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Abstract 

In order to reliably simulate particle-fluid mixtures on the particle scale, this paper presents 

the validation and a comparison of two computational methods based on solving the 

Navier-Stokes coupling with a discrete model for particles.  

The fluid models are based on a Navier-Stokes solver around each particle (Direct model) 

and on a volume-averaged Navier-Stokes solver with a Drag law (Drag law model). After a 

short review of the models, we validate and compare them by the two following cases: 

Periodic Stokes flow through porous and Sedimentation with analytical expressions and 

empirical laws. The purpose is to show the advantages and limitations of the two models. 

We show that the Drag law model is very efficient in CPU time and requires less memory 

consumption than the Direct model, but is restricted to the dense media. 
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1. Introduction 

Many problems in industry and science involve granular media interacting in a fluid. In 

particular, we can quote the industrial separation of an insoluble solid from a liquid or gas,  

using fluidized beds or sedimentation. The analysis of these problems involves fluid 

mechanics, the Physics of granular media, Chemistry, applied mathematics and 

computational science.  

Various computational methods have been developed to simulate particle-fluid mixtures 

depending on the resolution scale. At larger scale than the particle diameter, two fluid 

continuous models [1], [2], [3] are popular in the engineering sciences. 

In these models, questions remain concerning the proper constitutive equation for the solid 

and the modelling of the momentum transfer between the solid and fluid phases. In 

general, the momentum transfer is modelled by a local drag force depending on the local 

relative velocity between the solid and the fluid, the Reynolds number and the local 

volume fraction of solid and fluid. 

This drag law is based on Ergun's law [4] giving the pressure drop in granular media for 

fixed and fluidized beds. 

In the following, we present some computational methods on the particle scale. 

The finite element and volume finite methods are very accurate but need remeshing with a 

very high computional effort [5], [6]. With today’s powerful computers it is not yet 

possible to simulate more than a few hundred particles. 

In order to avoid remeshing, uniform grids can be used giving an efficient computational 

method [7] ,[8], [9], [10], [11], [12], [13], [14], [15].  
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Recent computational approaches simulating the flow of fluid-solid mixtures, inspired by 

molecular dynamics, use a Lattice Boltzmann approach. These models have been applied 

to the simulation of a large number of particles in a fluid by various authors [16], [17]. 

 

After a short review of the numerical models, this paper presents the validation and a 

comparison of two numerical models based on solving the Navier-Stokes coupling with a 

discrete model for particles. We use a staggered grid for the fluid flow with a 

computational scale equal to the particle diameter (Drag Law Model) and smaller than the 

particle diameter (Direct Model). The purpose is to show the advantages and limitations of 

the two models. 

2. Numerical models 

We use a discrete model for the particle flow, inspired by molecular dynamics [18]. It 

computes the particle trajectories through non-dimensional Newton's law as follows: 
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where np is the number of particles, 
pim the mass of the particle ip, fg the gravity force,  fn 

and ft are the collision forces in the normal and tangential direction.  

The fluid and the particle are coupled by the hydrodynamic force fh as discussed in the next 

sections 2.1 and 2.2. The complete expressions of the other forces and algorithms are given 

in [15]. 

2.1. Direct Model 

We use the non-dimensional Navier-Stokes equations with a resolution scale h smaller than 

the particle size to solve the fluid flow around each particles: 
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at the particle surface. 

where Re is the Reynolds number defined by: Re = ρf Vs r/µf  and  pv


is the particle 

velocity. 

 

An explicit operator splitting, fractional-time-step method, first order in time and second 

order in space discretization are used in to solve the Navier-Stokes equation [19]. 

 

The time-step ∆tf for the fluid is given by the stability condition [19]: 
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The particle-fluid coupling (momentum transfer between the fluid and the particle) is 

directly calculated by integrating the stress tensor over the particle surface S and obtained 

from the hydrodynamic force fh given by: 
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The integral IS  is computed by decomposing the surface into the quadrangles 
qhQ : 
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To improve the accuracy of our previous work [15], we use a second order trapezoidal 

formula to compute the integral value. We determine the accuracy of the method in the 

section 3.1. 

2.2. Drag Law Model 

This model is derived from the two fluid continuous models commonly used in 

Engineering science.  The fluid flow is computed from the non-dimensional volume-

averaged Navier-Stokes equations as follow: 
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where ε is the local average volume fraction of fluid, ui is the average velocity of the fluid 

and p is the average pressure of the fluid. As these fields have only physical meaning as 

averages over volume on a scale of the particles radius, we take h=2r as computational 

scale. 

As for the Direct model, we use the same computational method based on the projection 

method. 

The particle-fluid coupling is described by a drag force fd and a pressure force term as 

follows: 

p

i

idih V
x

p
ff


   (10) 

where Vp is the volume of the particle and the drag force fd is given by: 
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fi is the source term for the momentum exchange contribution and is obtained by using the 

actio=reactio principle: 
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where 
pix is the position of the particle ip and nc is the total number of particles in the cell. 

In order to evaluate the fluid velocity field at the location of the particle, we interpolate 

linearly the fluid velocity using the 8 closest grid nodes: 
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where 321q x,x,xx  is a grid node position and 
qxw  is the weight associated with the 

particle position 
ipipipp 321i x,x,xx  given by: 
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By using the same weight, we obtain the following discrete expression for the source term 

fi at the grid node x
q
: 
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The same method is used to evaluate the local average volume fraction of the fluid at the 

location of the particle. 

3. Validation and comparison 

3.1. Fluid flow through a periodic porous media 

In order to estimate the accuracy of the hydrodynamic drag force computation as a function 

of volume concentration, we consider the case of a Stokes flow through a porous media of 

fixed spheres. As in our previous work [15], the simulation results are compared with 

Sangani’s analytical expression [20] of the non-dimensional drag K: 
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and the empirical based Ergun’s law [4] with Re<<1: 
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where  is the volume concentration of solid,  fh is the modulus of the hydrodynamic 

force, μf is the fluid viscosity and U is the mean fluid velocity. The simulations parameters 

are the same in [15]. 

As shown in Figure 1 The improvement of the numerical integration leads to an error in 

order 
23hO  instead of hO  in [15] where the error is defined by: 
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Figure 1. Error as a function of the mesh size h 

 

We see in Figure 2 the simulation of denser media  demands a mesh size that decreases 

with the volume concentration of solid. 

 
Figure 2. Hydrodynamic drag force K as a function of the volume concentration of solid 

 

The reason for these limitations comes from the fact that the denser the medium, the 

smaller are the pores through which the fluid can pass requiring a smaller resolution. 

For the Drag law model, simulations are in good agreement for the dense medium ( >0.4), 

but not for the intermediate and diluted medium where simulations more closely match, 

unsurprisingly, the empirical expression equation (18). 

We conclude that the Drag law model is more appropriate for the dense medium and the 

Direct model for the dilute and intermediate medium. 
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3.2. Sedimentation 

In the following, we compare the Richardson and Zaki [21] law with the simulations of a 

system of particles sedimenting in a fluid: 
n

0m 1Vv    (21) 

 

where V0 is the velocity of an isolated particle and vm is the mean velocity of particles. 

The physical parameters is given in the section 3.3. 

The simulations done with the Drag law model and the Direct model yield the law for 

different volume concentrations (see Figure 3). 

 
Figure 3. Mean sedimentation velocity as function of volume concentration. 

 

We see the simulation of denser media demands a mesh size that decreases with the 

volume concentration of solid. 

Due to this limitation, we conclude that the Direct model is more appropriate to simulate 

dilute or intermediate media ( <0.4). 

 

Figure 4 illustrates respectively the pressure and the velocity field of the flow in the region 

x3 =Lx3/2, 0 ≤ x1 ≤ Lx1/2 and 0 ≤ x2 ≤ Lx2/4. 

The depression zone corresponds to negative values of fluid pressure shown by Figure 4. 

 

The differences of particle locations between both simulations result from the 

underestimation of the hydrodynamic force of the Drag law model. 
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Velocity vector from the Direct model Pressure contour from the Direct model 

 
 

Velocity vector from the Drag law model Pressure contour from the Drag law model 

 
Figure 4. The left  and right part illustrate respectively the velocity vector and the pressure field of the fluid at  

x3 =Lx3/2, 0 ≤ x1 ≤ Lx1/2 and 0 ≤ x2 ≤ Lx2/4 with a mesh size h1 = 0.4r from the Direct model (above) and 

from the Drag law model (below). 

 

3.3. Benchmarks 

A typical case of a gas-solid simulation on a SUN Ultra SPARC workstation is given by 

the following physical parameters: 
3

f mkg2.1 , 
3

p mkg1500 , 
15

f mskg108.1 , m100d p . 

The dimensions of the simulation box are: r24L 1x , r72L 2x , r24L 3x . 

 

In this case a number of particles of np=500, a simulation of a physical time t=0.1s with 

h=0.4r takes about 82h of CPU time and 110 Mo of Memory for the Direct model software 
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and less than 13mn and less 0.5 Mo than for the Drag law model. We use a super computer 

for a smaller mesh size with the Direct model. 

 

4. Conclusions and future-work 

The applications allow to validate the Direct model and discern the limitations on the 

volume concentrations of solid, the mesh size, the memory and CPU time consumption. 

Due to the mesh size limitation, the Direct model is more appropriate to simulate dilute and 

intermediate medium. The simulation of the Direct model allows to find a good agreement 

with the analytical expressions for the hydrodynamic force of flow through porous media 

for intermediate volume concentrations of solid. The hydrodynamic drag is computed with 

an error of order 23hO . 

The simulation of the Drag law model is not accurate enough to find a good agreement 

with the analytical expressions of the hydrodynamic force of flow through porous media 

for intermediate volume concentrations of solid.  

We show that the Drag law model is very efficient in CPU time and requires less memory 

consumption than the Direct model, but is restricted to the dense media. 
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