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Abstract. Realistic collisions between sand grains are very difficult to simulate
correctly because many physical and mechanical nonlinearities occur. In order to
simulate larger systems, many proposals have been made to treat collisions in a
simplified form. Two of these models and some of the attached pitfalls are presented
as well as success stories.

1 Introduction

The simulation of granular systems has become more and more important in
the last years because they allow to explore regimes in density and velocity
for which theories like the kinetic gas theory or the plasticity theory in soil
mechanics cannot be applied. Other examples are the study of mixing and
segregation of different species and in general the treatment of grains with
complicated or varying shapes and sizes. Although the first computer simu-
lations of granular systems were performed over 30 years ago by Walton, it
is only in the last 10 years that a large community of physicists has become
interested in simulating granular systems. Many different ways have been ap-
proached and it is the purpose of this chapter to present the main difficulties,
the various attempts to cope with them, and to present a certain number of
tests which allow to determine if an algorithm gives realistic results.

The two requirements for a program to simulate many particle systems
like granular materials are, besides the necessity that the algorithm is correct,
the speed and the number of particles that can be simulated. Both criteria go
hand in hand, because large systems can only be simulated if the CPU-time
needed to simulate a single particle is very small. In fact, the time consuming
part of a program for granular media is the treatment of collisions. On the
one hand, one has to determine which two particles are going to collide at
the next time step and on the other hand one must calculate the outcome
(for instance velocities and angular velocities after collision).

The most realistic techniques are molecular dynamics (MD) simulations
in which one tries to solve Newton’s equations of motions for each particle
simultaneously. Many tricks are known and they have been well reviewed,
on the one hand in the book by Allen and Tildesley [1] which treats the
general case and on the other hand by several authors [8, 9, 18], specifically for
granular media. Two variants of MD are typically applied to granular media.
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On the one hand with one can use a constant time step and soft particles
and on the other hand one can consider pointlike collision of perfectly rigid
particles (event driven, ED [ see the paper by Luding and Strauß in this
book]). In the first case the limitations are given by the size of the time step
(typically 10−4 − 10−6 sec) which depends on the stiffness of the particles.
The second method is very efficient for dilute systems but becomes very slow
when the system is dense and can even come to a complete standstill (inelastic
collapse or finite time singularity [12]).

MDmethods have been pushed to simulate up to 1.4·109 particles (for very
short times, however). Typical simulations on a workstation deal with 104

particles and can simulate such systems for several minutes real time in a day
or two. These sizes are too small for many purposes, in particular in the three
dimensional case. Examples are for instance simulations of three dimensional
heaps, silos and segregation under vibration. Also long time effects like axial
segregation in a rotating drum or compaction under vibration as well as
effects containing a wide distribution of sizes cannot be dealt with in MD-
techniques.

However, both MD methods tend to produce much more information than
is actually needed to compare with experiments. One could actually think
of other techniques for which the efficiency is larger, that means that for
comparatively less effort one avoids to calculate unnecessary information in
techniques which will be presented later in this article. In addition to the
well established MD and the methods presented here, other techniques like
Boltzmann Lattice Gases [17] have been applied to granular media.

2 Examples for Simplified Models

2.1 Lattice Gas Automata

A Lattice Gas Automaton (LGA) proceeds in discrete time steps. The time
can therefore be labeled with integers t = 0, 1, 2, .... The particles are located
at the sites of a two dimensional triangular lattice of size L. Gravity acts
downward in the vertical direction and forms an angle of 300 with the closest
lattice axis. At each site there are seven bit variables which refer to the
velocities vi(i = 0, 1, 2, ...6). Here vi(i = 1, ...6) are the nearest neighboring
(NN) lattice vectors and v0 = 0 refers to the rest state (zero velocity). Each
state can be either occupied by a single particle or empty. Therefore, the
number of particles per site has a maximal value of seven and a minimal
value of zero.

The time evolution of the LGA consists of a collision step and a prop-
agation step. In the collision step particles can change their velocities due
to collisions and in the propagation step particles move in the direction of
their velocities to the NN sites where they will collide again. The system is
updated in parallel. Only the collisions specified in Figure 1 can deviate the
trajectories of particles from straight lines with probabilities depending on
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Fig. 1. Collision rules of the LGA. Arrows represent moving particles and full dots
rest particles. The number next to each configuration is the probability for that
transition.
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the dissipation parameter p. If p is not zero, energy can be dissipated dur-
ing the collision. This is a crucial property of granular materials and yields
among others an instability towards cluster formation [6].

The two collisions shown on the lower part of Fig. 1 temporarily allow
more than one particle on a site. However, immediately after the collision
step, the extra rest particles randomly hop to NN sites until they find a site
with no rest particle, where they stop.

We incorporate the driving force, namely gravity g, by setting a rest par-
ticle into motion with probability g/2 along one of the two lattice directions
which form an angle of 300 with the direction of gravity, however, only if
the site below is empty at that time. Rest particles that are above other rest
particles can only be accelerated by gravity if at least one of the two NN sites
in the direction of gravity does not yet belong to the heap.

As an example we consider the formation of a heap. In that case we add
particles at a fixed rate from one site at the top to the system. Gravity moves
these particles down until they collide with the hard wall at the bottom. A
particle colliding with the bottom is either reflected with probability 1− p in
the specular direction or stopped with probability p losing its momentum. In
the second case the resulting rest particle belongs to the growing heap, and
we tag that particle in order to store the information that it is sustained by
the bottom plate. Every particle colliding with particles on the heap looses
its momentum and is aggregated to the heap after the redistribution process
described above has taken place.

The LGA presented here has demonstrated that it extremely well repro-
duces the shape of a sandpile [2]. There are other tests, like the spectrum of
the density fluctuations in pipe flow which are also reproduced by LGA [16].

2.2 Direct Simulation Monte Carlo

The DSMC method was first proposed by Bird [3] for the simulation of rar-
efied gas flows, recently it was also applied to dry granular media [4, 13].

One of the basic assumptions of DSMC is that the movement and inter-
action of the particles can be decoupled (operator splitting). The system is
integrated in time steps ∆t. At each time step every particle is first moved,
according to the equation of motion, without interaction with other particles.
External forces, such as gravitation, are taken into account here. To calcu-
late the movement of the particles one can either use an analytical solution of
the equation of motion or apply a standard numerical integration scheme to
solve it. In this respect this method is less restricted than event driven (ED)
simulations, where an analytical solution is required for a fast calculation of
a collision.

Next, we take the particle-particle interactions, i.e. the collisions into
account. In contrast to ED simulations, the exact times and places of these
collisions are not calculated, but a stochastic algorithm is applied as described
in the following:
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Fig. 2. The system is divided into cells of length L and Volume Vc.

The particles are sorted into spatial cells of linear size L and volume
Vc = LD, where D is the dimensionality of the system. Collisions occur only
between the particles in the same cell, which ensures that only particles which
are close to each other may collide. In every cell with more than one particle,
we choose randomly

Mc =
Nc(Nc − 1)σvmax∆t

2Vc
(1)

pairs of particles. Here, Nc is the number of particles in the cell, σ the scat-
tering cross section (for spherical particles, σ2D = 4R, σ3D = 4πR2) and
vmax is an upper limit for the relative velocity between the particles. To get
vmax we sample the velocity distribution from time to time and set vmax to
twice the maximum particle velocity found. In order to determine the correct
number of collisions, we apply an acceptance-rejection method: For a pair of
particles i and j the collision is performed if

|vi − vj |
vmax

< Z, (2)

where Z is an independent uniformly distributed random number in the in-
terval [0; 1]. This method leads to a collision probability proportional to the
relative velocity of the particles.

Since the collision takes place regardless of the particle positions in the
cell, we have to choose an impact parameter b in order to calculate the post
collision velocities. Molecular chaos is assumed here; b is drawn from a uni-
form distribution in the interval [−2R, 2R] in 2D or in a circle with radius
2R in 3D. The post collision velocities v′

i and v
′
j are now calculated as if the

two particles collided with that impact parameter, i.e. like in event driven
simulations so that

v′
i = vcm +

mj

mi +mj
|vrel|e and v′

j = vcm −
mi

mi +mj
|vrel|e, (3)

where e is the unit vector pointing in the direction of the relative velocities
after the collision. For hard spheres e is uniformly distributed over the unit
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sphere [14]. Finally, the dissipation can be introduced by changing the nor-
mal component of the post collision velocity to v

′(n) = −τv(n), whereas the
tangential component remains unchanged.

The algorithm can be generalized to soft sphere potentials. It is also pos-
sible to introduce the rotational degrees of freedom [15].

Like every simulation method, DSMC is based on certain approximations.
One is that the interaction between the particles can be modeled by collisions.
Furthermore, neither the location nor the time of a collision is calculated
exactly. To keep the error small, three conditions must be fulfilled: (i) the
system should be in the collisional regime, (ii) the mean free path should be
larger than the cell size, (iii) the mean time between two collisions should be
larger than the time step.

The major disadvantage of DSMC is, that there is no limitation in the
particle density. This is a consequence of the fact that during the advection
step the particles move independently of each other. During the interaction
step only stochastic collisions take place. One example where the straight-
forward application of DSMC will result in unrealistic high particle densities
is a heap of dissipative particles. In a heap the collisions need to be highly
correlated in order to support the particles at the top. A further problem
is that with vanishing kinetic energy and therefore velocity the momentum
transfer ∆p in a collision also disappears. Because the force F = ∆p

∆t needs to
balance gravity, the number of collisions per time diverges. To overcome this
restriction we modified the DSMC algorithm in the following way: because
it combines ideas from several algorithms we refer to the modified algorithm
as HSMC (Hybrid Simulation Monte Carlo). The idea of HSMC is to change
the advection step of the DSMC algorithm to introduce an excluded volume.
A real excluded volume would however result in an algorithm similar to MD
or ED, because every particle and its neighbors have to be inspected. We
therefore check the constrains only on the coarse grained level of the cells
that are used by the original DSMC. Whenever a particle tries to enter a full
cell, the move is rejected since it would result in a unrealistic high density
from the physical point of view.

3 Applications to Different Flows

In the following we will present several test cases which can be used to check
if the typical behavior of granular materials is reproduced. They can be used
to decide if a certain technique is suited to simulate granular materials and
within which limits. The test cases presented here of course represent only a
limited subset of the wide range of phenomena visible in granular matter.

3.1 Homogeneous Cooling

In the homogeneous cooling state [5, 7, 12] we expect from kinetic gas theory
and computer simulations that the kinetic energy E(t) of the system decays
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with time following the functional form

E

E0
=
(

1
1 + t/t0

)2

. (4)

The theoretically expected time scale

t0 =
√
πds∗(ν)√

2(1− r2)νv̄
(5)

is a function of the initial energy v̄ =
√
2E0/Nm, the particle diameter d,

the restitution coefficient r, the volume fraction ν, with s∗(ν) = (1−ν)2/(1−
7ν/16). Eq. (4) holds as long as the system stays homogeneous. In section
3.3 differences from this behavior are described.

Fig. 3 shows the expected agreement between kinetic theory and simula-
tion method. DSMC is based on this theory and should therefore reproduce
its results.
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Fig. 3. Homogeneous cooling of a freely evolving granular gas for different restitu-
tion coefficients r. f(x) refers to Eq. (4).

3.2 Bagnold Shear Flow

One of the standard experiments to gain insight into the behavior of materials
is the shear experiment. In its classic form it is used to define the viscosity
µ. The force F needed to drive two plates of Area A separated a distance l
with relative velocity v follows the law

F = µA
v

l
. (6)

For non dissipative particles in a system without walls this system does
not have a steady state: due to the viscous heating the temperature of the
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system is increasing. For dissipative particles the temperature of the system
will scale with the velocity of the driving plate and so does µ. Therefore the
driving force F will follow Bagnold’s law and scale with v2:

F ∼ v2. (7)

In its general form v
l is replaced by the velocity gradient. The special

case of a constant gradient is called uniform shear. This special case is ho-
mogeneous in a Lagrangian frame. Recent studies have shown that choosing
the correct reference frame is crucial in shear flows. Simulation methods that
are not invariant under Galileian transformations will not yield the correct
results.
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Fig. 4. Dependency of driving force F from the driving velocity v in a Bagnold
shear flow, obtained by DSMC (+) and kinetic gas theory (—).

3.3 Clustering Instability

In the homogeneous cooling state (see section 3.1) we expect that the energy
E(t) of the system decays with time and follows the functional form of Eq.
(4). This holds as long as the system stays homogeneous and HSMC was able
to reproduce this result for all densities. In this section we will focus on a
system which will undergo the so called cluster instability.

In Fig. 5 we present the normalized kinetic energy K(t)/K(0) as a func-
tion of the normalized time t/t0. At the beginning of the simulation we ob-
serve a perfect agreement between the theory for homogeneous cooling and
the simulations. At t/t0 ≈ 2 all three simulation methods show substantial
deviations from the homogeneous cooling behavior, and only at t/t0 ≈ 10 we
evidence a difference between ED and DSMC. After that time, the kinetic en-
ergy obtained from the DSMC simulation is systematically smaller than K(t)
from the ED simulation. We relate this to the fact that the molecular chaos
assumption of a constant probability distribution of the impact parameter b
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Fig. 5. Normalized kinetic energy vs. normalized time from an ED and a DSMC
simulation in 2D with N = 99856, ν = 0.25, and r = 0.8. The dotted line represents
Eq. (4).

is no longer valid[11]. Since dissipation acts only at the normal component
of the relative velocity, DSMC dissipates more energy than ED as soon as
the number of central collisions is overestimated. One difference between ED
and DSMC simulations is the handling of excluded volume by the two meth-
ods. While the ED method models hard spheres with a well defined excluded
volume, the DSMC method models point particles and excluded volume is
introduced by the approximations described in subsection 2.2. As expected
we obtain differences in the particle-particle correlation function g(r): At
large times ED simulations lead to a g(r) with a rich structure for short
distances, indicating a rather close triangular packing of the monodisperse
spheres. In contrast, the DSMC simulations show no short range correlations
between particle positions throughout the whole simulation. In other words:
the DSMC method cannot describe depletion effects.

We would like to know if this difference has consequences at larger length
scales. The formation and growth of large clusters [5, 6, 12] is quantified by
g(r) at large r, or equivalently, the structure factor S(k) at small k. We
calculate S(k) by a direct FFT of the two-dimensional density.

We plot the structure factors obtained by ED,DSMC and HSMC in Fig. 6.
Different symbols correspond to different times. We observe an increase of
S(k) for short wavenumbers k < 25, until the structure factor ceases to
change for t ≥ 20.

The structure factor agrees reasonably well for all three simulation meth-
ods. This proves that the DSMC simulation is capable to reproduce the more
realistic, but computationally more expensive, ED results that account for
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Fig. 6. (left) Structure factor obtained from the ED simulations of Fig. 5 as function
of the wavenumber k = L/λ, with wavelength λ and system size L. (middle) Struc-
ture factor obtained from the corresponding DSMC simulation. (right) Structure
factor obtained from the corresponding HSMC simulation.

the excluded volume by construction. Even without short-range correlations,
the information about large wavelengths is well reproduced by DSMC simu-
lations.

3.4 Heaps

HSMC does not include static friction and the question is to what extent the
formation of heaps can be reproduced. Using hard sphere molecular dynamics
it has been shown that heap formation is possible without static friction [10]
due to the steric effects caused by the excluded volume. Because the later
is implemented on the coarse grained grid level it should also be possible
to reproduce heaps with HSMC. DSMC on the other side is not capable to
reproduce the behavior of granular matter in this case. This is a consequence
of the limitations described in section 2.2.

In order to build a heap, particles were put into the system at a constant
rate (one per time unit). The freshly created particle is put at a fixed height
above the highest particle in the system. The disadvantage is of course that
the simulation time grows linearly with the number of particles N . But this
algorithm resembles more closely the experimental way of pouring particles
out of a funnel. To reach an equilibrium state we wait 500 time units after the
last particle has been added. Fig. 7 shows a typical result. On a first glance
the major feature of a heap like the finite slope are reproduced well. In the
following we will have a closer look at the shape of the heap.

Although the surface of a heap is close to a straight line, it is known that
the tail of the heap deviates from that line [2] following

x =
hm − h

m
+

l

r
ln(

hm
h
). (8)
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Fig. 7. Heap of 30500 particles simulated with HSMC.

Where x is the horizontal distance from the top, h the height, hm the max-
imum height and m the slope of the heap Fig. 8 shows a comparison of the
simulation with Eq. (8). The LGA of sect. 2.1 also reproduces extremely well
Eq. (8) even with the right prefactor [2].
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Fig. 8. Comparison of the shape of a heap on a plane with an analytical prediction
according to Eq. (8). Symbols denote the results of HSMC simulations with N =
30500 and r = 0.9

4 Conclusion

We have discussed various alternative simulation methods faster than tra-
ditional molecular dynamics and have seen how they perform in four tests
(homogeneous cooling, shear flow, clustering and the shape of the heap). In
these tests the DSMC or better its variant HSMC gives very good results.
The good agreement with theory and the results of more precise methods
demonstrate that a precise calculation of the particle interaction is often not
needed in order to obtain the expected behavior on a larger scale. Therefore
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this simplified models are not only useful for fast computer simulations, i.e.
for parameter studies, but they can also provide insight which details are
important for a correct theoretical analysis of a specific flow.
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