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Abstract. The compaction of granular packings or soils is a collective process which for higher densities
becomes increasingly slower reaching glassy behaviour. We present a study of this problem from various
points of view, in particular we will represent the evolving force network that percolates through the system
by an inverse fiber rupture model.

PACS. 81.05.Rm Porous materials; granular materials

1 Introduction

A granular packing like the sand of a beach is a solid with
very peculiar properties. When such a packing is pressed
together, the grains will be slightly displaced changing the
contacts between each other. This change in the texture
under load produces a nonlinear and also otherwise rather
complex elastic response to an external force.

Experiments have been performed since a long time
within the community of soil mechanics [1] and more re-
cently also by physicists [2]. The easiest experimental set-
up is the uniaxial compression test. One observes for very
small strains (displacements) a strong deviation from a
linear elastic response. In this region, which for most ma-
terials is very small, the system hardens, i.e. the stiffness
increases dramatically (with a power larger than 6) [2].
Only after a certain compression one observes linear elas-
ticity, but when the load is decreased again, the system
shows an irreversible increase in its effective stiffness. Un-
der cyclic loading finally one finds hysteretic behaviour.
This complex scenario is presently only accessible through
a direct particle simulation which in fact is a very active
research field these days. It is the aim of this work to
concentrate only on the first regime, i.e. the hardening
of the granular system under small loads. We will present
an essentially one-dimensional model that can be partially
solved analytically in order to obtain more insight into the
constitutive behaviour and the acoustic emission response.

2 The fiber model

In a granular packing the forces are transferred from grain
to grain through their contacts which one can consider
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as nearly point-like. In this way the forces go along lines
which can branch at a grain. These force networks can
be experimentally visualized through photoelasticity by
using grains made of photoelastic material, putting them
between crossed polarizers and shining light through the
setup. When the packing is loaded and a certain grain is
stressed, it rotates the optical axis and lights up. In this
way the force network becomes visible as a beautiful light-
ened pattern. One can even observe in these photoelastic
experiments that, while the external stress is increased,
more and more force lines appear and that each force line
undergoes an erratic transformation before reaching a sta-
tionary state at high enough load in which all the grains
light up equally [3].

We want to propose in this paper a model for the
hardening of the individual force lines during compression
by using an analogy to the fiber models used in rupture
mechanics to describe the failure of fibrous materials
or fiber-reinforced composites [4,5]. These models sup-
pose that the system consists of parallel fibers with
random thresholds and each time a fiber fails under the
increasing tension, the load it carried must be shared
by the remaining fibers. Our model for hardening force
networks inverts this situation. The individual lines of
the network are considered as fibers which instead of
rupturing under tension do harden under pressure due to
contact rearrangements. Since many rearrangements are
typically possible, the best analogon to be studied is the
continuous-damage fiber model [6,7] where a single fiber
can be damaged many times.

Our model is defined in the following way: The force
lines are considered to be parallel lines arranged in a
square lattice geometry. On each line we place a random
threshold stress d at which one contact along this fiber will
restructure, typically making the force line more straight
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and stiffer. Therefore, at this value of stress, the stiffness
of this force line increases by a factor a. At the same time,
a new threshold stress is chosen which typically but not
always is larger than the previous one. In order to imple-
ment this precisely, we choose the value of the threshold
stress from a given cumulative distribution Pk( d

dc
) at the

k-th rearrangement event of the force chain. dc is the typ-
ical value of the threshold stress and increases with k as
dc = dk

0 . In this way, each time a force line rearranges,
its stiffness is multiplied by a and the effective but ran-
dom threshold is multiplied by d0. The ratio τ = a/d0 is
a very important parameter in this model because it de-
cides whether a force chain becomes more fragile (τ > 1)
or more ductile (τ < 1) after restructuring, which is es-
sentially material-dependent, since it is controlled by the
stability of the contacts.

In addition, we assume that the force chains can only
restructure a finite number of times, at most kmax. It is
our aim to study this model numerically and analytically
and to obtain the macroscopic response (constitutive law)
and the statistics of rearrangement events.

3 Constitutive behaviour

The relation between the stress σ and the strain ε is given
by

σ(ε) =
kmax−1∑

i=0

aiε[1− Pi(aiε)]

×
i−1∏
j=0

Pj(ajε) + akmaxε

kmax−1∏
i=0

Pi(aiε) . (1)

For the case τ = 1, the stress and the threshold stress
increase with exactly the same prefactor. Therefore, the
cumulative distribution for restructuring the k-th time is
independent of k and consequently the same for all the
fibers and only depends on the strain Pk(akε) = P0(ε).
Then the constitutive law becomes

σ(ε) = ε(1−P0(ε))
kmax−1∑

i=0

aiP0(ε)i+akmaxεP0(ε)kmax . (2)

To proceed with the calculation, one has to specify the
function P0(ε). If one chooses the distribution to be ho-
mogeneous, then P0(ε) will be linear in ε because it is
a cumulative distribution. Summation can be performed
for any P0(ε). Inserting this in equation (2) and assuming
kmax tending to infinity gives

σ(ε) = ε(1− ε)
1

1− aε
. (3)

The stress diverges at εc = 1
a such that aP0(ε) = 1. The

critical exponent of the asymptotic behavior near εc

σ(ε) ∼ (εc − ε)ν (4)
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Fig. 1. Constitutive behavior of the model for different values
of kmax and τ . The cumulative Weibull distribution Pk(d) =

1− e
−
(

d

dk
0

)m

, with m = 2 and d0 = 2 was used.

can be calculated as

ν = lim
ε→εc

lnσ(ε)
ln (εc − ε)

= −1 . (5)

This result is also valid for other distributions, while
the critical value εc changes. For a cumulative Weibull
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distribution Pk(d) = 1−e
−
(

d

dk
0

)m

a value of critical strain

εc =
(
ln

(
a

a−1

)) 1
m

was obtained.

In Figure 1 we see the constitutive behaviour as
obtained numerically using the Weibull distribution. For
τ = 1 the stress diverges and following equation (4) it
goes like (εc − ε)−1. This divergence however does not
go to infinity for finite kmax, but reaches at very high
stresses an elastic behaviour of modulus akmax . The curves
of Figure 1 resemble those measured in the experiments
cited above [2].

4 Restructuring statistics

Each time a force line restructures and a new random
threshold is chosen, the same force line can fail again if the
threshold has been chosen below the applied value. Since
this can happen many times in a row, entire avalanches of
restructuring events can occur on a single force line before
any of the other force lines is modified.

Let us denote by Nk,s(ε) the number of times a force
line has a reordering avalanche of size s after having un-
dergone already k previous rearrangements. Then one can
write

Nk,s(ε)
N0

=
k−1∏
j=0

Pj(ajε)
dPj(ajε)

dε

s−1∏
i=1

Pi(aiε)(1− Ps(asε))

(6)
for s ≤ kmax − k − 1 and

Nk,s(ε)
N0

=
k−1∏
j=0

Pj(ajε)
dPj(ajε)

dε

s−1∏
i=1

Pi(aiε) (7)

for s = kmax − k, where N0 is the total number of force
lines. For τ = 1 one can solve these equations.

Summing up the function Nk,s(ε) over k and integrat-
ing over ε gives the distribution D(s) of avalanches of size
s, occurring at any number of events and any strain. For
the case τ = 1, it is again possible to calculate this quan-
tity analytically. One obtains

D(s) =
kmax−s∑

k=0

∫ εc

0

dP0(ε)
dε

P s+k−1
0 (ε)(1− P0(ε))dε

+
∫ εc

0

dP0(ε)
dε

P kmax−1
0 (ε)dε ,

D(s) =
kmax−s∑

k=0

∫ 1

0

P s+k−1(1− P )dP

+
∫ 1

0

P kmax−1dP = s−1 . (8)

In Figure 2 we see the numerical results for D(s) for
different τ and kmax. In the case τ = 1, the data fall on
the law of equation (8) until a threshold which increases
with kmax. For τ �= 1, the distributions are not power laws
any more.
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Fig. 2. Distributions of local restructuring events for different
values of τ .

5 Conclusion

We have presented a simple model of parallel force lines
which harden under load due to restructuring events. If the
increase of stiffness and the increase in the restructuring
threshold stress are equal, the model can be solved ana-
lytically. We find realistic nonlinear stress-strain relations.
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The distribution of restructuring events which actually
can be monitored via acoustic emission follows a power
law only in the analytically solvable case τ = 1. More
details about the model will be given in [8].
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