
Chapter 1: Mi
ro-Ma
ro Transition forCohesive Granular MediaS. Luding and H. J. HerrmannInstitut f�ur Computeranwendungen 1,Universit�at StuttgartPfa�enwaldring 2770569 Stuttgart1.1 Introdu
tionA basi
 question in me
hani
s and physi
s is how to bridge the gap between a mi
ros
opi
model and a ma
ros
opi
 (
ontinuum) des
ription. The former involves 
onta
t for
esand deformations, whereas the latter 
on
erns tensorial quantities like the stress or thedeformation gradient.The ma
ros
opi
 balan
e equations for mass, momentum and energy 
an be used for the
ontinuum modeling of the behavior of granular media. However, in order to 
lose thesystem of equations, they rely on 
onstitutive relations between the physi
al quantities(expressed in terms of material parameters [8, 13℄), sin
e the mi
ros
opi
 details of a gran-ular material are not dire
tly taken into a

ount on the ma
ro-s
ale. The aim of this paperis to present a mi
ro-ma
ro transition from \mi
ros
opi
" simulations to ma
ros
opi
 
on-stitutive relations for the material behavior.The model system, a two-dimensional bi-axial box �lled with 
ohesive, fri
tionless disks ofdi�erent sizes, is examined by means of a \mi
ros
opi
" dis
rete element method (DEM).The mi
ros
opi
 intera
tion model for 
ohesion is tested via several stress- or strain-
ontrolled bi-axial deformation paths.Using the whole box as representative elementary volume, the stress is examined as afun
tion of the applied strain, and the yield surfa
e is determined from bi-axial 
ompressiontests. Other measured ma
ros
opi
 parameters are the Young modulus, the Poisson ratio,the dilatan
y angle, the fri
tion angle, and the 
ohesion.1.2 Model SystemOne possibility to obtain information about the material behavior is to perform elemen-tary tests in the laboratory. An alternative are simulations with the dis
rete elementmodel (DEM) [1{3, 9, 10, 12, 14℄ and the average over the \mi
ros
opi
" quantities in someaveraging volume. The experiment 
hosen is the bi-axial box set-up, see Fig. 1.1, wherethe left and bottom walls are �xed, and stress- or strain-
ontrolled deformation is applied.In the �rst 
ase both the top and right walls are subje
t to a prede�ned pressure, in these
ond 
ase, the top wall is subje
t to a de�ned strain "zz, and the right wall is subje
t to1
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onstant pressure px. In a typi
al `experiment', the top wall is slowly shifted downwardswhile the right wall moves dependent on the for
e exerted on it by the material in thebox. The strain-
ontrolled position of the top wall as fun
tion of time t isz(t) = zf + z0 � zf2 (1 + 
os!t) with "zz = 1� zz0 ; (1.1)where the initial and �nal positions z0 and zf 
an be spe
i�ed together with the rate ofdeformation ! = 2�f so that after a half-period T=2 = 1=(2f) the extremal deformationis rea
hed. With other words, the 
osine is a
tive for 0 � !t � �. For larger times,the top-wall is �xed and the system 
an relax. The 
osine fun
tion is 
hosen in order toallow for a smooth start-up and �nish of the motion so that sho
ks and inertia e�e
ts areredu
ed, however, the shape of the fun
tion is arbitrary as long as it is smooth.The stress-
ontrolled motion of the side-wall is des
ribed bymx�x(t) = Fx(t)� pxz(t)� 
x _x(t) ; (1.2)where mx is the mass of the wall. Large values of mx lead to slow adaption, small valuesallow for a rapid adaption to the a
tual situation. Three for
es are a
tive: (i) the for
eFx(t) due to the bulk material, (ii) the for
e �pxz(t) due to the external pressure, and(iii) a strong fri
tional for
e whi
h damps the motion of the wall so that os
illations areredu
ed.
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0 /2Figure 1.1: (Left) S
hemati
 drawing of the model system. (Right) Position of thetop-wall as fun
tion of time for the strain-
ontrolled situation.For small deviations � = xf � x from the equilibrium position xf , a �rst order seriesexpansion leads to a damped os
illation me�x �� + 
e�x _� +Kx� = 0, with the sti�ness Kx ofthe material in the horizontal dire
tion, and the eigen-frequen
y!x =s Kxme�x +� 
e�x2me�x �2 ; (1.3)with the e�e
tive mass me�x and e�e
tive dissipation 
e�x .



1.3 Dis
rete Parti
le Model 31.3 Dis
rete Parti
le ModelThe elementary units of granular materials are mesos
opi
 grains whi
h deform understress. Sin
e the realisti
 modeling of the deformations of the parti
les is mu
h too 
om-pli
ated, we relate the intera
tion for
e to the overlap Æ of two parti
les, see Fig. 1.2. Notethat the evaluation of the inter-parti
le for
es based on the overlap may not be suÆ
ientto a

ount for the inhomogeneous stress distribution inside the parti
les. Consequently,our results presented below are of the same quality as the simple assumptions about thefor
e-overlap relation.If all for
es ~fi a
ting on the parti
le i, either from other parti
les, from boundaries orfrom external for
es, are known, the problem is redu
ed to the integration of Newton'sequations of motion for the translational degrees of freedommi d2dt2~ri = ~fi ; (1.4)with the mass mi of parti
le i, its position ~ri and the total for
e ~fi = P
 ~f 
i a
ting onit due to 
onta
ts with other parti
les or with the walls. For the sake of simpli
ity, wenegle
t tangential for
es as well as external for
es in the following.Two parti
les i and j intera
t only if they are in 
onta
t so that their overlapÆ = 12(di + dj)� (~ri � ~rj) � ~n (1.5)is positive, Æ > 0, with the unit ve
tor ~n = ~nij = (~ri � ~rj)=j~ri � ~rjj pointing from j to i.The for
e on parti
le i, from parti
le j 
an be written as ~fij = fij~n.Here we apply a variant of the linear hystereti
 spring model [4, 11, 15℄, as an alternative tothe frequently applied spring-dashpot models. This model is the simplest version of somemore 
ompli
ated nonlinear-hystereti
 for
e laws [7, 15, 16℄ whi
h re
e
t the fa
t that atthe 
onta
t point, plasti
 deformations may take pla
e. The repulsive (hystereti
) for
e
an be written asfhysij = 8<: k1Æ for loading; if k2(Æ � Æ0) � k1Æk2(Æ � Æ0) for un=reloading; if k1Æ > k2(Æ � Æ0) > �k
Æ�k
Æ for unloading; if � k
Æ � k2(Æ � Æ0) (1.6)with k1 � k2, see Fig. 1.2.During the initial loading the for
e in
reases linearly with the overlap Æ, until the maximumoverlap Æmax is rea
hed (whi
h has to be kept in memory as a history parameter). The linewith slope k1 thus de�nes the maximum for
e possible for a given Æ. During unloading thefor
e drops from its value at Æmax down to zero at overlap Æ0 = (1�k1=k2)Æmax, on the linewith slope k2. Reloading at any instant leads to an in
rease of the for
e along this line, untilthe maximum for
e is rea
hed; for still in
reasing Æ, the for
e follows again the line withslope k1 and Æmax has to be adjusted a

ordingly. Unloading below Æ0 leads to negative,attra
tive for
es until at the overlap Æmin = k2�k1k2+k
 Æmax, the minimum for
e �k
Æmin, i.e. themaximum attra
tive for
e, is obtained as a fun
tion of the model parameters k1, k2, k
,
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Figure 1.2: (Left) Two parti
le 
onta
t with overlap Æ. (Right) For
e law for twosprings with sti�ness k1 and k2 for initial loading and subsequent un/reloading,respe
tively. Attra
tive for
es are possible due to the 
ohesion strength k
.and the history parameter Æmax. Further unloading leads to attra
tive for
es fhys = �k
Æ.The highest possible attra
tive for
e, for given k1 and k2, is rea
hed for k
 !1, so thatfhysmax = �(k2 � k1)Æmax. This would lead to a dis
ontinuity at Æ = 0 what is avoided byusing �nite k
.The lines with slope k1 and �k
 de�ne the range of possible for
e values and departurefrom these lines takes pla
e in the 
ase of unloading and reloading, respe
tively. Betweenthese two extremes, unloading and reloading follow the same line. Possible equilibriumstates are indi
ated as 
ir
les in Fig. 1.2, where the upper and lower 
ir
le 
orrespond toa pre-stressed and stress-free state, respe
tively. In the 
ase of 
ollisions of parti
les andfor large deformations, dissipation takes pla
e due to the hystereti
 nature of the for
e-law. However, for small displa
ements around some equilibrium state, the model does not
ontain dissipation. Therefore, in order to allow for stronger dissipation, also a vis
ous,velo
ity dependent dissipative for
efdissij = 
0 _Æ (1.7)is assumed with some damping 
oeÆ
ient 
0. The half-period of a vibration around theequilibrium position, see Fig. 1.2, 
an be 
omputed for arbitrary values of k1 and k
,as long as the overlap ful�lls the 
ondition Æmin < Æ < Æmax, and one obtains a typi
alresponse time on the 
onta
t level,t
 = �! ; with ! =r k2m12 � �20 ; (1.8)the eigenfrequen
y of the 
onta
t, and the res
aled damping 
oeÆ
ient �0 = 
0=(2m12).Note that the vis
ous dissipation takes pla
e in a two-parti
le 
onta
t. In the bulk material,where many parti
les are in 
onta
t with ea
h other, dissipation is very ineÆ
ient due tolong-wavelength 
ooperative modes of motion [5, 6℄. Therefore, an additional damping



1.4 Simulation Results 5with the ba
kground is introdu
ed, so that the total for
e on parti
le i is~fi =Xj (fhysij + fdissij )~n� 
b~vi ; (1.9)with the damping arti�
ially enhan
ed in the spirit of a rapid equilibration.1.4 Simulation ResultsThe systems examined in the following 
ontain N = 1950 parti
les with radii ai randomlydrawn from a homogeneous distribution with minimum amin = 0:5 10�3 m and maximumamax = 1:5 10�3 m. The masses mi = (4=3)��a3i , with the density � = 2103kgm�3,are 
omputed as if the parti
les were spheres. This is an arti�
ial 
hoi
e and introdu
essome dispersity in mass in addition to the dispersity in size. However, sin
e we aremainly 
on
erned about slow deformation and equilibrium situations, the 
hoi
e for the
al
ulation of mass should not matter. The total mass of the parti
les in the systemis thus M � 0:02 kg with the typi
al redu
ed mass of a pair of parti
les with meanradius, m12 � 0:42 10�5 kg. If not expli
itly mentioned, the material parameters arek2 = 105 Nm�1 and 
0 = 0:1 kg s�1. The other spring-
onstants k1 and k
 will be de�nedin units of k2. In order to swit
h on 
ohesion, k1 < k2 and k
 > 0 is used; in the following,we have k1 = k2=2.Using the parameters k1 = k2 and k
 = 0 in Eq. (1.8) leads to a typi
al 
onta
t duration(half-period): t
 � 2:03 10�5 s for 
0 = 0, t
 � 2:04 10�5 s for 
0 = 0:1 kg s�1, and t
 �2:21 10�5 s for 
0 = 0:5 kg s�1 for a 
ollision. A

ordingly, an integration time-step oftMD = 510�7 s is used, in order to allow for a `safe' integration of 
onta
ts involvingsmaller parti
les. Large values of k
 lead to strong 
ohesive for
es, so that also moreenergy 
an be dissipated in one 
ollision. The typi
al response time of the parti
le pairs,however, is not a�e
ted so that the numeri
al integration works well.1.4.1 Initial Con�gurationInitially, the parti
les are randomly distributed in a huge box, with rather low overalldensity. Then the box is 
ompressed, either by moving the walls to their desired position,or by de�ning an external pressure p = px = pz, in order to a
hieve an isotropi
 initial
ondition. Starting from a relaxed, isotropi
 initial 
on�guration, the strain is applied tothe top wall and the response of the system is examined. In Fig. 1.3, the 
onta
t networkfrom a typi
al simulation is shown before 
ompression, at failure and in the �nal, relaxedstate. The dark lines indi
ate strong 
onta
t for
es so that the 
onta
t network appearsdenser in the last image due to the deformation and 
ompression. A more quantitativestudy of the fabri
 tensor, however, is far from the s
ope of this study and will be presentedelsewhere. Before presenting more detailed results, we have to remark that the initialpreparation and set-up of the system is still an open issue to be examined. A possiblealternative to the approa
h used here is the preparation of the system in a 
riti
al 
owstate, whi
h should not depend on the history any more.
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Figure 1.3: Conta
t networks for a typi
al simulation with k2 = 105Nm�1, k1=k2 =1=2, k
=k2 = 2, 
0 = 10�1 kg s�1, 
b = 
0=10, and 
x = 193:5
0. The grey-s
ale
odes the strength of the 
onta
t for
e (dark lines 
orrespond to strong for
es) andthe strain is (from left to right) "zz = 0, "zz = 0:013, and "zz = 0:036.1.4.2 RelaxationFor some 
ases of isotropi
 relaxation, the �nal approa
h of stress to equilibrium is plottedin Fig. 1.4 for systems with p = 400Nm�2 and di�erent parameters as dis
ussed below.The unit of pressure is obtained by assuming that the system is extended in the thirddimension for a length h = 1m. The pressure px exerted from the material on the rightwall is then the sum over all for
es divided by the wall-area Fx=(hz). In the following, wepresent the pressure in these units, implying the h de�ned above as the system-extensionin the third dimension. For a typi
al z � 0:12m, and assuming Nx � 60 
onta
ts, oneobtains an estimated mean overlap per parti
le Æmean � phz=Nxk1 = 1:6 10�5 m.In Fig. 1.4(a), the in
uen
e of the wall mass is examined for a system with standard 
0 (seeabove) and no other dissipation 
x = 
b = 0. Weakly damped os
illations are obtained forrather large mass mx, whereas the �nal pressure is rapidly approa
hed for smaller mass,e. g. mx � 10�3 kg. Therefore, a small wall mass will be used in the following. However,a 
loser look at the approa
h to equilibrium leads to the 
on
lusion that it is very slow.Therefore, we in
rease the dissipation in the spirit of faster relaxation.One possible means of dissipation is the wall dissipation, 
x. Small values of 
x do not
hange the response as 
ompared to Fig. 1.4(a). However, for larger values, a more 
om-pli
ated os
illation pattern is eviden
ed. Only for the largest 
x = 1935
0, one 
an obtainsuÆ
iently strong damping of the os
illation { but unfortunately on a rather long time-s
ale.



1.4 Simulation Results 7In order to a
hieve a more rapid approa
h to the �nal steady-state 
on�guration, the(arti�
ial) dissipation with the ba
kground is tuned on. For the 
ombination of paramters,mx = 10�4 kg, 
x = 193:5
0 and di�erent 
b, a rapid relaxation is obtained only for
b � 
0=10, see Fig. 1.4(b). The time-s
ale of this exponential relaxation is � � 0:0023 s.Having performed these test-simulations, we 
hoose the parameters mx = 10�4 kg, 
x =193:5
0, and 
b = 
0=10 for the following simulations.
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Figure 1.4: Approa
h to equilibrium pressure pf = 400 for sti�ness k2 = 105Nm�1,k1 = k2=2, k
 = 0, and 
onta
t dissipation 
0 = 0:1 kg s�1. (a) No additionaldissipation 
b = 
x = 0, and di�erent wall mass mx as given in the inset. (b) Walldissipation 
x = 193:5
0 and di�erent bottom dissipation 
b as given in the inset formx = 10�4 kg. The solid line indi
ates an exponential approa
h to equilibrium withrelaxation time � = 0:0023 s. as given in the inset.1.4.3 Rate-dependen
yIn Fig. 1.5, simulations with the same material parameters are presented, when a di�erentrate of 
hange of the position of the verti
al wall is used, a

ording to Eq. (1.1). Thequantities examined are the volumetri
 strain, "V, the verti
al stress �zz, the horizontalstress �xx � px, and the ratio of these stresses. The simulations show qualitatively similarbehavior, only the strain and the stresses are higher for faster movement of the verti
alwall. This is due to the arti�
ial, velo
ity-dependent dissipation, see Eq. (1.9). Withde
reasing f , the simulation results almost 
oin
ide, only a tiny vis
ous stress remainsin both dire
tions. Note that the ratio of stresses �zz=�xx is not a�e
ted by the rate ofdeformation.Sin
e the error introdu
ed by the arti�
ial damping and the dynami
, strain-
ontrolled set-up is well below 5 per-
ent already for f = 10 s�1, we use this frequen
y in the following,in order to save 
omputing time. The strain of 3.5 per-
ent is thus rea
hed after t � 0:05 s,
orresponding to several 
omputing hours on a typi
al PC.In the next subse
tion, we will use the fa
t that the stress ratio is not a�e
ted by the rate ofdeformation. From the horizontal stress we obtain the vis
ous over-stress �vis
xx = �xx�px,
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ro-Ma
ro Transition for Cohesive Granular Mediaand thus 
an obtain the 
orre
ted verti
al stress using�zz�xx = �
orrzzpx ; so that �
orrzz = px �zz�xx : (1.10)
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Figure 1.5: Simulation results from runs with k1 = k2=2, k
 = 2 k1, and di�erentrate of 
ompression f , as given in the inset. After initial 
ompression, one obtainsa smooth transition to a dilatant state with maximum, yield stress.1.4.4 Measurement of the material parametersThe �rst series of simulations with varying 
ohesion strength k
 is performed at an initialpressure p = 500, see Fig. 1.6, the se
ond series is performed at p = 100, see Fig. 1.7.For small strain "zz, the material is 
ompressed, the 
hange in density "V="zz being largerfor stronger 
ohesion k
 and smaller external pressure p. The inital negative slope 
an beidenti�ed with a fun
tion of the Poisson-ratio �, from the relation "V="zz = atan(1� 2�)[13℄, so that the simulations indi
ate � � 0:66.When the upper wall moves further, dilatan
y is eviden
ed at "zz-values between one andtwo per-
ent for large external stress, but already for mu
h smaller strain if the externalpressure is smaller. The positive slope 
an be identi�ed with the dilatan
y fun
tion d0 =atan 2 sin 1�sin [13℄, with the dilatan
y angle  � 5o for p = 500 and  � 11o for p = 100.The onset of dilatan
y takes pla
e before the maximum verti
al stress is a
hieved and



1.4 Simulation Results 9thus before the failure of the material. The transition from the 
omressive to the dilatantregime is delayed to larger strain by stronger 
ohesion and stronger external pressure.From the stress strain 
urves, one 
an extra
t the Young modulus E of the materialfrom the slope of the initial in
rease of the verti
al stress. From the simulation data, weeviden
e E � k1 = k2=2 at very small strain after the onset of the wall motion. Forlarger deformation, the slope and thus E de
reases. After failure (see �gures), softening isobtained for large p and weak 
ohesion, however, after further deformation, the materialseems to rea
h a steady state. The maximum stress from ea
h experiment is indi
ated byan arrow in the �gures. Note that we use the maximum in
luding 
u
tuations and notthe maximum of the mean, fa
t whi
h may lead to some overestimation.
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al stress �zz plotted against "zz; the arrows indi
ate the peak-stress.
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ro-Ma
ro Transition for Cohesive Granular Media1.4.5 Failure and Yield-StressComparing the simulations with di�erent densities, one obtains similar material param-eters E and � for di�erent external stress. The di�erent p, however, leads to strongerdilation for weak external stress and to stronger peak-stress at failure for larger externalstress. Furthermore, the relative in
rease of the stress, i. e. �zz=px, is stronger for weakp, and, after failure, the 
ohesive material does not show 
lear softening behavior, onlystrong 
u
tuations 
an be observed for strong 
ohesion.The yield-stresses from Figs. 1.6 and 1.7 are 
ombined in Fig. 1.8 as Mohr-
ir
les (wherethe 
orre
ted stresses, see Eq. (1.10), are used). Ea
h set of Mohr 
ir
les 
orresponds toa �xed external pressure p and di�erent 
ir
les 
orrespond to di�erent k
=k2 = 0, 1=2, 1,2, and 4 from the smallest to the largest 
ir
le. The tangent to a pair of 
ir
les with thesame 
ohesion strength is plotted as a dotted line for all pairs. The slope of the lines istan� � 0:23 
orresponding to an internal fri
tion angle � � 13o. Due to the absen
e ofany fri
tion in the model, � has to be 
aused by the geometry of the pa
king whi
h 
ausesa shear resistan
e due to inter-lo
ked parti
les.The ma
ros
opi
 
ohesion 
 of the material 
an be obtained as the point of interse
tion ofthe dashed line and the zero verti
al axis, as summarized in Table 1.1.
σxx

zz

τ

σc

Figure 1.8: Mohr 
ir
les at failure, for the simulations in Figs. 1.6 and 1.7. The leftend of the 
ir
le 
orresponds to the �xed pressure px, the right end to the 
orre
tedverti
al pressure �
orrzz at failure. The angle indi
ates a slope of about 0.23.
1.5 Summary and Con
lusionUsing dis
rete element simulations of fri
tionless, 
ohesive granular material in a bi-axialbox, the ma
ros
opi
 material behavior was examined for di�erent mi
ros
opi
 modelparameters. The parameters under investigation were the Young modulus, the Poissonratio, the dilatan
y angle, the internal fri
tion angle and the 
ohesion.
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knowledgements 11k
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kc/k2Table 1.1: Summary of the 
orre
ted peak-stress values and the 
orresponding 
o-hesion 
. The error for the stresses is about �3, the error for 
 is about �10. Notethe arti�
ially large 
 for k
 = 0, whi
h we attribute also to the systemati
 errorintrodu
ed by 
hoosing the peak-stress as the maximum of the 
u
tuating data andnot of some mean. The �gure to the right shows the 
-values as fun
tion of the
ohesion strength, with the maximum attra
tive for
e 
 / (k2 � k1)=(k2 + k
) givenas solid line.The intera
tion model 
an be seen as appropriate for rather small parti
les, where plasti
deformations lead to the hystereti
 response { for loading, the material behaves rathersoft, whereas for unloading/reloading, the 
ompressed 
onta
t area behaves more sti�.Due to its nature, the 
ohesive for
e depends on the maximum 
ompression and is alwaysre
overed, i. e. the 
ohesive for
es are reversible. Thus, the model seems appropriate forrestorable 
ohesive for
es, but not for damageable attra
tion like in e. g. 
on
rete. For thelatter, some damage parameter 
an be introdu
ed in order to make the 
ohesion historydependent and unre
overable.During the strain 
ontrolled bi-axial test with �xed horizontal pressure, the material is�rst 
ompressed, then starts to dilate and eventually yields at some peak-stress value.For strong external pressure, one obtains softening and, for weaker pressure, the verti
alstress remains 
onstant in a steady state, besides 
u
tuations. The material parametersfrom elasti
ity theory do not depend on the external pressure, but the dilatan
y anglein
reases with de
reasing external pressure. Even without mi
ros
opi
 fri
tion, one obtainsa ma
ros
opi
 fri
tion angle of the order of 13o. The ma
ros
opi
 
ohesion is proportionalto the maximum attra
tive for
e in the mi
ros
opi
 model.Future studies will involve mi
ros
opi
 fri
tion and its e�e
t on the material behavior.Furthermore, the preparation of the spe
imen before loading is started has to be de�nedin a more reprodu
ible and history independent manner as in the present situation.1.6 A
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