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Abstract. We present a two-dimensional model of heterogeneous cohesive frictional
solids where the material structure is idealized by a discrete granular particle assembly.
Our discrete model is composed of convex polygons which are linked together by sim-
ple beams accounting for cohesive effects. Varying its parameters the model naturally
interpolates between a continuous solid state and a discontinuous dry granular state of
the material. In order to demonstrate the wide applicability of the model simulations
ranging from the quasi-static uniaxial loading and shearing of a solid to the dynamic
fragmentation due to explosion, impact and collision of solids, will be presented. A
comparison with experimental observations is carried out in order to verify the qual-
itative application of the model. To provide a geometrical description of the damage
state, different characteristic quantities will be introduced and their relevance will be
examined.

1 Introduction

From a physical point of view geomaterials, like concrete, ceramics or marl can be
considered as cemented granulates forming a heterogeneous macroscopic solid.
The failure mechanisms of this materials are characterized by complex failure
modes under various loading situations and a highly anisotropic bias due to their
inhomogeneous microstructure. The growth and coalescence of microcracks lead
to the formation of macroscopic crack patterns and, finally, to a fragmentation
into separate particle clusters, forming a solid–granulates mix.

Depending on the observation scale this class of materials shows different phys-
ical and geometrical properties. Taking into account the point of view and the
chosen scale the structural fluctuations play a more or less dominant role and
thus determine the condition under which a material can be regarded as homoge-
neous. This is accompanied by the fact, that with a decreasing resolution length
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Fig. 1. Observation scales and applicable models for geomaterials like concrete.

on a specific level the internal material structure is less identifiable up to the
point when the material is considered as continuous. The observed size scales in
geomaterials like concrete are typically subdivided into hierarchical levels, like
the atomic, micro-, meso- and macrolevel [29]. The basic question regarding the
analytical description of a certain material focuses on how the constitutive be-
haviour can be described on different size scales.

The range of applicability of different simulation models is directly related to the
observation scale, as can be seen in Fig. 1, where our choice of the scale defini-
tions used throughout the paper is noted. For example in the context of concrete
modelling the application area ranges from the simulation of a crystal structure
and calcium silicate hydrates over a concrete particle stack and laboratory scale
measurements on test specimens to structural scale simulations of large struc-
tures like earth dams or cooling towers. Basically a class of continuum models
can be applied at each size scale, if the local quantities, e.g. damage, are smeared
over a certain region. Usually a verification of this models is done via a compar-
ison with experiments of finite size. Emerging heterogeneities, anisotropies and
discontinuities are then cast in the form of macroscopic continuum variables. In
order to allow for a realistic localization and to overcome mathematical difficul-
ties, as the loss of ellipticity, an enhancement of the classical continuum models is
necessary. To account for the neighboured influence within a material, like crack
interaction or stress redistribution effects, a physically motivated internal length
scale has to be introduced into the model. Usual enhancements of continuum for-
mulations are based on the introduction of localization limiters like non–local,
gradient–enhanced, viscous or Cosserat formulations. From the point a local-
ization phenomenon, like a crack, occurs due to a specific loading the material
cannot be treated as continuous any longer. Due to the creation and continuous
motion of the evolving crack surfaces the fracture and fragmentation of the solid
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is difficult to handle numerically. Therefore, most continuous simulation models
cannot account for the discrete nature of material failure in a natural way. As
an alternative, discrete models like particle, lattice or granular dynamics models
have been developed. Although prohibitive in large scale computations this class
of models is able to predict and simulate the fracture behaviour of small scale
applications of geomaterials.

In this paper we present a combined beam–particle model as an example for
an improved discrete element simulation scheme. In our approach heterogeneous
materials are considered as a cohesive granular frame represented by polygo-
nal microstructure elements which are bonded together by beams, in order to
allow for failure induced anisotropy in an unsmeared fashion. The material is
not thought as granular material ab initio, but gradually develops towards this
constitution by a gradual cracking of the beams. Due to the characteristics of
the disorder present in the microscopic structure and the size of the particles,
an internal length scale is incorporated intrinsically into the model.

The paper is organized as follows: Section 2 provides an outline of the theoretical
background of the model. In section 3 various applications of the model will be
presented ranging from the elastic deformation through fracturing to the com-
plete fragmentation of solids. The failure evolution of basic loading scenarios in
the framework of solid mechanics, like uniaxial compression, tension and shear
will be used in order to verify the presented numerical scheme and the effects
taking place at the microstructural level. Different failure related characteristic
quantities for the description of the failure within the material will be investi-
gated and their relation to continuum–based formulations will be pointed out.
This is followed by a study of the catastrophic fragmentation of solids, like the
impact of a projectile on a rectangular bar, the explosion of a circular solid and
the collision of disc–shaped macroparticles. In this context the transition from
damage to fragmentation is particularly studied.

Since the fracture evolution occurs very rapidly most of the available experimen-
tal results are obtained from the analysis of the debris in the final, relaxed state
of the processes. It will be demonstrated that this simulation method allows us
to monitor quantities which are hard to measure or are not measurable at all in
experiments. Hence, this model provides a deeper understanding of the fracture
and fragmentation processes well beyond the description of the final state.

2 Description of the model

Our model of cohesive frictional materials is an extension of those models which
are used to study the behaviour of granular materials applying randomly shaped
convex polygons to symbolize grains [13, 27]. The construction of the model is
composed of three major steps. Namely, the implementation of the granular
structure of the solid, the determination of the interaction of grains, and finally
capturing the breaking of the solid. This section gives a detailed overview of the
three steps of the model construction.
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2.1 Granularity

In order to take into account the complex structure of the granular solid we
use arbitrarily shaped convex polygons, i.e. we divide the solid into grains by
a Voronoi cellular structure. The Voronoi construction is a random tessella-
tion of the plane into convex polygons. In general, this is obtained by putting a
random set of points onto the plane and then assigning each point that part of
the plane which is nearer to it than to any other point. In our case, to get an
initial configuration of the polygons we construct a so-called vectorizable ran-
dom lattice, which is a Voronoi construction with slightly reduced disorder
(see Ref. [17]). It is performed by first putting a regular grid onto the plane and

(a) (b)

a=0.001 a=0.4

a=0.8 a=0.99

Fig. 2. (a) Construction of the vectorizable random lattice. The dots indicate the points
used for the tessellation. These points were thrown independently and randomly onto
the squares of the regular grid. (b) Random lattices generated at different values of
the parameter a. The smooth surface of the samples was obtained by cutting straight
boundaries after the Voronoi construction.

throwing points randomly and independently in a square of the side length a cen-
tered on the plaquettes of the regular grid. Using these points for the Voronoi
construction, the randomness of the tessellation can be controlled by tuning the
value of the parameter a between 0 and the lattice spacing of the grid 1. Fig. 2
presents an example of the vectorizable random lattice including the underlying
grid, the random points used for the tessellation and the final polygonal struc-
ture. The advantage of the vectorizable random lattice compared to the ordinary
Poissonian Voronoi tessellation is that the number of neighbours of each poly-
gon is limited which makes the computer code faster and allows us to simulate
larger systems.

The convex polygons of this Voronoi construction are supposed to model the
grains of the material, see also Refs. [13, 27]. This way the structure of the solid
is built on a microscopic scale. Each element is thought of as a large collection
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of atoms, however, in the simulation these polygons are the smallest particles
interacting elastically with each other. The polygons have three continuous de-
grees of freedom in two dimensions: the two coordinates of the centre of mass
and the rotation angle.

2.2 Elastic behaviour of the solid

In the framework of the discrete element approach the elastic behaviour of the
solid is captured by defining proper interactions on the microscopic level, between
the polygons. In the case of spherical particles the Hertz contact law provides the
force between two particles as a function of the overlap distance. For randomly
shaped particles it is impossible to derive such a simple interaction law, hence,
we introduce an approximate method.

The polygons are considered to be rigid bodies. They are not breakable and not
deformable but they can overlap when they are pressed against each other. The
overlap represents up to some extent the local deformation of the grains. Usually
the overlapping polygons have two intersection points which define the contact
line as shown in Fig. 3. The total force Fijp acting between polygons i and j can
be decomposed into normal FN,ij and tangential FT,ij components with respect
to the contact line, i.e.

Fijp = FN,ij · n+ FT,ij · t, (1)

where n denotes the unit vector pointing in the direction perpendicular to the
contact line, and t is the tangential unit vector.

In order to simulate the elastic contact force between touching grains we intro-
duce a repulsive force between the overlapping polygons. This force is propor-
tional to the overlapping area A divided by a characteristic length Lc of the
interacting polygon pair. Our choice of Lc is given by 1/Lc = 1/2(1/ri + 1/rj),
where ri, rj are the radii of circles of the same area as the polygons. This nor-
malization is necessary in order to reflect the fact that the spring constant is
proportional to the elastic modulus divided by a characteristic length. In the
case of a linear spring this characteristic length is simply the equilibrium length
(initial length) of the spring. The direction of the force is chosen to be perpen-
dicular to the contact line of the polygons. Further, damping and friction of the
touching polygons according to Coulomb’s friction law are also implemented.
Therefore, the complete form of the normal force FN,ij contains an elastic and
a damping contribution, while the tangential component FT,ij is responsible for
the friction:

FN,ij = −EpAp
Lc

−mijeff · γN · vNrel, (2)

FT,ij = min(−mijeffγT |vTrel|, µ|FN,ij |), (3)

where Ep is the particle Young’s modulus and Ap is the overlapping area, see
also Fig. 3. γN denotes the damping coefficient and γT and µ are the friction
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Fig. 3. To calculate the elastic contact force Fijp between two particles i and j one
has to obtain the overlap area (white area). The intersection points P1, P2 define the
contact line P1P2. The force is applied at the centre of the contact line and the direction
of the force is perpendicular to P1P2.

coefficients. The relative velocity at the contact and the effective mass can be
computed according to

vrel = vj − vi mijeff =
mi ·mj
mi +mj

, (4)

where vi and mi refer to the velocity and mass of a polygon i, respectively.

In order to bond the particles together it is necessary to introduce a cohesion
force between neighbouring polygons. For this purpose we introduce beams,
which were extensively used recently in crack growth models [8, 9]. The cen-
tres of mass of neighbouring polygons are connected by elastic beams, which
exert an attractive, restoring force between the grains, and can break in order
to model the fragmentation of the solid. Because of the randomness contained
in the Voronoi–tessellation the lattice of beams is also random. An example
of a random lattice of beams coupled to the Voronoi polygons can be seen in
Fig. 4. A beam between sites i and j is thought of having a certain cross section
Aij giving to it not only longitudinal but also shear and bending elasticity. This
cross section is the length of the common side of the neighbouring polygons in
the initial configuration. The length of the beam lij is defined by the distance
of the centres of mass. The elastic behaviour of the beams is governed by two
material dependent constants. For a beam between sites i and j the normal,
shear and bending flexibilities are given by

aij =
lij

EbAij
bij =

lij

GbAij
cij =

lij
3

EbIij
, (5)

where Eb and Gb are the Young’s and shear moduli of the beam, Aij is the area
of the beam section, and Iij is the moment of inertia of the beam for flexion.
A fixed value of Eb was used for all beams and bij was chosen to be bij = 2aij ,
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(a) (b)

Fig. 4. (a) Elastic beams connecting the Voronoi polygons in a disc-shaped sample.
Due to the randomness in the Voronoi tessellation the lattice of beams is also random.
(b) At the broken beams along the side of the polygons cracks are formed inside the
solid.

representing a Poisson’s ratio of the beams of νb = 0.0. The length, the cross
section and the moment of inertia of each beam are determined by the random
initial configuration of the polygons giving rise to the disorder in the beam
lattice. The beam Young’s modulus Eb and the particle Young’s modulus Ep
are, in principal, independent.

In the local frame of the beam three continuous degrees of freedom are assigned
to both lattice sites (centres of mass) connected by the beam, which are for site
i, the two components of the displacement vector (uix, u

i
y) and a bending angle

Θi. For the beam between sites i and j one has the longitudinal force acting at
site i:

F ib,x = αij(ujx − uix), (6)

the shear force

F ib,y = βij(ujy − uiy)−
βij lij

2
(Θi +Θj), (7)

and the flexural torque at site i

M i
b,z =

βij lij

2
(ujy − uiy + lijΘj) + δij lij

2
(Θj −Θi), (8)

where αij = 1/aij , βij = 1/(bij + 1/12cij), and δij = βij(bij/cij + 1/3) . Conse-
quently, this calculation formulae resemble the Timoshenko beam theory. It can
be shown that this beam model is a discretization of the simplified Cosserat
equations of continuum elasticity which can be used to describe the elastic be-
haviour of the granular solids, instead of the Lamé equations [23].
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2.3 Breaking of the solid

To model fracture and fragmentation it is necessary to complete the model with a
breaking rule, according to which the over-stressed beams break. For not too fast
deformations the breaking of a beam is only caused by stretching and bending.
We impose a breaking rule which takes into account these two breaking modes,
and which can reflect the fact that the longer and thinner beams are easier to
break [8]:

pijb =

(
εijb

εb,max

)2

+
max(|Θi|, |Θj |)

Θmax
≥ 1 ; εijb ≥ 0, (9)

where εijb = ∆lij/lij is the longitudinal strain of the beam, Θi and Θj are the
rotation angles at the two ends of the beam and εb,max and Θmax are threshold
values for the two breaking modes. In the simulations we used the same thresh-
old values εb,max and Θmax for all the beams.

The first term of Eq. (9) takes into account the role of stretching and the second
term the role of bending. Varying the threshold values the relative importance
of the two modes in the beam breaking can be controlled. The primary mi-
croscopic fracture process within geomaterials is caused by a tensile failure of
the cohesive bonds between the grain boundaries. The beams and their fracture
are thought to represent this cohesive effect within this combined beam–particle
model. Therefore, the breaking of beams in the simulations is allowed solely un-
der stretching.

The time evolution of the system is followed by solving numerically the equation
of motion of the individual polygons (molecular dynamics) for the translational
and rotational degrees of freedom:

miẍi =
∑N
j=1F

ij ,

i = 1, . . . , N
IipΘ̈

i =
∑N
j=1M

ij
z ,

(10)

where N is the total number of polygons in the sample, and Iip denotes the
moment of inertia of polygon i with respect to its centre of mass. The force Fij

and the torque M ij
z contains the contribution of the polygon-polygon contacts

in Eqs. (2), (3) and that of the beams in Eqs. (6), (7), (8). In the simulation
code a Gear Predictor-Corrector scheme of fifth order is used for the solution
of the Newton equations in Eq. (10).

During the simulation the left hand side of Eq. (9) is evaluated at each iteration
time step for all the existing stretched beams. The breaking of beams means
that those beams for which the condition of Eq. (9) holds are removed from the
calculation (see also Fig. 4 (b)), i.e. their elastic constants are set to zero. It
should be noticed that an update of the beam connections is carried out after
each time step after solving the equation of motion of all particles and taking
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into account the updated coordinates of the centres of mass. Removed beams
are never restored during the simulation. The surfaces of the grains, on which
beams are broken, represent cracks. The energy of the broken beams is released
in creating these new crack surfaces inside the solid.

2.4 Stress calculation

A well established quantity within the framework of constitutive modelling of
granular media is the average stress tensor. The basic idea pointed out in various
publications in the recent years is the achievement of a homogenized solution of
the stress state within a sample of contacting particles by analysis of the internal
or external work within a specific sample volume V . We extend this idea to the
combined beam–particle model by enhancing the general particle contact related
formulation by a beam connection related part. The following derivation is based
on the external work done at the sample under consideration of the application
of the divergence theorem to the weak form of the equilibrium equations, similar
to the procedure in [6]. The average stress tensor can be cast in matrix form:

σ =
1
V

∑
c

Fc ⊗ xc with Fc =


F ijp,x + F ijb,x

F ijp,y + F ijb,y


 (11)

The complete force vector Fc neglects the moment components and contains
only the x- and y-components of the particle contact force in Eq. (1) and those
of the beams in Eqs. (6) and (7). xc denotes the position vector of the boundary
particles, where the loading is applied to the sample, and contains the coordinates
of the corresponding centres of gravity.

The summation in Eq. (11) is taken over all contacts c within the particle set.
In this context the term ‘contact’ is used for the description of both, particle
contacts and beam connections. It should be noted that in the two–dimensional
framework considered here the sample volume V reduces to the area enclosed by
the centres of gravity of the boundary particles. The stress calculation procedure
is applied solely to the quasi–static loading simulations with dense granular
systems in section 3.1 within this paper. Therefore, the assumption of neglecting
the particle rotations within the calculation of the stress tensor, similar as applied
for the relative velocity in Eq. (4), seems quite comprehensible [2].

3 Simulation results

In order to illustrate the application range of the combined beam–particle model
numerical simulations taking into account samples with different geometries and
particle quantities have been carried out. Examples ranging from the elastic
deformation over the fracturing to the complete fragmentation of a solid are
examined. The simulations can be categorized into two groups: Quasi–static
uniaxial loading and shearing of rectangular solids or dynamic loading situations,
like impact, explosion or collision simulations of solids.
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3.1 Quasi–static loading scenarios

The following simulation results are thought as academic examples highlighting
the basic features of the combined beam–particle model in the framework of
quasi–static application in the field of solid and damage mechanics. The emphasis
lies on the qualitative application of the model to realistic experimental setups
in order to reproduce typical failure phenomena in heterogeneous materials and
to investigate the microstructural failure in terms of statistical considerations
[4]. It should be mentioned that no parameter identification with respect to
the output of experiments has been done for the following simulations, yet.
Therefore, within the oncoming diagrams units are not indicated in order to
focus only on the qualitative aspects of the simulations. A collection of the most
important parameters is given in Table 1 at the end of this section.

Compression Simulations A rectangular specimen consisting of 1000 parti-
cles (25×40) with a height to width ratio of 1.6 was uniaxially loaded in vertical
direction under constant strain rate conditions by moving inward the adjacent
loading plates, as shown in Fig. 5.

A

B

C

D

E

3

1
2

4

5

x

y k

ε̄y

σ̄yy

case (2)
case (1)

Fig. 5. Loading setup and stress-strain diagrams of compression simulations.

Within this compression study two different boundary conditions have been ex-
amined: with and without lateral confinement of the inferior and upper bound-
aries of the specimen, noted as case (1) and (2) within the following text. In
order to provide the lateral confinement for case (1) the boundary particles have
been kept fixed in x- and Θ-direction, whereas no lateral confinement of these
boundary particles is provided for case (2). The stress-strain diagrams for both
cases are plotted in Fig. 5 and reveal a linear-elastic regime with a constant
‘macroscopic’ elasticity modulus up to the peak, followed by a rather sharp drop
indicating the ‘macroscopic’ disintegration of the material. In this framework
the beam breaking can be considered as ‘microscopic’ failure of the material and
the dominating energy dissipation mechanism. The complete failure is a highly
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Fig. 6. Fractured state of specimens with (1) and without lateral confinement (2).

dynamic process driven by progressive beam bursts and determines the sharp
drop within the softening region in Fig. 5. The average longitudinal strain ε̄y in
the diagram is computed by averaging the length decrease over the horizontal
cross–section, while the corresponding normal stress σ̄yy in y-direction is calcu-
lated according to the average stress principle in Eq. (11).

As shown in the graphical output of the simulation program in Fig. 6 for case (1),
following a localization of deformations on diagonal bands within the specimen,
the failure planes start to orient on the two main diagonals connecting the edges
of the specimen. The loss of lateral stiffness due to progressive beam breaking in
the horizontal direction leads to a bulging of the specimen accompanied by the
development of column–type structures on the two diagonals of the specimen.
This hourglass failure mode agrees qualitatively well with the failure formation
of uniaxially compressed concrete cylinders with a persistent effect of friction.
The development of a biaxial compressive state hinders cracks to appear within
a triangular region neighbouring the boundary confinements.

Similar as observed in experiments with concrete in [30] a buckling of the aris-
ing load transferring ‘particle bridges’ leads to the final failure of the tested
specimens and defines the dominant microstructural effect for cracking in com-
pressive situations. The array of parallel splitting cracks enclosing the vertical
particle bridges becomes unstable at a certain load level and buckles [4], as
schematically depicted in Fig. 7 (a), thus leading to a diagonal failure zone. For
comparative reasons an enlarged view of a diagonal shear zone taken from the
output of the simulation program is given in Fig. 7 (b) and indicates the agree-
ment. Experiments with different sands and rod–like particles in [20] confirm the
described failure mechanism and thus the results of our numerical calculations
and the experiments with concrete in [30]. It is noteworthy to point out that
the same basic failure mechanism may appear in a non–cohesive material like
the sand tested in [20] as well as in strongly cohesive materials like the con-
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(a) (b)

Fig. 7. Array of splitting cracks (a) and enlarged view of simulation output (b).

crete tested in [30]. Further, the effect of the rotational resistance, intrinsically
included within our model, is emphasized as a basic microdeformation mecha-
nism in [20]. An example for the effect of the rotational resistance at contacts
is shown in Fig. 8 for the lateral boundary zone of a compressed sample. The
evolution of tensile cracks parallel to the loading direction ( 1©, 2©) lead to a
rotation of the particles within a particle column ( 3©, 4©) and thus to a bending
of the column. The failure results in a buckling of this particle chain due to the
bending mechanism ( 5©). Interestingly, with the combined beam particle model
the same effect as reported in [10], where a discrete element simulation with
spheres including a rolling resistance term has been applied to the examination
of shear band development, is reproduced.

1© 2© 3© 4© 5©

Fig. 8. Buckling of a boundary particle column within a compression simulation.

Based on this investigation it can be concluded, that in compressive simulations
tensile splitting on the microlevel leads to a shear-crack failure on the macrolevel
and therewith resembles correctly the reported crack mechanisms, which are dif-
ficult to observe in experiments.

In contrast to the failure mode for the confined specimen, in case (2) the macro-
scopic failure behaviour is determined by two non–crossing shear lines emerging
from the right side, moving to the bottom and then growing upwards to the
opposite edge. Again, similar to experiments with concrete prisms [29] loaded
between brushes internally inclined fracture planes develop and by shearing and
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Fig. 9. Failure evolution for cases (1) and (2).

buckling of the corresponding load transfer bridges determine the global fracture
behaviour. Midpoints of the broken beams marked in Fig. 9 give further evidence
on the cracking within the specimens [16] and thus give a better insight of the
developing failure planes. The corresponding picture shows the history of the
failure evolution according to their appearance in the stress-strain diagram in
Fig. 5. Simulations with varying slenderness ratios, not reported further, led to a
good qualitative agreement with the experimental fracture observations regard-
ing the inherent geometric size effect, as described in [29].

In the context of a geometric description of the state of damage different failure
related characteristic quantities can be examined. The most obvious one is the
amount of broken beams within a sample and the corresponding relation between
the time or strain scale and the density of broken beams. This measure is an
integral quantity since it does not depend on the position of the corresponding
beams within the sample. Numerical calculations with different particle num-
bers under consideration of a constant height to width ratio confirm a strong
size dependent effect. With an increasing particle and subsequent beam amount
a lower value of the density of broken beams at peak load and at the end of
the softening path is found. The size dependent behaviour is in agreement with
the theoretical calculations for pure lattices shown in [5] and clarifies that the
broken beam density is no objective measure of the state of damage within the
specimen.

The polar plot of the damage fabric represents a more objective failure related
characteristic quantity in the context of a geometric damage description. Hence,
this is a convenient way to monitor the evolution of fractured beams with respect
to the directionality. For case (1) the polar graphs are drawn in Fig. 10 according
to the points defined in the diagram of Fig. 5. The outer graph shows the initial
beam distribution of the examined sample and could be considered as limiting
fracture distribution of all beams. All distributions are normalized by the factor
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Fig. 10. Damage distribution of evolving failure for case (1).

1/2π. It should be noted, that the polar plot of this data is symmetric with
respect to the origin, due to a double counting of each beam as a result of the
numerical update algorithm. A comparison of the initial distribution with the
dotted circular curve shows the good agreement with the completely isotropic
distribution. The tendency to an anisotropic failure of the sample for the confined
specimen (case (1)) within the descending branch of the stress-strain diagram
in Fig. 5 is apparent. Interestingly up to point 4© almost half of the horizontal
beams (−45◦ ≤ α ≤ 45◦) have been broken, while nearly no breaking is ob-
served in the vertical direction. The previously noted angles are defined against
the horizontal x-axis of the sample. As described before the remaining vertical
beam chains are still able to transfer the load and therefore a complete failure
results first by a breakage of this transfer mechanism up to point 5© after the
brittle unloading of the material.

The defect correlation length can be considered as a further failure related char-
acteristic quantity, which will be studied for case (2) within the oncoming para-
graphs. Due to its coupling to the particle size it represents the inherent internal
length scale in the model. The distribution of distances of two consecutively
broken beams di,i+1 is depicted in the histogram in Fig. 11 (a). Curve A© shows
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Fig. 11. Distance from next crack (a) and from shear fault (b).



From solids to granulates 245

a distributed behaviour of the distances of successive defects in the range of half
the system height. At this stage the next broken beam can be found anywhere
within the sample with equal probability. From stage C© up to stage E© a clear
preference of the small distances can be observed and thus a correlation of the
defects is obtained. According to a recent publication [12] this behaviour could
be interpreted as a switch–over from a crack nucleation to a crack propagation
mode. The theoretical ansatz presented in [5] based on the separation of the his-
togram into an exponential and a constant part introduces a defect correlation
length. Depending on the existence of this length for a certain data representa-
tion, the transition point between the two described modes and the correspond-
ing time stage can be determined. In our case, similar as for the simulations
with the models in [12] and [5] no distinct correlation length can be determined
as defined by such an ansatz, but the general trend is obvious. Interestingly, as
shown in [11] earlier experimental oriented publications reveal a similar effect by
the application of this ideas to acoustic emission tests of rocks. The distribution
of the normal distances to the principal shear fault dsi , as shown in Fig. 11 (b),
points out the finite width of the evolving shear zone. A plateau for distances be-
tween 0 and 5 can be clearly recognized, whereby the average beam length is 1.1
and the average particle size is 1. With increasing vertical loading the specimen
separates into three parts that are pushed apart as schematically depicted within
the diagram in Fig. 11 (b). This fracture behaviour not only leads to a nearly
constant increase of distances between 0 and 5, but also results in an increase of
distances in the area between 5 and 8, representing the border zone of the shear
fault. This underlines the fact that the shear zone width remains constant from
the beginning of the localization at stage B© to the end of the faulting at stage
E©. With the help of the histogram in Fig. 11 (b) the thickness of the shear band
can be determined. Neglecting the effect of the described block separation mode
a thickness of 10 times the average particle size is found. The histograms in Fig.
12 show the distances of sequential failure event pairs in direction of the shear
fault dti,i+1 and perpendicular to it dni,i+1. Interestingly, the probability to get
very small distances tangential to the shear fault direction is very pronounced
compared to the perpendicular direction.
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Fig. 12. Distance from next crack normal (a) and tangential (b) to shear fault direction.
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In summary, the different failure related characteristic quantities have shown
to help in understanding the general failure mechanism from a microscopic point
of view. The crack density describes a non–objective integral quantity for the
cracks within a specimen. The polar plots of the damage distribution contain
information about the predominant failure directions and the correlation length
of the defects characterizes the spatial distribution of the cracks.

A comparison with other discrete simulation schemes shows clearly the advan-
tages of this model regarding the determination of the failure evolution. Pure
static lattice simulations of compressive loading scenarios, as presented in [26]
or [24] cannot lead to convincing results concerning the macroscopic failure be-
haviour, due to the lack of complexity within the formulation of the compres-
sive beam/truss failure behaviour. The dynamic combined beam–particle model,
however, is able to represent this complexity by its inherent particle contact fea-
ture, realistically modelling the motion within a compressed material sample. At
least from that point on when a beam breaks and an open crack surface appears
the behaviour is completely controlled by the particle dynamics and so influences
the general failure mechanism significantly.

Tension simulation A similar particle sample as used for the compression sim-
ulations with a height to width ratio of 1.6 was subjected to uniaxial tension.
On this account the acceleration and velocity of the particles at the inferior and
superior boundary were pointing outwards of the specimen.

In this case the failure behaviour is completely determined by the beam lattice
and its corresponding stiffness and statistical values. Again, the stress-strain re-
lation results in a linear response up to the peak level [4]. In contrast to the
compression simulation almost no fluctuations within the stress-strain diagram,
as a result of an energy release due to beam cracking, are observed before peak.
The failure evolution is depicted in Fig. 13 starting from the peak point of the

1 2 3 4 5

Fig. 13. Failure evolution of the tension simulation.

stress–strain diagram and ranging to the end of the softening region. The frag-
mented state where the specimen breaks into two main pieces separated by one
main horizontal crack, orthogonal to the loading direction is shown in Fig. 14,
right. Additionally, some short arrested cracks starting from the main crack ap-
pear, indicating the effect of a bending moment resulting from an increasing load
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eccentricity due to crack formation. It should be noticed that the macroscopic
failure starts by the cracking of one weak beam with a low effective stiffness
at the boundary. In comparison to the compressive simulations the failure zone
is highly localized. Again, the observed failure pattern agrees with experimen-
tal results found in the literature [29]. Although, in contrast to this results, no
uniformly distributed microcracking, often observed in the pre–peak region of
tensile concrete experiments, could be reproduced. Due to the rapid effect of
material degradation by the dynamically driven progressive beam breaking in
combination with a narrow beam stiffness distribution, the sample tends to lo-
calize in a small band of adjacent particles.

1.00.80.60.40.20.0

C

B

A
D

E normalized
height

εb,sect

Fig. 14. Averaged beam strains and simulation output at stage 4© of simulation.

By taking the average value of the beam strain components in the vertical direc-
tion εb,sect in every zone between two adjacent particle layers over the height a
deeper insight into the localization of deformations can be achieved. Curves A©
to E© in Fig. 14, left, characterize the situation before the peak stress is reached
up to the end of the softening branch. Of course, this representation gives only
a qualitative picture when compared to experiments like those presented in [3],
where parallel strain gauges were used along the loading axis of an elongated
beam to monitor the effect of microcracking. In the ‘elastic’ regime, before crack-
ing occurs ( A©) an almost constant distribution of the averaged strains over the
height indicates the negligible effect of the inherent heterogeneity. The strain
rate in this regime can be proven to be constant by the distribution of the aver-
aged strain increments

·
εb,sect over the specimen height. The localization pattern

is clearly visible by an increase of the average strain ( B©), followed by a decrease
of εb,sect first near the localization region ( C©) and later on, on the complete up-
per and lower part of the specimen ( D©, E©). This can be interpreted as a partial
unloading of the material within the specimen thickness emerging in the vicinity
of the crack and spreading to the boundaries.
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Simple shear simulation A quadratic sample consisting of 900 (30×30) parti-
cles was sheared by a constant shear velocity vs at the top, while the bottom was
completely fixed. The height was kept constant in order to resemble the setup of
a simple shear test as schematically depicted within the stress–strain diagram in
Fig. 15. Within this figure the vertical average stress at the upper boundary σ̄yy

12

3

4

5

vs

ε̄x

−σ̄yy

x

y
Θ

Fig. 15. Stress-strain diagram including loading setup.

is plotted versus the average transversal strain ε̄x. An increasing lateral pressure
at the top of the specimen indicates the Reynolds effect where the dilatancy is
suppressed due to the fixed height of the sample. In contrast to the previous
simulations no sudden failure is obtained. However, a drop to half of the peak
value may be interpreted as the start of a shear band localization, as can be
deduced from stages 1© and 2© within the illustration of the failure evolution in
Fig. 16. Afterwards the vertical stress increases again as an outcome of a further
suppression of the dilatation. Hence, the slope of the curve is smaller due to
the fact that the influence of the particle contact stiffness is growing against the
influence of the beam stiffness. Under consideration that the particle stiffness
is 10 times lower than the beam stiffness (see Table 1) this behaviour is quite
comprehensible. After beam breaking occurs within this diagonal band, the fric-
tional particle contact plays the dominant role with regard to the global failure
behaviour. At stage 4© the reaction force distribution is no longer uniformly dis-
tributed at the top boundary of the specimen. Larger pressure is needed at the

1 2 3 4 5

Fig. 16. Failure evolution of the simple shear simulation.
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right corner to keep the initial height of the specimen compared to a low value
at the left corner. Therefore, the beams within the right area are completely
compressed. The complete failure of the specimen is accomplished by fracturing
of these vertical beam chains as shown for the compressive simulation in Fig. 7.
This can be concluded if the damage distributions at stages 4© and 5© in Fig.
17 (a) are compared as well.

Basically within the first part of the simulation beams oriented in the direction
of the principal tensile stress break. The formation of a shear band from the
lower left to the upper right corner becomes obvious, if the graphical output of
the simulation program at stage 4© in Fig. 17 (b) is regarded. A tendency to-
wards this direction can be recognized by examination of the inner curves of the
damage distribution in Fig. 17 (a). In a later stage of the simulation represented
by the outer curve, the trend shows no longer a pronounced diagonal direction,
but rather a slight tendency towards the horizontal direction.

0.5
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–0.5

0.50–0.5

0.5
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–0.5

0.50–0.5

1 2 3 4

5

(a) (b)

Fig. 17. Damage distribution (a) and graphical output at stage 4© of simulation (b).

Experimental data for shear failure are often compared to results using discon-
tinuous models through notched four-point-shear beam experiments [22, 29] or
related shear box experiments [25]. Nevertheless the results have shown that
the general trend of shear simulations could be qualitatively accessed by the
application of the combined beam–particle model.

3.2 Dynamic fragmentation of solids

Fragmentation, i.e. the breaking of particulate materials into smaller pieces is
a ubiquitous process that underlies many natural phenomena and industrial
processes. The length scales involved in this process range from the collisional
evolution of asteroids to the degradation of materials comprising small agglomer-
ates employed in industrial processes. On the intermediate scale there are several
industrial and geophysical examples concerning the usage of explosives in mining
and oil shale industry, fragments from weathering, coal heaps, rock fragments
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from chemical and nuclear explosions. The most striking observation about frag-
mentation is that the measured fragment size distributions exhibit power law
behaviour with exponents between 1.9 and 2.6 concentrating around 2.4. Power
law behaviour of small fragment masses seems to be a common characteristic
of brittle fracture [1, 7, 8, 19, 21, 28]. Beside the size distribution of the debris,
there is also particular interest in the energy required to achieve a certain size
reduction. Collision experiments revealed that the mass of the largest fragment
normalized by the total mass shows power law behaviour as a function of the
specific energy, i.e. imparted energy normalized by the total mass [1, 7, 19].

In order to investigate catastrophic fragmentation of solids we performed simu-
lations under three different experimental conditions: we studied fragmentation
due to an explosion which takes place inside the solid [13], break-up of a solid
block by shooting a projectile into it [13], and finally the collision of macroscopic
bodies was considered [14, 15]. In the following we present a detailed analysis of
the wave propagation, crack nucleation, crack growth and time evolution of frag-
menting system. Special emphasis is put on the size distribution of fragments.

Explosion of a disc shaped solid In the explosion experiment the detonation
takes place in the centre of a solid disc. The granular solid with disc-like shape
was obtained starting from the Voronoi–tessellation of a square and cutting
out a circular disc in the centre, see Fig. 4.

In the centre of the solid we choose one polygon, which plays the role of the
explosive. Initial velocities are given to the neighbouring polygons perpendicular
to their common sides with the central one. The sum of the initial linear momenta
has to be zero, reflecting the spherical symmetry of the explosion. From these two
constraints it follows that for a polygon having massmi and a common boundary
of length Aij with the explosive centre, the initial velocity is proportional to A

ij

mi .
The sum of the initial kinetic energies defines the energy Eo of the explosion.
(For the parameter values and the initial conditions of the simulation see Table
1 at the end of this section.) As a result of these initial conditions a circularly
symmetric outgoing compression wave is generated in the solid. In our context
this means that there is a well–defined shell where the average longitudinal strain
of the beams < εijb >=< ∆lij/lij > is negative. This compression wave is not
homogeneous in the sense that not all the beams in this region are compressed .
If the angle of a beam with respect to the radial direction is close to π/2 a beam
can be slightly elongated within the compression wave. Since the overall shape
of the solid has the same symmetry as the compression wave it is possible to
avoid geometrical asymmetries, which would arise for example in the explosion
of a rectangular sample due to the corners. In the disordered solid the initial
compression wave gives rise to a complicated stress distribution, in which the
over-stressed beams break according to the breaking rule Eq. (9). The simulation
is stopped if there is no beam breaking during 300 successive time steps. Free
boundary conditions were used in all simulations.
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Due to the beam breaking the solid eventually breaks apart, i.e. at the end
of the process it consists of well separated groups of polygons. These groups of
polygons, connected by the remaining beams, define the fragments. In the sim-
ulation of the explosion we are mainly interested in the time evolution of the
fragmentation process and the mass distribution of fragments at the end of the
process. In the time evolution of the explosion two regimes can be distinguished.
The initial regime is controlled by the compression wave and the disorder of the
solid. The amplitude of the shock wave is proportional to the ratio of the average
initial velocity of the polygons to the longitudinal sound speed of the solid. The
width and the speed of the wave are mainly determined by the grain size and
the Young’s moduli.

Since the beams are not allowed to break under compression the compression
wave can go outward almost unperturbed and an elongation wave is formed be-
hind it. Due to the elongation wave a highly damaged region is created in the
vicinity of the explosive centre where practically all the beams are broken and
all the fragments are single grains. This highly damaged region is called the
mirror spot. Since the breaking of the beams, i.e. the formation of cracks in the
solid, dissipates energy after some time the growth of the damage stops. The size
of this mirror spot is determined by the initial energy of the explosion, by the
dissipation rate and by the breaking thresholds (see Fig. 18). During and after
the formation of the mirror spot when the outgoing compression and elongation
waves go through the solid, the weakest (i.e. the longest and thinnest) beams
break in an uncorrelated fashion creating isolated cracks in the system. The un-
correlated beam breaking is dominated by the quenched disorder of the solid
structure. This first uncorrelated regime of the explosion process lasts till the
compression wave reaches the free boundary of the solid. From the free boundary
the compression wave is reflected back with opposite phase generating an incom-
ing elongation wave. The constructive interference of the incoming and outgoing
elongation waves gives rise to a highly stretched zone close to the boundary. The

(a) (b) (c)

Fig. 18. Explosion of a disc-shaped solid. Snapshots of the evolving system are pre-
sented when the initial compression wave reaches the boundary of the solid (t = 0.0001s
(a)), the constructive interference of the incoming and outgoing elongation waves breaks
the boundary layer (t = 0.001s (b)) and the final breaking scenario (t = 0.004s (c)).
Black coloured beams indicate that the strain is close to the stretching threshold εb,max.
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Fig. 19. Propagation of the elastic wave in the disc–shaped solid. (left) after t =
10−5sec of the initial hit, (middle) after t = 3 · 10−4sec the compression wave is ap-
proaching the boundary and (right) after t = 5 · 10−4 the constructive interference of
the incoming and the outgoing elongation waves.

beams having small angle with respect to the radial direction have the largest
elongation. In this zone a large number of beams break causing usually the com-
plete break-off of a boundary layer along the surface of the solid. The thickness
of this detached layer is roughly half the width of the incoming elongation wave
(see Fig. 18). The fragments of this boundary layer fly away in the radial direc-
tion with a high velocity carrying with them a large portion of the total energy
in the form of their kinetic energy. After that the system starts to expand. This
overall expansion initiates cracks going from inside to outside and from outside
to inside. The branching of single cracks and the interaction of different cracks
give rise to the final fragmentation of the solid (Fig. 18). This second part of the
evolution of the explosion process is dominated by the correlation of the cracks.

The propagation of the elastic waves, when the beam breaking is switched off,
is presented in Fig. 19 under consideration of the average radial strain ε̄r. One
can observe the peak of the initially imposed shock, the propagation of the com-
pression and elongation waves and the formation of the highly stretched zones
at the boundary.

We performed simulations alternatively fixing the two breaking parameters εb,max
and Θmax and changing the value of the other one, keeping all the other param-
eters of the simulations fixed. In both cases the mass distribution of fragments
was obtained. The fragment mass histograms are presented in Fig. 20. The lower
cutoff of the histograms is determined by the size of the unbreakable polygons
(smallest fragments), while the upper cutoff is given by the finite size of the
system (largest fragment). It can be observed that increasing the value of the
varied parameter the distributions tend to a ‘limiting curve’, but the histograms
follow a power law for practically all the parameter pairs for at least one order
of magnitude in mass:

F (m) ∼ αm−β . (12)

The effective exponents β were obtained from the estimated slopes of the curves.
Apart from the case of extremely small breaking parameters the exponent β only
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Fig. 20. (a) The fragment mass histograms varying the stretching threshold εb,max =
1% − 6%. The bending threshold is fixed Θmax = 4o. The contribution of the single
polygons are ignored. For increasing εb,max the curves tend to a limit, which is de-
termined by the fixed bending mode. (b) The fragment mass histograms varying the
bending threshold Θmax = 1o − 7o. The stretching threshold is fixed εb,max = 3%. For
increasing Θmax the curves tend to a limit, which is determined by the fixed stretching
mode

slightly varies around β = 2.0, indicating a more or less universal behaviour
within the accuracy, with which β was determined (±0.05). These values of the
exponent β obtained numerically are in reasonable agreement with most of the
experimental results [13].

Impact of a projectile with a solid block Besides the explosion a catas-
trophic fragmentation of solids can also be generated by an impact with a pro-
jectile [18].

We applied our model to study the fragmentation of a rectangular solid block
due to an impact. One polygon at the lower middle part of the block is given
a high velocity directed inside the block simulating an elastic collision with a
projectile. The boundary conditions and the stopping condition were the same as
in the explosion experiment. The breaking thresholds were chosen εb,max = 3%
and Θmax = 4o. The evolution of the fragmenting solid block is presented in
Fig. 21. As in the case of the explosion, the initially generated compression wave
plays a significant role. Since the energy of the collision is concentrated around
the impact site of the projectile the damage is the largest in that region. The
completely destroyed zone, where all the beams are broken stretches inside the
solid in the forward direction resulting in the break-up of the solid. When the
shock wave reaches the boundary at the side of the solid opposite to the collision
point it gives rise to the break-off of a boundary layer. The fragments of this
layer fly away in the forward direction with a high velocity. Some small fragments
from the vicinity of the collision point are scattered backward. The damage in
the direction perpendicular to the projectile is not strong, the broken boundary
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(a) (b)

(c)

Fig. 21. Fragmentation of a block composed of elastic grains. One grain at the lower
middle part of the block is given a high velocity directed inside the block. Here the
velocity was 400m/s. The size of the block was chosen to be 40cm × 20cm. Snapshots
of the evolving system are presented at t = 0.0004s (a), t = 0.0015s (b) and t = 0.003s
(c).

layer is thicker and the speed of the fragments is smaller. Results of laboratory
experiments on high velocity impacts can be found in Refs. [1, 7, 19, 21, 28]. In
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Fig. 22. Fragment mass histogram of the impact simulation.
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Ref. [19] a picture series obtained by a high speed camera is presented showing
the time evolution of an impact experiment. Our results are qualitatively in good
agreement with the experimental observations.

The resulting fragment mass histogram F (m) is presented in Fig. 22. Simi-
larly to the explosion experiment, F (m) shows power law behaviour for approx-
imately one order of magnitude in mass. The value of the effective exponent is
β = 1.98± 0.05, which agrees well with most of the experimental results [14].

Collision of macroscopic bodies In nature the collision of macroscopic solids
is a common fragmentation mechanism the consequences of which can be widely
observed. It is well known that in the flow of granular materials a large part
of the kinetic energy of the grains is dissipated in the vicinity of their contact
zone during the collisions. Beside the viscous and plastic effects, the dissipation
by damaging is also an important source of energy loss in the flow. Collision
of particles occurs also in the solar system in planetary rings. In this case the
energy dissipation due to impact damage might also influence the large scale
structure formation in the rings. On larger length scale in the solar system, the
so-called collisional evolution of asteroids due to subsequent collisions, and the
formation of rubble piles in the asteroid belt is still a challenging problem [7].
Among industrial applications the breakup of agglomerates in chemical processes
can be mentioned. Due to experimental difficulties, the computer simulation
of microscopic models is an indispensable tool in the study of these impact

Fig. 23. Final scenario of a collision of two discs of the same size.
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phenomena. To study fragmentation of macroscopic bodies due to collision we
performed simulations of the collision of two–dimensional discs of the same size
with zero impact parameter varying the energy of the collision in a broad interval.
The typical final breaking scenario of a collision process can be seen in Fig. 23.

Analyzing the energetics of the fragmentation process and the resulting size
distribution of fragments we identified two distinct final states of the collision
process, i.e. damaged and fragmented states with a sharp transition in between.
With a detailed study of the behaviour of the fragment mass distribution in the
vicinity of the transition point and its dependence on the finite particle size we
gave numerical evidence that the transition point behaves as a critical point and
the damage-fragmentation transition occurs as a continuous phase transition.
The control parameter of the transition was chosen to be the dimensionless ratio
η of the energy of impact and the binding energy of the sample, and the order
parameter was associated to the mass of the largest fragment divided by the
total mass [15].

Table 1. The parameter values used in the simulations (Sim 1 = quasi–static simula-
tions, Sim 2 = dynamic fragmentation simulations.

Parameter Symbol Unit Sim 1 Sim 2

Density ρ g/cm3 5 5

Particle Young’s modulus Ep dyn/cm2 1010 1010

Beam Young’s modulus Eb dyn/cm2 1011 5 · 109
Beam elongation threshold εb,max % 3 3

Beam bending threshold Θmax deg 3 4

Time step dt s 10−6 10−6

Diameter of the disc d cm - 40

Energy of the explosion Eo erg - 5 · 109
Average initial speed vo m/s - 200

Estimated sound speed c m/s - 900

4 Conclusions

We presented a two-dimensional discrete model of solids connecting unbreakable,
undeformable elements by breakable, elastic beams. To demonstrate the capa-
bilities of the model in the study of fracture and fragmentation processes we
performed simulations of various quasi-static loading scenarios, furthermore, the
model was applied to investigate catastrophic fragmentation of solids due to ex-
plosion, shooting a projectile, and due to collision. The results of the simulations
were found to be in reasonable agreement with the experimental observations
which shows that our discrete element simulation model is a powerful tool for
the study of the degradation of geomaterials.
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Still our study makes a certain number of technical simplifications which might
be important for a full quantitative grasp of fracture and fragmentation phenom-
ena. Most important seems to us the restriction to two dimensions, which should
be overcome in future investigations. The existence of elementary, non-breakable
polygons restricts breaking on lower scales and hinders us from observing the
formation of powder of a shattering [8]. Further, a sound quantification of the
model parameters concerning realistic adaptation to geomaterials should be con-
templated for the future.

An advantage of our model with respect to other discrete models is that we can
follow the trajectory of each fragment, which is often of big practical importance
and that we know how much energy each fragment carries away. The polygonal
structure of our solid allows us to realistically model granular or polycrystalline
matter, and considering as well cell repulsion as beam connectivity gives us a
rich spectrum of possibilities ranging from breaking through bending to the ef-
fect of dilatancy. If one or the other mechanism is turned off we have the extreme
cases of an elastic homogeneous solid and a compact dry granular packing. In
the framework of our discrete model it is rather straightforward to impose and
study any kind of structural inhomogeneity. It was also demonstrated that dur-
ing the simulation with this discrete model of solids it is possible to monitor
such quantities which are hard to measure or not measurable. Hence, this way
of treatment can provide a deeper understanding of the processes studied.

Acknowledgement

The authors are grateful for the financial support of the German Science Foun-
dation (DFG) within the research group Modellierung kohäsiver Reibungsmate-
rialien under grant no.VE 163/4-1.4. F. Kun is indebted for the support of the
Alexander von Humboldt Foundation and also for the Bolyai Janos fellowships
of the Hungarian Academy of Sciences.

References

1. N. Arbiter, C. C. Harris, G. A. Stamboltzis: Soc. Min. Eng. 244, 119 (1969)
2. R. J. Bathurst, L. Rothenburg: J. Appl. Mech. 55, 17 (1988)
3. L. Cedolin, S. dei Poli, I. Iori: J. Engng. Mech. 113, 327 (1987)
4. G. A. D’Addetta, F. Kun, E. Ramm: Int. J. Fract., submitted for publication (2000)
5. A. Delaplace, G. Pijaudier-Cabot, S. Roux: J. Mech. Phys. Solids 44, 99 (1996)
6. A. Drescher, G. De Josseling De Jong: J. Mech. Phys. Solids 20, 337 (1972)
7. A. Fujiwara, A. Tsukamoto: Icarus 44, 142 (1980)
8. H.-J. Herrmann, S. Roux (eds.): Statistical Models for the Fracture of Disordered
Media (North Holland, Amsterdam 1990)

9. H.-J. Herrmann, A. Hansen, S. Roux: Phys. Rev. B 39, 637 (1989)
10. K. Iwashita, M. Oda: J. Engng. Mech. 124, 285 (1998)
11. D. Krajcinovic: Damage Mechanics (North-Holland, Amsterdam 1996)
12. D. Krajcinovic, M. Vujosevic: Int. J. Solids Structures 35, 4147 (1998)
13. F. Kun, H.-J. Herrmann: Comp. Meth. Appl. Mech. Engng. 138, 3 (1996)



258 G. A. D’Addetta et al.

14. F. Kun, H.-J. Herrmann: Int. J. Mod. Phys. C 7, 837 (1996)
15. F. Kun, H.-J. Herrmann: Phys. Rev. E 59, 2623 (1999)
16. F. Kun, G. A. D’Addetta, H.-J. Herrmann, E. Ramm: Comp. Ass. Mech. Engng.

Sci. 6, 385 (1999)
17. K. B. Lauritsen, H. Puhl, H. J. Tillemans: Int. J. Mod. Phys. C 5, 909 (1994)
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