the ratio of the normal and tangential forces Fn/Ft that the
change in the contact law implies. This is so, because we have changed Fn,
whereas no change on the tangential law (therefore on Ft) was done. One may
think of adjusting the parameter kt/kn in the linear case, trying to reproduce
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Fig. 8. The relative number of sliding contacts, ns, is the ratio of sliding contacts
and the total number of contacts. In the figure, ns is plotted for both contact laws
as a function of the number of cycles. In this simulation, ∆σ = 0.10.

the results of the non-linear contact law. We now know that this parameter
(kt/kn) affects the macroscopic strain accumulation, for it is strongly related
to sliding in the system [7]. Figure 10 shows that the strain rate ∆γ/∆N ,
actually decreases as the ratio of stiffnesses kt/kn increases.

 0

 0.1

 0.2

 0.3

 0.4

 0.5

 0.6

 0.7

 0  10  20  30  40

γ(
%

)

Number of cycles

Area

Linear

Fig. 9. Evolution of the permanent deviatoric strain γ with the number of cycles
for the different contact laws.

We have changed the value of the ratio from kt = 0.33kn to kt = 4kn, and
the results in the strain-stress cycles and the number of sliding contacts are
shown in Figures 11 and 12. The differences in the stiffness (MR) and the
number of sliding contacts are still appreciable, although a certain increase is
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1e-08

1e-07

1e-06

1e-05

1e-05 1e-04 1e-03 1e-02 1e-01 1e+00 1e+01
∆ 

γ 
/ ∆

N

kt/kn

Fig. 10. Dependence of the strain-rate on the stiffness ratio kt/kn. Data correspond
to the simulation of a system with normal damping 1/γn = 4 · 103ts, and tangential
damping 1/γt = 8 · 102ts, solid fraction Φ = 0.845 ± 0.005, and friction coefficient
µ = 0.1. The stress conditions are kept constant, P0 = 10−3

· kn and ∆σ = 0.2. The
solid line represents the power law y ∝ x−0.3.

observed respect to the smaller kt values. It is important to note, that higher
values of the ratio kt/kn have been tried, but no difference is observed with
the results shown in Figures 11 and 12 above a certain limit (kt ≈ 2kt).

 0

 0.05

 0.1

 0.15

 0.2

 0  0.25  0.5  0.75  1

γ(%)

q/P0

Area
Linear: kt=4kn

Fig. 11. Stress-strain cycles for the linear and non-linear (Area) contact laws. The
details of the simulation are similar to the ones on figure 7, except that kt/kn = 4
in this case..
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Fig. 12. Evolution of the number of sliding contacts ns with the number of cycles
for the simulation shown in Figure 11.

4 CONCLUSIONS

A different behavior of the plastic response of a system simulated by a MD
algorithm and a CD algorithm has been shown. Three contact laws have been
investigated. In the CD simulation, the grains are perfectly rigid, whereas two
kind of soft interactions (MD) have been studied. As reflected in Eq. ( 18),
in the linear model the grains are more rigid than in the non-linear contact
law. The hardness of the contact law is clearly reflected in the microscopic
and macroscopic variables measured.

The response of the material is more obvious in the MD simulation, while
CD is much more resistant to collapse. This behavior is probably related to
the indeterminacy of the forces in the CD method [14, 25]. In the Contact
Dynamics method, the system has many possible force configurations that
are compatible with the stress conditions. The system can jump from one
force configuration to another without any movement of the particles. This is
not the case in the Molecular Dynamics scheme, were the forces can only be
changed by small motions of the grains.

MD results have been compared with experimental triaxial tests data and
a good correlation has been found [8]. No similar validation of the CD method
for the repetitive loading case has been reported yet, although CD method
has been successfully applied by different authors to the description of the
contact forces of a static packing [21, 22, 23, 11]. Further investigation is
therefore needed in order to delimit the exact physical implications of the
divergences between methods reported here.

We have shown that the law used to model the contact between grains
strongly influences the material response to cyclic loading. If the contacts are
soft, the use of a contact law proportional to the overlapping area is equivalent
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to the use of a linear law with an incremental non-linear stiffness, similar to
the Hertz-Mindlin-Deresiewicz law of equations 10 and 11.

For equivalent initial configuration of the contacts and preparation of the
sample, a linear contact law implies less sliding contacts, less accumulation
of permanent strain and also a higher stiffness of the material (as measured
with the resilient modulus MR).

The parameter kt/kn can be used to adjust the linear contact law, but it
is not possible to reproduce the same results than in the non-linear case. A
systematic comparison of the simulation results with experimental data will
help to determine the best contact law to use in each experiment.
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