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Abstract. We derive a saturated sand flux model based on the previous models of

Sauermann et al (2001) and Sørensen (2004) and determine its parameters, as function

of the grain and fluid properties, from the comparison with wind tunnel data. We also

show that the dunes simulated with the new sand transport model compare well with

observations of Moroccan dunes.
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1. Introduction

The evolution of a sand surface is determined by changes in the amount of sand

transported by the wind. Initially, the grains at the surface are lifted by the wind

and accelerated during their flight. After they impact the surface, the splashed grains

are accelerated too, increasing the sand flux. However, since the amount of sand carried

by the wind has a maximum value, a stationary state is reached at which no more

grains can enter to the flow: the saturated state. The sand flux in this state is called

the saturated flux and increases with the wind strength. Many attempts have been

made to obtain a precise description of the dependence of the saturated sand flux on

the wind shear velocity u∗ numerically [1]-[6], experimentally [7]-[10] and theoretically

[6, 7, 11]-[18]. However, even though some of them also includes the fluid density and

the grain diameter into the flow description, there is no simple and explicit theoretical

expression for the saturated sand flux consistent with recently measurements of sand

transport rate for a range of grain diameters [10]. How changes the saturated flux not

only with shear velocities but with fluid density, gravity and grain diameter is a central

issue for the modelization of sand dunes under different atmospheric and soil conditions,

like in Mars or Venus.

Based on the previous models [17, 18], we develop a saturated sand flux model

that includes explicit dependences with the main grain and fluid properties, taking into

account the presence of a focal point in the velocity profile [16]. The focal point is

a height at which the wind velocity is constant at all shear velocities u∗, and it has

been observed both experimentally [7] and numerically [1, 2, 6]. We also show that

depending on the focal point position the saturated flux increases as u2
∗ as in Ungar and

Haff and Andreotti models [15, 6], or increases faster than u2
∗ (in the limit case as u3

∗) as

in Bagnold, Owen, Sørensen and Sauermann models [7, 12, 16, 18], or finally, increases

slower than u2
∗ as in some of the Iversen and Rasmussen wind tunnel data [10].

In the next section we derive a model for the wind velocity profile including the

saltation feedback, and calculate its parameters using wind tunnel data. This wind

velocity model is used to derive a sand flux expression in the section 3, which is calibrated

using existing wind tunnel data. In the last section we compare the simulated aeolian

sand dunes, using an established dune model [18] with the new parameters, to the data

of Moroccan dunes collected by Sauermann.

2. The wind velocity profile

During saltation the grains extract momentum from the air. A fraction of this

momentum is dissipated by bed collisions, and the rest accelerates the grain flow itself.

Thus, in the saltation layer the total shear stress τ is divided in the air-borne shear stress

τa and the shear stress carried by the grains, the grain-borne shear stress τg. Hence,

τ = τa(z) + τg(z), (1)
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or, in terms of the related shear velocities

u∗a(z) = u∗
√

1− τg(z)/τ , (2)

where u∗ =
√
τ/ρ is the wind shear velocity above the saltation layer, u∗a =

√
τa/ρ is

the wind shear velocity in the saltation layer and ρ is the fluid density.

Once the saturated regime is reached, the wind is not strong enough to accelerate

new grains. Thus, the air-borne shear stress at the surface τa0 is reduced to a minimal

value, just sufficient to maintain a stationary grain flow. From now on subscript 0 means

surface values.

Following [17], we define

a(z) = τg(z)/τg0. (3)

Using (1),(2) and (3) the wind shear velocity in the saltation layer is given by

u∗a(z) = u∗
√

1− (1− u2
∗a0/u

2
∗) a(z), (4)

that satisfies the boundary conditions u∗a = u∗a0 at the surface, where a(z) = 1, and

u∗a = u∗ above the saltation layer, where a(z) = 0.

This expression can be simplified by approximating the square root by a linear

function. However, the direct substitution
√

1− x by 1−x introduced by Sørensen [17],

does not satisfy the boundary condition u∗a = u∗a0 at the surface and, hence, leads to

an inconsistency. Instead, we replace
√

1− (1− u2
∗a0/u

2
∗) a(z)

by

1− (1− u∗a0/u∗) a(z).

The wind velocity profile v(z) is then calculated using the Prandlt turbulent closure

κz
∂v

∂z
= u∗a(z), (5)

and gives

v(z) = κ−1u∗ (ln(z/z0)− (1− u∗a0/u∗) b(z)) , (6)

where z0 is the grain based roughness length and

b(z) =
∫ z

z0
dz′ a(z′)/z′. (7)

Note that near the bed, where a(z) ∼ 1, the wind velocity recovers its usual

logarithmic profile but with a reduced shear velocity u∗a0

v(z) ≈ κ−1u∗a0 ln(z/z0), (8)

whereas, above the saltation layer a(z) = 0 and the wind profile is logarithmic with an

unperturbed shear velocity u∗ but with a saltation based roughness length z′0

v(z) = κ−1u∗ ln(z/z′0). (9)
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The new roughness length z′0 takes into account the apparent rugosity of the saltation:

z′0 ≈ z0 exp ((1− u∗a0/u∗) b∞) , (10)

with b∞ = b(z →∞).

The wind profile (6) depends on the minimal surface air shear velocity u∗a0 and on

the vertical distribution of the grain-borne shear stress a(z). Owen [12] assumed that

the former equals the impact threshold u∗t, i.e. the smallest shear velocity above the

saltation layer so that the sand transport takes place. However, in numerical simulations

[1, 2, 6] and in Bagnold measurements, the air shear velocity inside the saltation layer

can be underneath this threshold. This can also be regarded as a consequence of the

presence of a focal point in the velocity profile, as was claimed by Bagnold [7] and

Andreotti [6]. Following this idea, there is a height z̄ at which the wind velocity is

almost constant for all shear velocities. Then,

v(z̄) = κ−1u∗ (ln(z̄/z0)− (1− u∗a0/u∗) b(z̄)) , (11)

= κ−1u∗t ln(z̄/z0).

The last equality holds because if the shear velocity equals its threshold value there is

no sand transport and thus, following (3) and (7), b(z̄) = 0.

From (11)

u∗a0(u∗) = u∗t − (µ− 1)(u∗ − u∗t), (12)

where the constant µ is defined as

µ ≡ ln(z̄/z0)/b(z̄). (13)

Since in the saturated regime the grain-borne shear stress decreases with height, µ ≥ 1,

which implies that the surface air shear velocity, given by (12), decreases with u∗.

However, as u∗a0 must be positive there is a limit value for the wind shear velocity

(µu∗t/(µ − 1)) beyond which the linear relation (12) is not valid. On the other hand,

if we eliminate the focal point assumption(z̄ = 0) then, µ = 1 and u∗a0 equals the

threshold value u∗t.

In order to determine an explicit expression for b(z), Sauermann [18] assumed

an exponential profile for the grain-borne shear stress, as was found numerically by

Anderson and Haff [2]. In that case a(z) = exp(−z/zm), and b(z) is given by

b(z) = E1(z0/zm)− E1(z/zm), (14)

where zm is the characteristic height of the saltation layer and E1(x) is the exponential

integral defined as

E1(x) =
∫ ∞

x
dx′ exp(−x′)/x′. (15)

Equation (6) together with (12) and (14) determines the wind velocity profile using

three parameters, the grain based roughness length z0, the focal height z̄ and zm. Since

both, z̄ and zm are related to the height of the saltation layer, we assume that they are

proportional to each other. Hence we defined the ratio

r ≡ z̄/zm, (16)
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Figure 1. Rescaled roughness as a function of the shear velocity for different grain

diameters. Points are measurements [19] and lines the analytical approximation (19).

and the wind velocity profile is given by

v(z) = κ−1u∗ [ln(z/z0)− µ (1− u∗t/u∗) (E1(z0/zm)− E1(z/zm))] , (17)

where µ, after including (14) and (16) into (13), is

µ = ln(r zm/z0)/(E1(z0/zm)− E1(r)). (18)

2.1. Experimental verification of the roughness length formula

Substituting (12) and (14) into (10), the apparent roughness length of the saltation layer

is

z′0(u∗) = z0 exp (µ (1− u∗t/u∗) E1(z0/zm)) (19)

where, for small values of the fraction z0/zm, the exponential integral can be

approximated by

E1(z0/zm) ≈ −0.5772− ln(z0/zm) + (z0/zm). (20)

In order to find an approximate expression for zm, z0 and r as functions of fluid

and particles properties, we fit roughness length data for different grain diameters [19]

with the equation (19) (figure 1). Unfortunately not a single set of the parameters zm
and r fits the data but a function zm(r).

As was pointed out by Andreotti [6], we also found that zm scales as u∗t and gives

zm(r) = c(r) u∗t tv. (21)
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Figure 2. Wind velocity profile over an active sand bed for u∗ = 0.27, 0.47, 0.74

and 0.87 m/s. Lines are the analytical approximation given in the text using r = 1

and circles wind tunnel data [20]. Note the focal height z̄ = zm at which all velocities

are equal, along with the saltation region for z < 10mm, where the shear velocity is

strongly reduced underneath the threshold value u∗t ≈ 0.24, and the outer unperturbed

region for z > 10mm.

The constant c(r) results from the fitting shown in figure 1 and depends on the ratio

r = z̄/zm

c(r) = 14/(1 + 1.4r), (22)

and tv is a characteristic time defined using the fluid viscosity ν [6]

tv =
(
ν/g2

)1/3
. (23)

The grain based roughness length was fitted using the minimum of the curves in

figure 1 as

z0 = d/20, (24)

similar to the Bagnold estimation d/30, where d is the grain diameter.

For the small grain diameter (d = 125µm) and shear velocities over 0.8m/s, the

analytical approximation (19) is well below the measurements (figure 1). This is because

zm is constant for all u∗ instead of being a function of u2
∗ as Owen predicts [12]. We have

tested this square dependence but the fitting does not work. However, a softer linear

dependence with u∗ -based on the scaling of zm with u∗t- remarkably improves the fit.

Nevertheless, in the normal range of normalized shear velocities u∗/u∗t < 5 a constant

zm is good enough and keeps the model simple.

2.2. Experimental verification of the wind velocity profile

Using the above expressions for zm and z0 we compare the predicted wind velocity

profile (6), assuming r = 1, i.e. that the focal height z̄ equals zm, with wind velocity

data over a 320µm diameter sand bed for shear velocities 0.27, 0.47, 0.74 and 0.87 m/s
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[20] (figure 2). The figure also shows the reduction of the minimal shear velocity inside

the saltation layer when u∗ increases. Note also that the outer unperturbed logarithmic

profile extends down until around 6 mm, in accordance with [19].

3. Saturated flux

The saturated flux is calculated by

qs = Φ l (25)

where Φ denotes the flux of grain impacting the surface, and l is the mean saltation

length.

The flux of impacting grains Φ can be calculated from the surface grain-borne shear

stress τg0 and the mean horizontal velocity difference between the impacting and ejected

grains (uimpx − uejex )

Φ = τg0/(u
imp
x − uejex ) = ρ(u2

∗ − u2
∗a0)/(uimpx − uejex ). (26)

On the other hand, the mean saltation length can be approximated by the length

of a ballistic trajectory [18]

l = us
2uejez
g

, (27)

where uejez is the mean vertical component of the grain ejection velocity and us is the

mean horizontal velocity of the grains in the saturated state. g denotes the acceleration

of gravity.

In the saturated state the loss of momentum in the collisions is balanced by the mean

fluid drag on the grains. Assuming a ballistic flight time T = 2 uejez /g, the momentum

balance is simply [18]

|v(z1)− us| = uf/
√

2α, (28)

which gives for the mean horizontal grain velocity

us = v(z1)− uf/
√

2α, (29)

where v(z1) is the wind velocity at a reference height z1 inside the saltation layer, the

constant α is defined as the ratio

α = uejez /(uimpx − uejex ), (30)

and uf is the grain settling velocity

uf =

√
4

3Cd
(s− 1) gd, (31)

here Cd is the grain drag coefficient, d is the grain diameter and s = ρg/ρ is the grain-

fluid density ratio.
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Table 1. Forms of the function f(U) for different sand flux models (after [17])

this work βU−1 − α
Owen(1964) βU−1 + α

Sauermann et al (2001) βU−1 + α
√

1 + CU−2

Ungar and Haff(1987) βU−1

Kind(1976) C

In the above expressions α, β and C are arbitrary constants

Inserting (26), (27) and (29) into (25) we obtain for the saturated flux

qs(u∗) =
2α

g
ρ(u2

∗ − u2
∗a0) us, (32)

=
2α

g
ρ(u2

∗ − u2
∗a0)(v(z1)− uf/

√
2α),

and, substituting explicitely u∗a0 and v, given by (12) and (17), the rescaled flux

Q = qsg/(ρu
3
∗) as a function of the dimensionless shear velocity U = u∗/u∗t, has the

form

Q(U) = 2αµ(1− U−1)(2− µ+ µU−1)(β0U
−1 − α0), (33)

where the constants α0 and β0 are defined as

α0 = κ−1 [µ(E1(z0/zm)− E1(z1/zm))− ln(z1/z0)] , (34)

β0 = κ−1µ(E1(z0/zm)− E1(z1/zm))− uf/(u∗t
√

2α). (35)

and µ = ln(r zm/z0)/(E1(z0/zm)− E1(r)). Note that from the definition of Q it follows

qs(u∗) = Q(u∗/u∗t)ρu
3
∗/g (36)

A further simplification is achieved when µ ∼ 1, in which case (33) becomes

Q(U) = 2αµ(1− U−2)(β0U
−1 − α0). (37)

Table 1 compares this result with the canonical form (1 − U−2)f(U) proposed in

several sand transport works. Later we will return to the comparison between the

different saturated flux expressions.

The saturated flux (32) has two parameters, z1 and α, both related with the

momentum balance of the grain flow (28): z1 is the height at which the wind drag

replaces the momentum lost by the grains in the bed collision, whereas α contains

information about this momentum loss: it represents an effective restitution coefficient

(30).

3.1. Estimation of α for rebound grains

The parameter α relates the vertical component of the ejection velocity (ueje
z ) with

the horizontal velocity difference between the impact and ejection (uimp
x − ueje

x ). This

parameter can be tentatively estimated for rebound grains.
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Figure 3. Dimensionless saturated flux Q = qs g/(ρu
3
∗) as a function of u∗ for different

grain diameters, from the data of Iversen and Rasmussen (1999). The lines represent

the saturated flux formula (37), with the focal point assumption r = 1 (full lines) and

without it r = 0 (dashed lines).

From the definition of α (30):

α = ureb
z /(uimp

x − ureb
x ) (38)

= γ sin θreb/(cos θimp − γ cos θreb),

where γ is the restitution coefficient (γ ≈ 0.4 [21]), θimp is the impact angle and θreb is

the rebound angle (θimp ≈ 10o and θreb ≈ 45o for grains of diameter d ≈ 250µm [1, 2]).

With this values we find α ≈ 0.4 for grains of d ≈ 250µm.

3.2. Drag coefficient

Before fitting the saturated flux data we need to fix the drag coefficient. In general Cd
is a function of Re. Using as a characteristic velocity the relative velocity resulting from

the momentum balance (28) uf/
√

2α, the drag coefficient is given by [22]:

Cd =
4

3

(
A+
√

2αB/S∗
)2
, (39)

where S∗ is the fluid-sediment parameter

S∗ =
d

4ν

√
gd(s− 1), (40)

and the constants A = 0.95 and B = 5.12 for natural sand [22]. s is the grain-fluid

density ratio.

3.3. Experimental verification of the saturated flux formula

We obtained the parameters z0 (24) and zm(r) (21) from the comparison of the roughness

length formula (19) with experimental data [19]. The remained unknown flux parameters

z1 and α can be estimated by fitting the dimensionless saturated flux formula (37) with
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Figure 4. The values of α estimated from the flux data [10]. Also appears the linear

regression.

the Iversen and Rasmussen flux data for different grain sizes [10] (figure 3). For the

fitting we use two characteristic values of r: 0 and 1. The dashed lines in figure 3

represent r = 0, whereas the full lines r = 1. Note that in all cases the best fit was

achieved when a focal point is assumed.

From the fit we found that z1 does not depend on the grain diameter and can be

given by:

z1 = 35 lv, (41)

where lv is a characteristic length defined using the particle Reynolds number [6]:

lv ≡
(

ν2

A2 g(s− 1)

)1/3

. (42)

Here A is the Shield-Bagnold parameter defined by the threshold shear velocity u∗t =

A
√
dg(s− 1).

Figure 4 shows the best fit values of α for different grain diameters, and also includes

the linear fit

α = 0.17d/lv, (43)

which gives α = 0.42 for d = 250µm, a very similar value to that estimated for rebound

grains in a previous section.

Surprising, both parameters z1 and α seem to be independent of r, whose main

effect is to change the scaling exponent of qs(u∗) at large u∗ depending on the relation

between the two characteristic heiths of the model z1 and z̄. If z̄ = z1 (r = z1/zm) then

α0 is zero (34) and qs scales as u2
∗ (as in the Ungar and Half model [15] (table 1)). On

the other hand, if z̄ < z1 (r < z1/zm) then α0 < 0 and qs increases faster than u2
∗ (as in

the Owen’s like models [12, 18] (table 1)). This is the case when r = 0 (figure 3: dashed

lines). Finally, if z̄ > z1 (r > z1/zm), qs increases slower than u2
∗, as in the Iversen and

Rasmussen data [10], with an exponent between 1.8 and 2.0 (figure 3: full lines).
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d (points) and the analytical approximation (37) (full line). Note the
√
d scaling at

small d (dashed line), and the d3/4 at large one (pointed line).

The scaling of the flux with the grain diameter d is shown in the figure 5, which

represents the maximum value of the rescaled flux as a function of d, together with the

analytical prediction (37) (full line). For small grains the scaling is
√
d, whereas for

larger ones is around d3/4. Both curves were also plotted for comparison. This kind of

scaling was also obtained analytically by Owen [12].

4. Comparison between the actual simulated dunes and the Moroccan

dunes

In order to simplify the actual sand transport expression of the sand dune model

developed by Sauermann, Kroy and Herrmann [18], and later improved by Schwämmle

[23], we substitute the non-linear Sauermann sand flux formula (table 1) by the linear

approximation derived here. We also generalize the Sauermann sand flux parameters

zm, z1 and α to include the fluid and grains properties (inspired by the previous work of

Andreotti [6]). However, it was pointed out before that when a focal point is assumed,

for instance r = 1, there is a upper limit for the shear velocity (u∗ ∼ 1.2m/s) above

which our linear approximation is not valid. Since these values can be obtained in

simulations when wind is accelerated in front of steep obstacles, we assume as a first

approximation no focal point (z̄ = 0), in which case the sand flux formula (32) is like

Owen’s prediction and scales as u3
∗ at large u∗ (dashed lines in the figure 3).

Figure 6 shows the width-height relationship for simulated aeolian barchans (black

points) using 250µm diameter sand grains and an upwind shear velocity u∗ = 0.4 m/s.

We also show the data of the barchans measured by Sauermann in Morocco [24] (white

circles). Since we recover the original scaling of Sauermann [25], the predictions of the

dune model with the new parameters, can be extended to different physical conditions.

Furthermore, figure 7 shows a more detailed comparison between the longitudinal

(c) and transversal (d) central slices of a 6 m high measured barchan (b) and a simulated
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Figure 6. Height and width relationship of the measured dunes in Morocco by

Sauermann (white circles) and of the simulated dunes (black circles) with the linear

regression.

Figure 7. Comparison between the longitudinal (c) and transversal (d) central slides

of a 6 m high measured barchan (b) and a simulated one (a). Dashed-lines slices

correspond to a measured barchan, whereas the full lines to a simulated one.

one (a). The dune (a) was simulated using open boundary conditions and has the same

size of the measured one (b), it was not scaled. Note that both dunes compare well

except at the horns.

5. Conclusions

A new sand flux model was derived which introduce a tentative explanation for the

different scalings on u∗ found in previous works. Our model leads to a simple linear

equation for the sand flux that contains the main features of previous experimental and

numerical findings. It also fits well the wind tunnel data of Rasmussen and Iversen
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[10, 19], using which, along with some scaling relations introduced by Andreotti [6], we

calculated the dependence of the model parameters on the grain and fluid properties

such as density, gravity, viscosity and diameter. These dependences are crucial for the

modelization of dunes in different physical conditions, like in the Mars atmosphere,

inside water or simply to study the effect of the grain diameter on the dune morphology.

When no focal point is assumed, a linear version of the Sauermann model is

obtained, which is introduced into an established sand dune model [18]. We also tested

that the dunes simulated with the new parameters reproduce the Moroccan dunes data

measured by [24].
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