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Results on the simulation of a granular polygonal packing subjected to biaxial test conditions are presented
in this contribution. The first stage of strain accumulation has been investigated, finding a strong correlation
between contact sliding, grain rotation and strain accumulation. A detailed study of the evolution of sliding in
the sample has been carried out. The existence of localization has been also proven to be strongly hindered by
the use of hard walls in the biaxial chamber.

1 INTRODUCTION

Localization and shear-band formation in granular
materials are related phenomena with deep implica-
tions in geophysics, for they are ultimate responsi-
ble for natural hazards like landslides. In the field
of soil mechanics, their nature, origins and evolution
are often systematically investigated by means of bi-
axial and triaxial tests. In these experiments, a cer-
tain stress state is imposed on the sample by means
of mobile plates. In the triaxial test, a flexible mem-
brane maintains the sample together while imposing a
hydrostatic pressure on the lateral direction, whereas
two hard plates at the top and the bottom impose a
certain axial stress. In the pure biaxial test, there is no
such membrane around the sample. The experimental
device consists in this case of four hard walls perpen-
dicular to a fixed base imposing a two-dimensional
stress state.

The main purpose of this contribution is the inves-
tigation and characterization of different factors in-
fluencing the localization, and therefore the way in
which the material deforms. We have carried out sim-
ulations of a polygonal packing of particles, as a sim-
ple model of granular matter. The influence of the
number of particles has been investigated, for it is
expected to be relevant in the formation of a shear
band (Tillemans and Herrmann 1995). Following pre-
vious works (Aström et al. 2000), the time evolution
of the sliding contacts in the first steps of the for-
mation of a shear band has been studied. As pointed
out by Aström et al., a succession of sliding and rota-
tions of the particles is found during the experiment.
These authors related this fact to the formation of
some bearings in the shear band. In this contribution
we will focus on the effect of rotations and contact
sliding on the first steps of strain accumulation that
the material is experiencing.

2 DESCRIPTION OF THE EXPERIMENT
A system of soft particles in a two dimensional biax-
ial chamber has been simulated (see Figure 1). Gran-
ular deformation is mimicked by letting the particles
overlap, and imposing a repulsive force proportional
to this overlapping (Cundall 1971). The grains are
modeled by convex polygons extracted from a reg-
ularized Voronoi tessellation. A compact sample is
obtained, by homogeneously compressing the system
through its four walls. An elastic force proportional
to the overlapping is imposed in the center of mass of
each grain overlapping the wall. Each contact exerts a
visco-elastic force on the two touching particles given
by

~f c = ~f e + ~f v, (1)

where ~f e and ~f v are the elastic and viscous contribu-
tion. The elastic part also splits in two components,
normal and tangential to the contact line:

~f e = f enn̂
c + f et t̂

c. (2)

Where n̂c = (~ri − ~rj)/|~ri − ~rj| is the unitary vector
pointing from the center of mass of particle j to parti-
cle i and t̂c = uz × n̂c (uz is the unitary vector in the
direction perpendicular to the plane of motion of the
disks). Coulomb friction is introduced in all contacts
as follows: In terms of the tangential (whose spring
constant is kt) and normal spring (constant kn), the
elastic force in the respective direction is calculated.
A viscous force is also introduced proportional to the
relative velocity. With these two components, we ob-
tain a normal force and a tentative tangential force. If
the tangential part does not fulfill Coulomb criterium,
i.e. if ft ≥ µfn, the tangential force considered for the
calculation is ft = µfn, and the contact starts sliding.



Figure 1. Biaxial cell. The stress state is imposed in the sam-
ple through four mobile walls. The axial stress is kept constant,
while we increase the horizontal stress. The changes on the di-
mension of the box allow to measure the strain accumulation.

Since we will remain in the quasi-static limit, only a
static friction coefficient is required.

The experimental procedure is the following: First,
the system is homogeneously compressed until the
pressure P0 is reached, the axial stress is slowly in-
creased following the law:

σ1 = P0, σ2(t) = P0 [1 + ∆σ · f(t)] . (3)

Different functions f(t) can be implemented. We have
selected a very slowly varying function, given by:

f(t) = 0.5×
(

1− cos
(

2πt

ta

))
, (4)

where the period ta considered is ta/
√
knρ/λ2 = 107,

being ρ the density of the sample and λ the length of
the Voronoi’s cell. The lateral stress is kept constant,
but the wall can move, so that some strain accumu-
lation is expected in the system. We will be measur-
ing this evolution of the strain. The permanent strains
in the principal directions can be easily calculated in
terms of the dimensions of the system:

ε1(t) =
Lx(t)

L0
x

, ε2(t) =
Ly(t)

L0
y

, (5)

where Lx/y(t) is the length of the system at the time
t, whereas L0

x/y is the length at the beginning of the
experiment in the corresponding direction. The devi-
atoric strain, γ, is defined in terms of the principal
strains:

γ = ε1 − ε2. (6)

Especially interesting for our purposes is the evo-
lution of the number of sliding contacts (Ns) and the
mean rotation of the grains as the strain accumulates.
We are interested in the existence of localization in
the first step of the deformation. The idea is namely
to investigate how the system starts to deform in a bi-
axial test as the stress increases. This requires us to
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Figure 2. Results of the simulation of a system of polygons with
µ= 0.25, kn = 160MPa, kn/kt = 0.33 and different number of
particles. The relative number of sliding contacts ns =Ns/Nc is
plotted against time. (Nc is the total number of contacts, respec-
tively).

stay in the range of very small deformations (Combe
and Roux 2000).

The evolution of the number of sliding contacts is
shown in Figure 2 for three different system sizes. In
all the shown cases, the same kind of behavior is ob-
served: The number of sliding contacts increases in
time, but this evolution is interrupted from time to
time by some events, in which the number of sliding
contacts decays abruptly. The recurrence of this phe-
nomenon has been checked for different time steps of
the simulation and also for different functions f(t) (as
described in Eq. 4). In some of these drop-offs, all the
contacts stop sliding, whereas in others the number of
sliding contacts is considerably reduced, but remains
bigger than zero. In more detail, the sequence is the
following: At the start, the number of sliding contacts
grows steadily as the stress increases. Above a cer-
tain value, there is a sudden decrease on ns. After this
change, the number of sliding contacts remains low
for a while before starting a faster increase in time
that will lead to a ns over the value reached previ-
ous to the collapse. Observe that the frequency with
which these abrupt changes in ns occur increases as
the experiment continues. The number of sliding con-
tacts can grow after each drop-off beyond the value
previous to the fall. Note also that the time at which
the first event occurs is later for bigger systems. It is
also observed that the cases in which there is a par-
tial decay of ns, the value of sliding contacts remains
low for a shorter period of time than in the drop-offs
where ns decays to zero.

Figure 3 shows the relationship between sliding and
the rotations in the system indicated by Aström et
al. (Aström et al. 2000). During the experiment, each
grain rotates a certain angle θi(t). We have calculated
the mean angle rotated by the grains at a certain time
Θ(t). This average is plotted on the second axes of
Figure 3, while on the primary axes we show the time
evolution of the relative number of sliding contacts at
the same point of the experiment. The strong changes
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Figure 3. Evolution of the relative number of sliding contacts
and the mean angle through which the particles have rotated. The
simulational details are similar to those of Figure 2 with µ= 0.2
and N = 400.

in ns described in the previous paragraphs correlate
very well with a strong increase of the rotations of the
system. The figure clearly indicates a strong correla-
tion between the cease in sliding, and the rotation of
the grains. The sense in which the grains rotate in this
situation seems to be random.
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Figure 4. Correlation between the behavior of ns and the strain
accumulation. The inset shows in detail that also smaller drop-
offs are related to a change in the evolution of γ. The simula-
tional details are those of Figure 3.

In Figure 4 we want to stress the relationship be-
tween the behavior of the sliding contacts and the
strain accumulation γ. We observe a direct relation-
ship between the increase of γ and the decay in ns,
which is more evident for the strongest decays, but is
also observed in the smaller collapses (see the inset of
the graph). Between collapses, as ns is increasing, γ
grows almost linearly with the stress.

The results shown in Figures 3 and 4 indicate the
following picture of what is happening in the sys-
tem. As the stress slowly increases, the system does
not change appreciably its spatial configuration. At
this point there is not creation or destruction of con-
tacts. The changes of strain occur in the existing con-
tacts: some of them start to slide, while the contacts
that are already sliding continue sliding. This situa-

tion correspond to a steady increase of the strain γ.
It is important to remember that our boundary condi-
tions are fully mobile hard walls. The small change
in the strain is due to tiny changes in the position of
these walls, caused by the sliding of the system. This
small deformation-rate stage leads at some point to
a restructuring of the system which suddenly causes
a rapid movement of the walls (namely, the sudden
jumps of γ). In this new situation, the system suf-
fers, from one time to the next, a stress relaxation. The
grains can rotate, and the contacts stop sliding. In its
new configuration, the process starts again, the exist-
ing contacts start sliding and the system accounts for
small deformations due to this sliding. This will lead
to a new configurational change, and the process will
begin again. The system gets more dense after each
of this collapses, which agrees well with the observed
fact that the maximum value that the number of slid-
ing contacts before a new drop-off increases event by
event.

Figure 5. Histogram of the frequency of occurrence of the col-
lapses, measured through the waiting time for the drop-offs in
the relative number of sliding contacts. Each of the histograms
corresponds to a different µ, as stated in the graph. The simula-
tions correspond toN = 625, kn = 160MPa, and kn/kt = 0.33.

Let us come back to Figure 2. The changes in
ns seem to happen with a certain characteristic fre-
quency. We have measured the waiting times between
the changes and we have calculated the histograms
of waiting times. They are shown in Figure 5. Their
shape indicates the existence of a characteristic fre-
quency of occurrence of the collapses. This is more
clearly observed in the more frictional samples, for
the distribution function of the frequencies narrows
as friction grows. At the same time that this hap-
pens, the mode of the distribution moves towards the
origin. Figure 6 shows this frequency for different
friction coefficients. It clearly decreases as the fric-
tion coefficient grows up to a certain value around
µ = 0.7. Above this friction, the most probable fre-
quency seems to be approximately independent of µ.

Another point that we want to address is the lack
of localization. In none of our experiments (with sys-
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Figure 6. Dependence of the characteristic frequency of occur-
rence of the drop-offs on ns with friction. The simulational de-
tails are those of Figure 5.

tems up to 3600 polygons) a clear shear band was ob-
served. There are, however, some stages of the test in
which a shear band seems to appear, see Figure 7, but
it is very unstable and it quickly disappears as soon as
one of the drop-offs on ns occur.

3 CONCLUSIONS
A stress-controlled quasi-static loading test on a gran-
ular polygonal packing has been presented. A direct
relationship between the way in which strain is accu-
mulated and the behavior of the sliding contacts has
been found. As the stress imposed on the sample in-
creases, the strain and the number of sliding contacts
gradually increases. It can be then observed a local-
ization of the deformation on an incipient shear band
(Figure 7). At some point, the strain accumulation
shows some discontinuous jumps in which the num-
ber of sliding contacts in the sample decays almost to
zero. After this stress relaxation, the grains can move
more freely and the kinetic and rotational energies in-
creases one order of magnitude. These drop-offs of
the sliding contacts seem to appear with a character-
istic frequency strongly dependent on friction.
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