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ABSTRACT: We consider analytically an assembly of disks with linear force laws in the quasi-static limit, and
explain the shape of the stress-strain curves usually obtained in simulations of cyclic loading. First, the variation
in the number of sliding contacts over one cycle is explained. Then a relationship is established between the
number of these contacts and changes in stiffness of the assembly by requiring the work done on the sample to
be equal to the energy stored or dissipated at the contacts.

1 INTRODUCTION
Much recent work has been devoted to connecting the
continuum behavior of soils to the micromechanics
of granular assemblies. To this end, numerical mod-
els of standard soil mechanics tests have been per-
formed an analyzed. One common choice is the bi-
axial box (Alonso & Herrmann 2004; Luding 2004;
Garcı́a-Rojo et al. 2005; Peña et al. 2005). Inspired
by this work, we show in this contribution an analyt-
ical way to link the macroscopic results of these tests
with the micromechanics.

We will consider a biaxial box, where a granular
sample composed of disks is enclosed in a rectangu-
lar box of dimensions Lx × Ly, with forces Fx and
Fy exerted on the walls. The experiments are stress-
controlled, that is we fix Fx and Fy and measure Lx
and Ly. The forces are

Fx = P0Ly, Fy = Lx [P0 + ∆σ(t)] , (1)

where P0 is the pressure exerted on the sample. ∆σ(t)
is chosen to be sinusoidal, with a frequency small
enough so that the motion is quasi-static. Further-
more, we assume that ∆σ(t) is small enough so that
the strain remains small, and the change in the config-
uration of the disks can be neglected.

A typical stress-strain curve is shown in Figure 1.
Here, γ is the deviatoric stress, and ∆σ is the devia-
toric strain:

∆σ =
Fy
Lx
− Fx
Ly
, γ =

Ly
Ly0
− Lx
Lx0

, (2)

(where Lx0 andLy0 are the lengths of the system at the
beginning of the simulation). During one cycle, the
system traces out an almond-shaped path that is sym-
metrical about its long axis. Careful examination re-
veals that both sides can be fitted with parabolas. The
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Figure 1. The stress strain curve traced out during one cycle of a
loading cycle. The sample consists of 400 disks.

slope of the curve in Figure 1 is the tangential stiffness
of the sample. This figure shows that the sample has
a maximum stiffness just after each extremum of ∆σ.
Then the stiffness falls linearly with deformation until
the next extremum. The stiffness has almost the same
rate of change in the loading and unloading parts of
the cycle.

In this contribution, we explain some of these ob-
servations. We first note that a reversal of strain causes
all contacts to become non-sliding. Then, we ex-
plain why the number of sliding contacts should grow
monotonically as long as the strain does not change
sign. This leads to the conclusion that the appearance
of sliding contacts causes a reduction in the stiffness.
We then show how to derive a microscopic expression
for the stiffness from the energy balance. This permits
us to explain why the appearance of a sliding con-
tact usually reduces the stiffness. We then conclude
by discussing the contribution of this work toward a
deeper understanding of granular materials.



2 PARTICLE INTERACTION MODEL
We suppose that the grains interact through cohesion-
less repulsion and Coulomb friction. When two grains
first touch, two springs are created, one in the tangen-
tial and the other in the normal direction. The springs
obey Hooke’s law so that the normal and tangential
contact forces Fn, Ft are proportional to the spring
elongations Dn, Dt:

Fn = −KnDn, Ft = −KtDt, (3)

where Kn and Kt are the spring constants. Here,
Fn > 0 is interpreted as pushing the particles apart,
and Dn < 0 occurs when the particles overlap. The
absence of cohesion and Coulomb friction imposes
two conditions on the forces:

Fn ≥ 0, Fs ≡ µFn− |Ft| ≥ 0. (4)

The constant µ is the Coulomb friction coefficient.
These conditions will be enforced by placing condi-
tions on Dn and Dt, as explained below. A contact
with Fn = 0 is called an “open” contact: the two parti-
cles are no longer touching each other. A contact with
Fs = 0 is a “sliding” contact, and contacts with Fs > 0
are called “non-sliding”.

The springs are stretched by the relative motion of
the particles, as long this does not violate any of the
conditions in Eq. (4). When the contact is non-sliding,
any motion is possible for short enough times, so one
has

dDn

dt
= Vn,

dDt

dt
= Vt, (5)

where Vn and Vt are just the relative velocities at the
point of contact:

Vn = (~vi − ~vj) · n̂n̂,
Vt = (~vi − ~vj) · t̂t̂+ riωi + rjωj, (6)

where ~vi, ωi, and ri are the velocity, angular velocity
and radius of particle i, and i and j label the touching
particles.

Now let us consider how to handle sliding contacts.
It is helpful to define

Vs = µ
Kn

Kt
Vn + Vt sgnDt. (7)

If Vs < 0, then Eq. (5) can be applied, as this leads
to Fs > 0. In this case, the contact changes its sta-
tus from sliding to non-sliding. On the other hand, if
Vs > 0, applying Eq. (5) leads to a violation of Eq. (4).
Therefore, the spring elongations much change in
such a way Ds remains 0. This can be accomplished
if we use the first equation in Eq. (5) but replace the
second with

dDt

dt
= −µKn

Kt
Vn sgnDt. (8)

We emphasize that sliding contacts must always have
Vs ≥ 0, since Vs < 0 causes the contact to become
non-sliding. This crucial point is used needed for two
important arguments later in this paper.

Once the contact forces are known, the net force ~f
and torque τ on each particle can be computed:

~f =
∑

α

Fα,nn̂α + Fα,tt̂α,

τ = r
∑

α

Fα,t, (9)

where the sums are taken over all the contacts that the
concerned particle makes with its neighbors, and r is
its radius.

3 MATRIX FORMULATION
It is useful to consider the proceeding equations in
matrix form. To do so, we must gather the various
quantities into vectors. The forces are organized as
follows:

f =




f1,x

f1,y

τ1
...

fN,x
fN,y
τN




, F =




F1,n

F1,t
...

FM,n

FM,t



. (10)

Here N is the number of bodies (the four walls plus
the particles) whose motion must be considered, and
M is the number of contacts between these bodies.
In the same way, the velocities and spring elongations
are gathered into the vectors v, V, and D.

Eq. (9) can now be written

f = cF, (11)

where c is the contact matrix (McNamara & Her-
rmann 2004). Its components contain the normal and
tangent unit vectors In a similar way, Eq. (3) can be
written

F = −KD, (12)

where K is a diagonal matrix containing the spring
constants. Eq. (6) can be written as

V = cTv, (13)

where cT is the transpose of c (Roux 2000).
Finally, the relation between D and V in Eqs. (5)

and (8) requires careful treatment, due to the different
possible contact statuses.

dD
dt

= SV. (14)

The matrix S is adjusted according to the status (slid-
ing or non-sliding) of the contacts. It is a block diag-
onal matrix, with one 2× 2 block for each contact. If
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Figure 2. The fraction Ms of the contacts that are sliding, as a
function of cycle number. Note that just a bit more than one cycle
is displayed.

the contact is non-sliding, the corresponding block S
is simply the identity matrix. If the contact is open,
S = 0. If the contact is sliding, the block is

S =

(
1 0

−µKn
Kt

sgnDt 0

)
. (15)

4 STATIC EQUILIBRIUM
In static equilibrium, we require the contact forces to
balance any externally applied forces:

fext = −f. (16)

In our case, the fext just contains the force exerted on
the walls, which are just considered as grains with
many contacts. Differentiating Eq. (16) with respect
to time, and using Eqs. (11) through (14), we obtain

dfext

dt
= cKScTv. (17)

In deriving this result, we have also assumed that the
configuration of the grains changes very little, so that
c can be taken as a constant. In addition, Eq. (17) de-
scribes only quasistatic movements, as Eq. (16) was
used to derive it.

Eq. (17) shows that the particle velocities are lin-
early related to the change in the load as long as
there is no change in contact status. This implies that
when the derivative of the external forces changes
sign (i.e. at the extrema of ∆σ), the particles reverse
their motion. But when the particles reverse their mo-
tion, the relative motion at all contacts is reversed
also, so that Vs in Eq. (7) changes sign. At sliding
contacts, Vs will become negative, so that all sliding
contacts will become non-sliding. Therefore, we pre-
dict that the number of sliding contacts will drop to
zero when the external forcing changes direction.

In Figure 2, we show the fraction Ms of sliding
contacts of cycle number. Ms plunges at t = 100,
t = 100.5, and t = 101, precisely when ∆σ attains
its maximum and minimum. At t = 100.5, Ms does

not vanish. There are two reasons why this may be so.
First of all, a contact is counted as sliding if Fs < ε,
so very weak contacts, with Fn, Ft ≤ ε, will always be
counted as sliding. A second possibility is that disap-
pearance of the sliding contacts changes S enough so
that some contacts become sliding again.

Eq. (17) also explains why Ms rises nearly mono-
tonically between the extrema of the force. For a con-
tact to change from sliding to non-sliding, Vs must
change sign. This can happen only with a sufficient
large change in the solution v of Eq. (17). However,
the only part of the matrix cKScT that changes is S,
when contacts change status. As long as Ms remains
small, it is unlikely that S will change enough to re-
verse Vs. This explanation is supported by the obser-
vation that when Ms oscillates only as it approaches
its maximum, i.e. when S has changed the most from
its initial value.

5 ENERGY BALANCE AND STIFFNESS
Now let us consider the power injected into the sam-
ple by the forcing. This is simply

P = Fx
dLx
dt

+ Fy
dLy
dt

, (18)

The power can also be extracted from Figure 1, since
the energy dissipated by one cycle is proportional to
the area enclosed by the stress-strain path. This can be
shown by using the definitions in Eq. (2) and assum-
ing that the volume LxLy remains constant.

The work done while deforming the sample from
γ0 to γ1 is

W =
∫ γ1

γ0

∆σ(γ)dγ. (19)

The power is just the time rate of change of the work:

P = γ̇∆σ(γ), (20)

where γ̇ is the time derivative of γ. Now the stiffness
k can be calculated from the power:

k =
d∆σ

dγ
=

d

dγ

(
1

γ̇
P

)
. (21)

But the power can also be calculated microscopically,
within the assumptions leading to Eq. (17), namely,
that the contact statuses do not change, and c can be
taken as a constant:

P = −F ·V = (KD) ·V. (22)

Now let us introduce

V∗ =
1

γ̇
V, v∗ =

1

γ̇
v, (23)

so that V∗ and v∗ are analogous to V and v except
that they are derivatives of position with respect to γ



instead of t. Now we have a microscopic expression
for the stiffness:

k =
d

dγ
[(KD) ·V∗] . (24)

To proceed further, note that we have
dD
dγ

= SV∗, and
dV∗

dγ
= 0. (25)

The first equation follows from multiplying Eq. (14)
by γ̇ and using the chain rule. The second result fol-
lows because γ is not an independent variable in the
same way as t. If r is a vector containing the positions
of all the grains and the walls, then γ is simply a com-
bination of certain components of r: γ = Γ · r + γ0,
where Γ is a constant vector and γ0 is a constant. But
V∗ is also related to this same vector r:

V∗ = cTv∗ = cT
(
dr
dγ

)
. (26)

Now dr/dγ will be a constant, independent of r and
γ. Differentiating again by γ will give dV∗/dγ = 0.
With the two results in Eq. (25), Eq. (24) becomes

k =
dP

dt
= K(SV∗) ·V∗ = V∗T (KS)V∗. (27)

Now let us suppose that a single contact becomes
sliding at ts, and let us compare the stiffness just be-
fore ts with the stiffness just after. The change in stiff-
ness is

∆k = VT (K[S′ − S])V, (28)

where S′ is the status matrix after the contact becomes
sliding. Most of the components of S′− S vanish, ex-
cept for the block corresponding to the sliding con-
tact. This block is

(S ′− S) =

(
0 0

−µKn
Kt

sgnDt −1

)
. (29)

In addition, only the components of V concerning the
sliding contact enter into the calculation. The result is

∆k = −KtVtVs sgnDt. (30)

Since this equation concerns a contact which has
just changed its status from non-sliding to sliding,
we must have Vs > 0. Recall that Vs < 0 implies
that the contact would become non-sliding. Since
Kt > 0 also, the sign of ∆k is determined by the
sign of Vt sgnDt. When Vt sgnDt > 0, the stiffness
decreases, and the sliding contact causes the sam-
ple to soften. When Vt sgnDt < 0, the sample hard-
ens. Therefore, to explain the decrease in the stiff-
ness, one must understand why Vt sgnDt is more of-
ten positive than negative. A first response to this
question is given by Figure 3. This figure shows that
the regions of the (Vn, Vs) plane where sliding con-
tacts have Vt sgnDt > 0 are larger than those where
Vt sgnDt < 0. Therefore, on average, the appearance
of sliding contacts will lead to a softening of the sam-
ple.

non−sliding

Vs < 0

softening

softening

Vt  sgn Dt

Vn

Vs > 0

Vs = 0

non−sliding

non−sliding

hardening

Figure 3. Why sliding contacts that cause softening are more
common than those that cause hardening: Hardening contacts
are only found when Vt sgnDt < 0 and Vs > 0. The dotted line
shows Vs = 0; its equation is Vn = − (Kt/[µKn])Vt sgnDt.

6 CONCLUSION
This work suggests several avenues for future work.
It seems important to understand why the asymme-
try between the loading and unloading is much more
marked in Figure 2 than in Figure 1. This observation
shows that each sliding contact cannot be assumed
to contribute equally to the stiffness. Insight into this
question could be gained by plotting the sliding con-
tacts on a graph such as Figure 3. The slope of the
dotted line in Figure 3, (Kt/[µKn]) may also be an
important quantity.

Assumptions of this work, such as the linearity of
the force law, also need to be examined. This is impor-
tant since experiments and most simulations (includ-
ing those shown in this article) use nonlinear force
laws. Nevertheless, it is hoped that this work will
deepen our understanding of the quasi-static defor-
mation of granular materials, and guide researchers
toward more illuminating analyses of their data.
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