
Granular Matter 3, 15–18 c© Springer-Verlag 2001

Structures in deformed granular packings
Hans J. Herrmann

Abstract The deformation of granular packings typi-
cally produces shear planes. We study the internal
structure of such a shear plane and investigate the segrega-
tion and fragmentation of the grains. The most important
question is to explain the finite width of the shear planes
and we will give an argument to estimate this width.
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1
Introduction
The deformation of granular packings is of fundamental
importance to soil mechanics. The classical description for
such a deformation is given by the so-called non-associate
Mohr-Coulomb plasticity theory as introduced by Drucker
and Prager in 1952. Rudnicki and Rice [2] showed that ex-
cept for the special case in which the friction angle equals
the dilatancy angle (associate condition), a spatial insta-
bility shows up in the form of a mathematical bifurcation
which physically means that essentially due to strain soft-
ening, the deformation rate concentrates on planes. These
planes are called shear planes or shear bands. They are like
the ductile analogon of a rock which without hydrostatic
pressure would become fragile and crack. The theory pre-
dicts a mathematical plane that means a plane with zero
width.

All observations however show that the shear bands
have a finite width of about 10 measured in grain diame-
ters. This finite width naturally changes the macroscopic
mechanical response of the packing as compared to the
prediction of a theory. For this reason there has been in
the last years a strong research activity on the one hand
to understand and explain the finite width and on the
other hand to incorporate into the existing plasticity the-
ory a tool that would produce shear bands of finite width.
In fact three different approaches have been suggested to
introduce this length scale into the continuoum theory:
Nonlocal elasticity, gradient elasticity and Cosserat elas-
ticity. All of these theories are heuristic and a microme-
chanical justification is still lacking. We want to discuss
in this paper a model to calculate the finite width of the
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shear band from the microscopic configurations, i.e. on the
level of the grains and their contacts.

2
On the width of the shear band
Sheared granular packings under hydraulic pressure do
not deform homogeneously but along planes called “shear
bands” [1]. Within the classical plasticity theory used in
soil mechanics (non-associate Mohr Coulomb) these bands
have zero width as obtained as a bifucation in stability
analysis [2]. It is, however, well known that experimental
[1] and numerical [3, 4] shear bands have a finite width
typically of the order of 8 to 12 grain diameters. It has
been since ten years one of the major problems in soil
mechanics to understand this number and to correct the
continuum theory correspondingly. It is the aim of this
short note to propose some physical mechanism for the
finite width of shear bands and to implement it into a
simplified model able to make a quantitative prediction.

Let us consider a box filled with dry sand under hy-
drostatic pressure which is sheared (since some time)
with constant velocity. The relative displacements be-
tween grains are concentrated in the shear band. This
is possible because in the center of the band the den-
sity is sufficiently low (below Reynold’s dilatancy) so
that grains have enough space to perform displacements
because we assume that the grains are sufficiently unde-
formable themselves. Due to this mobility of grains at the
center we consider the line in the middle of the shear band
to be to a certain extent a free surface. Indeed the granular
flow down an inclined chute has many similarities to shear
bands and for instance also a finite width of the shear zone
at the free surface has been measured [5]. Our argument is
valid for both situations. So we can see a shear band like
two chute flows going in opposite directions being pressed
against each other at their free surfaces. Due to the exter-
nal hydrostatic pressure and the randomness of the mo-
tions of the grains not all the grains in the center of the
shear zone are mobile and often two grains belonging to
opposite sides get stuck against each other this being the
microscopic origin for friction. When two grains get stuck
they exert big forces on the surrounding medium which
generate some collective displacement of grains that fi-
nally unblock the two grains. We argue that due to
the nature of force transmission in granular packings
these collective displacements are localized in a few layers
giving rise to the finite width of the band.
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Let us remember that a mechanical property of the
granular microstructure is the fact that forces inside the
medium are obliged to pass through essentially point-like
contacts between the grains. These force concentrations
are often displayed as lines between grains yielding con-
nected networks of force transmission [6]. Assuming that
on average a grain has n contacts one can quantify the
discreteness of the granular structure by the average an-
gle 2α between two contacts which in two dimensions is
α = 180◦

n . When a force is applied on a grain from a certain
direction this force is deviated into the directions of the
contacts, i.e. by an angle of the order of α. Therefore the
propagation of the force through the packing goes along
a kinky tree-like structure where at each grain the force
lines bifurcate into several branches having a typical angle
of α with respect to the original direction. An important
consequence for our argument is that due to a sequence of
such changes in direction the force lines can eventually also
turn by 180◦. This is illustrated in Fig. 1. A known con-
sequence of this happens when one pushes a piston down
into sand: the force lines turn back to the surface as can
be visualized by photoelasticity [7] and the sand around
the piston displaces upwards. We believe that it is this
kind of collective upward motion which in a shear band
allows a stuck grain to create itself some space by moving
other grains instead towards the center of the band.

While there is no doubt that such an effect exists it
remains to be shown that it can account for the mobi-
lization of only about ten layers and thus the finiteness
of the shear band. Intuitively one would expect that the
turning back of the force lines by 180◦ is a minor effect
since the bulk of the force must go in the original direc-
tion as a continuum theory would predict. But the fact
that once a line has turned by 180◦ it can displace grains
(into the less dense center of the band) and therefore does
not propagate anymore (and cannot turn back again) has
some influence on the statistics. A simple two dimensional
model should give us now some quantitative answer.

Let us consider a two dimensional packing of disks of
equal size with n = 4 contacts per particle which is a
typical value for random packings. The deviation angle is
therefore α = 45◦. Let us imagine the packing built of lay-
ers shifted against each other so that the grains of every

Fig. 1. Schematic view of the 0th, 1
2 th and 1st layer. We see

two force lines which turn upwards at left one before reaching
the first layer and at right one which goes deeper and mobilizes
the entire shaded zone

second layer are on top of each other. So, we will only give
every second layer an integer index in order to introduce
the length scale in units of a grain diameter (see Fig. 1).
The grain (grey in Fig. 1) exerting a force down into the
packing be in the 0th layer. It transmits its force into an
intermediate layer (indexed by 1

2 ) in two equal compo-
nents deviating them by ±45◦. Within this 1

2 th layer the
forces are again split in two by ±45◦ making that half
of the force lines go horizontally within this layer. After
two further splitting bifurcations, 1

8 of all force lines al-
ready push a grain in the 0th layer upwards without hav-
ing touched the layer indexed by 1 as shown for the left
force line in Fig. 1. Next we will calculate the fraction of
force lines (or paths) turning upward as function of the
layer depth.

Let us call σi = ±1 the variable indicating if a path
deviates by ±45◦ at the ith bifurcation. A path going
through m grains is characterized by a string [σ1, . . . , σm].
When the condition |∑m

i=0 σi| = 4 is fulfilled this path has
turned upward and is eliminated from the counting since it
will not branch anymore. This gives us a truncated Pascal
triangle:

Let us define a(0) = 1, b(0) = 2 and c(0) = 1 and
iterate like

a(l + 1) = 2a(l) + b(l)

b(l + 1) = 2b(l) + a(l) + c(l)

c(l + 1) = 2c(l) + b(l)

Then one obtains the fraction of paths turning upwards
at the lth layer to be

o(l) =
a(l) + c(l)

22l+4

giving
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for l = 0, . . . , 5

This means that at the 5th layer, i.e. five grains diame-
ters deep, already 60% (=

∑5
i=0 o(i)) of the possible paths

have turned up and could therefore have produced a dis-
placement of grains upwards. It is also interesting to re-
mark that the fraction of paths turning upwards at level
l among those paths that have ever reached that level is
(expressed in percent):

12.5, 14.3, 14.6, 14.6, 14.2, 14.2 l = 0, . . . , 5.

That shows that the process is nearly multiplicative and
will therefore converge very fast for large l.

It is clear that most force is carried by paths that go
downwards and that all the paths that turn up together
only carry a very small fraction of the total force. But
if the medium is not cohesive not much force is needed
to displace some particles by a little distance. It should
be noted that the deeper a path turns upward the larger
collective motion of grains it can generate (see shaded re-
gion in Fig. 1) but also the larger are the friction forces it
has to overcome to mobilize the grains and the smaller is
typically the force transmitted since the path is longer.

One could take the effect of friction into account by re-
weighting the paths that turn upwards by a mobilization



17

factor for example inversely proportional to its length. The
introduction of such a factor instead of a constant static
friction threshold seems justified due to the fact that the
forces are in reality random. Multiplying the mobilization
factor with the probability to have a path as calculated
above and normalizing appropiately gives a likelihood of
76% to mobilize a path within the first 5 layers. The above
argument was made for one half of a shear band. For the
entire shear band it therefore seems that a width of 10
grain diameters is very consistent with our picture.

Summarizing, we have proposed a mechanism in shear
bands by which grains can unlock by collective motions
(dilatancy) of grains in the surrounding towards the center
of the band. A quantitative analysis of a simplified model
shows this to be a plausible mechanism to justify a width
of about ten grain diameters for the mobilizable zone, i.e.
the visible shear band. Our argument is of course very sim-
plified. We have disregarded the fluctuations in the forces
which are known to be very strong. But one still has a
well defined average value because their distribution de-
cays exponentially for large forces [8]. Since the argument
is based on the existence of a force line rather than on the
value of the force through it, these fluctuations might not
be so important. There is in general also disorder in size,
shape and positions of the grains. This introduces strong
fluctuations also in the local deviation angles α. The val-
ue of the average α which we chose 45◦ in our calculation
will also depend on the material used and will be small-
er for higher polydispersity. Finally, our calculation was
two dimensional. A generalization of our model to three
dimensions and to arbitrary α should be possible. Also
an experimental verification of the described mechanism
should be possible for instance by model experiments with
coins on a desk or beads in a box.

3
The internal structure of a shear plane
The above argument has shown to us that a certain num-
ber of layers of grains is activated during the shearing
process. It also follows from the same argument that the
intensity of this activation decays exponentially with the
distance from the center of the shear band. But the argu-
ment is quasi-static and does not yield information about
the profile of deformation rates, density and local rota-
tions. For these quantities we have no analytical model at
our disposal yet and are obliged to base our understand-
ing on the comparison between experiment and simula-
tion. Particular enlightening experiments were performed
by Behringer and collaborators [9] in which on a table
about 3000 photoelastic disks were placed between two
concentric wheels which rotated against each other. Due
to the imposed shear, a shear band forms adjacent to the
inner ring. By analysing two subsequent images it was pos-
sible to obtain the tangential velocity as function of the
distance from the inner wheel. The decay was exponential.
Putting black bars on each cylinder also allowed to mea-
sure the rotation of each individual grain. One observes
about four layers next to the inner wheel which have non-
zero average spin, the orientation of which alternates from
layer to layer. This effect also decays exponentially. The

authors also measured the density profile and showed a
weak decrease in the center of the shear band. The photo-
elastic measurements allowed to determine the force net-
work. These experiments were reproduced in simulations
at the ICA by Lätzel et al. [10]. They found excellent
agreement except in one parameter, namely the friction
coefficient with the bottom plate. This issue is still un-
solved.

A particular finding both of experiment and simula-
tion was the fact that the distribution of velocities deep
inside the shear band has two peaks, one at zero. Both
peaks have about the same height. The physical interpre-
tation of this is that half of the grains relax the stress
by sliding against each other, while the other half does
it through rotation. The detailed simulation of the shear
band by Astrøm et al. [11]. showed indeed the spontaneous
formation of roller bearing clusters of up to 30 disksthat
can survive local displacements of the order of a grain
diameter.

In a recent simulation we also studied the fragmenta-
tion of grains inside the shear bands. This effect tends to
compactify the packing locally, filling the wholes between
the particles with the debris of the fragmentation. Due
to this process, the shear band can eventually even stop
and the system might choose another shear band. This
situation is of practical importance in real soils.

A topic which is of big interest but has up to now not
been investigated very much is the segregation of particles
of different size along the shear band. Stripe patterns have
been observed in some simulations but a more systematic
study would be desired.

4
Conclusion
The understanding of shear bands is important for calcu-
lating the stability of granular packings and their defor-
mation dynamics. Although conceptionally quite easy, the
granular microstructure induces a rather complex internal
life to this shear bands. Within the zone of activity which
we estimate to have a width of about 10 grain diameters
as observed in nature, one finds grain rotation, fragmen-
tation, segregation and a non-trivial profile of density and
velocity. An analytical model to understand these effects
has yet to be found.
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