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Abstract

We present detailed shape measurements of several barchan dunes in southern Morocco, near Laayoune. Using theseˆ
data, we disprove the concept of shape invariance of barchan dunes of different sizes. Nevertheless, some parts of the
barchan dune scale and we try to distinguish these from non-scaling ones. Furthermore, we point out the importance of the
exact position of the brink for the overall dune shape. Finally, we propose a simple model for dune shape, using our data to
determine the model parameters. Despite its simplicity, this model is able to explain the difference between barchans where
the crest and the brink coincide and those where they are separated. Typical side slopes can be obtained and the basic
properties of the evolution of a barchan dune can be described. q 2000 Elsevier Science B.V. All rights reserved.
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1. Introduction

A wide variety of dune shapes is found in deserts
and has been fitted into numerous classifications by
geoscientists. The shapes depend mainly on the
amount of available sand and on the change in the

Ždirection of the wind over the year Bagnold, 1941;
Pye and Tsoar, 1990; Besler, 1992; Lancaster, 1995;
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Nickling, 1986; Brookfield and Ahlbrandt, 1983;
.Kocurek, 1996 , the most famous being by Bagnold.

The simplest and best known type of dune is the
barchan dune, shaped in a crescent, which occurs if
the wind comes steadily from the same direction
throughout the year and if there is not enough sand
to cover the entire surface. Barchan dunes move
proportionally to the wind velocity and inversely
proportionally to their height. They are encountered

Žfor instance in Peru Finkel, 1959; Hastenrath, 1967,
. Ž1987; Lettau and Lettau, 1969 , Namibia Slattery,

. Ž .1990 and Morocco Oulehri, 1992 . On these dune
fields, hundreds of barchans can be found, generally
all of the same size. The dunes have heights between
1.5 and 10 m, while their bases are typically 40 to
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Fig. 1. Barchan dunes near Laayoune, Morocco. The dune in the front, on the left side was measured in detail during our field trip in Mayˆ
Ž .1999 no. 5 .

150 m long and 30 to 100 m wide. The windward or
stoss-side of the dune has typical slopes between 88

and 208 and is limited by a sharp edge, called the
brink. The brink coincides in many cases with the
crest of the dune and separates the slip face from the
dune’s windward side. Roughly speaking, its plan-

shape is a parabola-like curve reaching from the tip
of one horn to the point of maximum slip face height

Ž .and back to the tip of the other horn Figs. 1 and 2 .
Despite the fact that for more than 50 years

geologists and geographers have been measuring
dunes in the field and have obtained data on height,

Fig. 2. Sketch of a barchan dune, see also Section 2 for the definition of the different lengths.
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width, length, volume and dune velocity, very little
Žis yet known Hesp and Hastings, 1998; Wiggs et al.,

.1996 about the exact quantitative shape of barchans.
From a mathematical point of view, the barchan
dune is a symmetrical object in the wind direction,
but in nature there are many factors, like non-steady
winds or inclined ground surfaces leading to asym-
metrical shapes. Numerical simulations to predict the
evolution of barchan dunes and their exact shape
have been performed by Wippermann and Gross
Ž . Ž .1986 and Howard and Morton 1978 .

We performed exact measurements of the shape
of several dunes instead of doing a large statistical
survey in order to have precise surface data. Using
these data the volumes of the dunes can be calcu-

lated without making any assumptions about their
shape. A further objective was a detailed investiga-
tion of the scaling of barchan dunes using data from
entire profiles instead of simple length, width and
height relationships. Finally, we were interested in a
simple geometric model in order to describe a barchan
dune by only one parameter, which is the height.

2. The shape of a barchan dune

The crescent-like shape of the barchan is well
known qualitatively. The first measurements con-
cerning barchan dunes and their morphologic rela-

Ž .Fig. 3. The upper-left map shows southern Morocco the former Spanish Sahara , located in north-west Africa, including the area of
Laayoune, which is magnified in the lower-right sketch. The sketch shows the barchan dune field between Laayoune and Laayoune Plage,ˆ ˆ ˆ
the harbor of Laayoune. The dunes move from NNE to SSW and cross a road between Laayoune and the Atlantic Ocean. Dunes 1 to 3 areˆ ˆ
located at 671 500E 3001 000N UTM and 4 to 8 at 678 000E 3012 000N UTM, respectively.
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Ž .tionships were performed by Coursin 1964 in Mau-
Ž .ritania and Finkel 1959 in the Pampa de La Joya in

Ž .southern Peru. Hastenrath 1967, 1987 analysed
barchans in the same area and revisited the site 20
years later. Additional investigations in the same

Ž .field were undertaken by Lettau and Lettau 1969 .
Ž .Slattery 1990 measured barchan dunes in Namibia.

However, they did not measure the entire shape of
the dune, but only the typical lengths as shown in
Fig. 2.

We define for each horn, the lengths L , L anda b

the widths W , W independently, as did Finkela b
Ž .1959 . The orientation of the measuring axis is
chosen according to the wind direction, which coin-
cides with the symmetry line for a totally symmetric
dune. Furthermore, this study introduces the length
of the slip face L and the length L from the dune’ss 0

toe on the windward side to the brink. Finally, the
height of the slip face H is defined at the highest
point of the brink, which is the intersection of the
brink and the longitudinal centerline of the dune.

3. The field area

We performed our field measurements in a dune
field in the Sahara desert, located in southern Mo-

Ž .rocco former Spanish Sahara near the city of
Ž .Laayoune Fig. 3 .ˆ

The source of this dune field can be found ap-
proximately 100 km NNE of Laayoune on the shoreˆ
of the Atlantic ocean, near Tarfaya. The sediments
are transported from the coast towards the SSW by
the wind parallel to the coast. The entire dune field
extends from Laayoune 200 km to the SSW and 100ˆ
km to the NNE and has therefore 300 km in length.
Despite the length of this dune field, its width is only
approximately 8 km and stays more or less constant
over the whole length. In the area of Laayoune,ˆ
well-developed barchan dunes can be found and are
easy to access. Furthermore, the surface of the desert
to the north of Laayoune is relatively flat and theˆ
fluctuations in the wind direction are rather small.
Hence, exceptionally symmetrical barchans can be
found in this area, which was the reason for choosing
this particular site. A detailed study of this area was

Ž .performed by Oulehri 1992 which presented infor-

Ž . Ž .Fig. 4. Windrose of Laayoune 1956–1959 after Oulehri 1992 .ˆ

Ž .mation on wind direction Fig. 4 and strength over
Žthe year and an analysis of the dune sand grain

.diameter, chemical composition, and shape . Accord-
ing to him, the barchans of Laayoune are one of theˆ
most mobile in the world with an average rate of
movement of 32 m yry1 for dunes with a height of 9
m.

Our measurements took place in May 1999. We
measured eight symmetrical dunes ranging from 3 to

Ž .9 m in height using a total station SOKKIA Set 5A .
The measured dunes were chosen in such a way that
they were not shielded by others.

4. Measurements

In our study we measured approximately 150
points per dune along certain characteristic lines, as
shown in Fig. 5. The total station was placed at three
different positions in order to access the entire sur-
face. Some points have been measured twice in order
to transform the three local coordinate systems to a
common one. These points are located at the tips of
the horns, at the toe of the windward side, and at the
summit of the dune.

The measured points have been used to interpo-
late the entire surface of the dune. In order to remove
the height fluctuations of the ground, which are
always less than 3%, we interpolated the ground
surface using the measured points of the dune’s
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Fig. 5. An example of the different profiles measured per dune by
placing a total station at the positions 1 to 3. The total number of
points aquired per dune was approximately 150.

outline and subtracted it from the surface of the
dune.

5. Morphologic relationships

In this section, we present the typical morphologi-
cal relations and comparisons with measurements

Ž .performed by Finkel 1959 in southern Peru. Of
course, we cannot present good statistics from only
eight measured dunes, but the general relations should
still hold true and give us the possibility of compar-
ing our data to previous data. A comparison between

Ž .the data of Finkel 1959 and others can be found in
Ž .Hesp and Hastings 1998 . For this reason we restrict

Ž .our discussion to the data of Finkel 1959 .

5.1. Height and width relationship

The relationship between the width of the horns
WsW qW and the height H of the slip face hasa b

been studied many times. An overview can be found
Ž .in Hesp and Hastings 1998 . A linear relationship

was found between the height H and the width of
the horns W.

Wsa Hqb 1Ž .W W

Fig. 6. Height and width relationship of the measured dunes and
the relationships found by Finkel and Hastenrath.

Fitting a linear relationship to our data gives similar
Ž . Ž .values, as Finkel 1959 and Hastenrath 1967 found

for the dunes of the Pampa de La Joya, as shown in
Fig. 6 and Table 1.

5.2. Height and Õolume relationship

For the management of dune movement, the vol-
ume V of a dune is one of the most interesting
features, apart from the rate of movement Õ . To-d

gether they determine the bulk flux Q of sandb

transported by the dunes.

Q sr Õ V 2Ž .b sand d

To obtain the total flux Q , in addition to the bulkt

flux, the inter-dune-flux Q , has to be taken intoi

account.

Q sQ qQ 3Ž .t b i

A study of these fluxes has been performed by
Ž .Sarnthein and Walger 1974 . In the following, we

concentrate on the bulk flux and the dune volume.

Table 1
Height and width relationship

2a b rW W

Finkel 10.3 4.0
Hastenrath 8.2 9.5
This study 11.1 5.6 0.97
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Fig. 7. Height and volume relationship. Fitting the function V s
bH a leads to an exponent significantly below the cube.

We have calculated the volume of the measured
barchan dunes using the interpolated surfaces. The
result is shown in Fig. 7. By regression, we obtained
an exponent of 2.4, which is significantly below the
cube that would be obtained for scale-invariant ob-
jects. There must therefore be a difference in shape
between small and large barchans.

Ž .According to Oulehri 1992 , the rate of move-
ment of the dunes in the area of Laayoune is 32 mˆ
yry1 for a dune of 9 m height. The bulk density of
the dune sand is 1670 kg my1, on average. Using
these data and the calculated volume of 23 000 m3

Ž Ž ..for dune 7 Eq. 3 , we obtain a flux of 1.2 million t
my1 yry1 or 736 000 m4 yry1. Lettau and Lettau
Ž . 4 y11969 estimated a bulk flux of 20 550 m yr for
an average barchan of the Pampa de La Joya whose
height was 3 m. A large barchan with a height of 5.2
m gave a bulk flux of 60 000 m4 yry1.

5.3. Height and length relationship

The overall length L of a barchan is the sum of
the length L from the windward foot of the dune to0

its crest, the length of the slip face L , and thes
Ž .average of the horn lengths L s L qL r2 ash a b

defined in Fig. 2.

L qLa b
LsL qL q 4Ž .0 s 2

This definition uses four lengths, of which only the
length of the slip face L has an obvious dependences

on the height H,

H
L s , 5Ž .s tanQ

where Q is the angle of repose with typical values
between 318 and 358. This angle is an intrinsic
property of the sand and is therefore independent on
the aeolian processes.

In spite of the lack of a simple theoretical expla-
nation, we can deduce from Fig. 8 that the lengths
L , L and L also scale linearly with height. This0 h

Ž .has been already reported by Finkel 1959 for the
horn length.

L sa Hqb 6Ž .x x x

According to our measurements we obtain the coeffi-
cients shown in Table 2 by performing a linear
regression.

Fig. 8 shows further that the ratio of the horn
length L to the stoss-side length L also depends onh 0

the dune’s height. This shows clearly that the relative
position of the slip face within the whole dune varies
from small to large dunes and that the ratio of horn

Fig. 8. Total length L, horn length L , and the length of theh

stoss-side L vs. height.0
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Table 2
Height and length relationships

2a b rx x

L 14.2 17.5 0.94
L 4.6 18.5 0.850

L 7.7 y1.6 0.88h

length to total length increases with the height. This
disproves scaling invariance of barchan dunes.

6. A simple model for the shape of a barchan

Ž .Lettau and Lettau 1969 used a simple geometric
shape consisting of parabolas, ellipses and straight
lines to reconstruct a standard barchan dune from the
measured height, horn width, and total length in
order to calculate the volume of the dunes. In a
similar way, we introduce here a simple model to
describe the shape of a barchan dune, analyzing the
precise shape using interpolated surfaces based on
our measurements and taking the differences be-
tween small and large dunes into account. The model
incorporates the different scaling of the stoss-side
length L and the horn length L , which is the most0 h

obvious difference between small and large dunes, as
shown in the previous section.

Ž .Lettau and Lettau 1969 used an ellipse for the
windward edge of the dune and a parabola for the
dune’s cross-section, perpendicular to the wind direc-
tion. We generalize this and use a three-dimensional
paraboloid that leads implicitly to an elliptical base
line. The parabolic shape in the wind direction dif-
fers from the Lettau and Lettau model, but can be
justified by looking at the evolution of barchan
dunes. One possibility for the evolution is that sand

Žfirst accumulates forming a parabola-like dune shield
.or dome dune . If this parabola-like dune reaches a

certain critical height, an instability occurs and a slip
face starts to form on the lee side. With its further

Žgrowth the dune gets more and more stable Jakel,¨
.1980; Kocurek et al., 1992 .

6.1. The windward side

In the following geometrical description, we di-
vide the barchan dune into two parts, slip face and

windward side, which are separated by the brink.
The symmetry plane is the x–z plane of the coordi-
nate system and the wind direction is along the
x-axis. The windward side is modeled using a

Ž .parabolic surface and is limited by the brink b yx
Ž .and the base zs0 :

1 1
2 2zsh 1y x y y 7Ž .2 2ž /l w

with

zG0 and xFb y ,Ž .x

where h is the height of the parabola, l and w its
half length and width.

Ž .The parabola defined by Eq. 7 has three parame-
Ž .ters l, w, h , which give us the possibility of

Ž .rescaling the axes x, y, z and introducing dimen-
sionless variables:

1 1 1
xs x ys y zs z 8Ž .˜ ˜ ˜

l w h

In the new coordinates all dunes have to collapse
onto a single curve if they can be described by a
parabola, as stated above.

zs1yx 2 yy2 9Ž .˜ ˜ ˜
Ž .The parameters l, w, h have been obtained by

Ž .fitting Eq. 7 in the vicinity of the crest to the
measured data. In Figs. 9 and 10 the dunes and the

Ž .Fig. 9. Cross profile of the dunes thin lines , perpendicular to the
wind direction, using dimensionless variables and the standard

Ž . Ž .parabola of Eq. 9 thick line .
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Ž .Fig. 10. Profile along the symmetry plane of the dunes thin lines
Ž .using normalized variables and the standard parabola of Eq. 9

Ž .thick line .

Ž .standard parabola according to Eq. 9 are shown as
dimensionless variables. There is a good agreement
with the parabolic shape in both directions near the
crest. It is within the errorbars of the measurements.
In contrast to the Lettau and Lettau model, this
model can also be used to describe whale-back dunes,
where the crest and brink do not coincide. The actual
cross-sections show a weak asymmetry that may be
explained by fluctuations in the wind direction. In-
deed, during our measurements, the wind was blow-
ing along the centerline of the dune.

The symmetry lines of all dunes collapse reason-
ably well near the crest. The slip faces do not
collapse at all and are therefore the most obvious
difference between large and small dunes, between
dunes where crest and brink coincide or not as

Ž .shown in the following sections Fig. 11 .
In Section 5, we showed the morphologic rela-

tions between length, width, and height. The fitted
parameters of the parabola show a similar linear
relationship for the length

lsa hqb 10Ž .l l

with a s5.4, b s10.7, r 2 s0.94 and widthl l

wsa hqb 11Ž .w w

2 Ž .with a s5.8, b s1.9, r s0.95 see Fig. 12 .w w

If we compare these values with those of Section
5, for the width and height relationship, we find a

Fig. 11. Sketch of a small and a large dune.

Žgood agreement a : 11.6 vs. 11.1 and b : 3.8 vs.w w
.5.6 . A direct comparison of the total dune length L

Ž .Fig. 12. The parabola parameters l and w o have been fitted
independently for each dune. The straight lines show linear fits for
these parameters vs. the height h.



( )G. Sauermann et al.rGeomorphology 36 2000 47–62 55

Fig. 13. Position of the slip face with respect to the parabola
center plotted against the parabola height.

and the parabola length l is not possible due to the
fact that the position of the brink is an additional
important quantity that is needed to calculate the
total dune length from the parabola length.

Using these linear relationships, we can write the
half parabola width w and length l as functions of
the height h and reduce the parabola model to one
parameter, the height of the parabola.

6.2. Side slopes

Ž .The parameters obtained for Eq. 11 show a
small constant value b that will be neglected for thew

following discussion. This leads to a width propor-
Ž .tional to the height wsa h . The steepest slopew

occurs at the foot of the cross profile passing the
Žmaximum height of the parabola xs0, ys"a hw

.and zs0 . Hence, we can calculate the maximal
Ž .slope by using Eq. 7 , which leads to a maximum

side slope angle that is independent of the dune
height h.

Ez 2
< s" s"tana 12Ž .ys" a h , xs0wE y aw

According to our data from Morocco, this angle a is
approximately 198, which is well below the angle of
repose of sand. This slope seems to be an important
invariant quantity for barchan dunes that, to our
knowledge, is not well understood. Hesp and Hast-

Ž .ings 1998 reported side slopes of 218 for barchan
dunes of the Namib desert.

The paraboloid model does not give the exact
position of the steepest side slope, which is, accord-
ing to our measured surfaces, not at the widest part
of the dune, but shifted in the upwind direction.

6.3. The slip face

The slip face, located on the lee side of the dune
has a maximum slope that is always determined by
the angle of repose Q .

< <= z s tanQ 13Ž .
with

zG0 and xGb y 14Ž . Ž .x

Hence, if we know the position of the brink

b y s b y , y ,b y 15Ž . Ž . Ž . Ž .Ž .x z

the profile of the entire slip face can be calculated.

6.4. The brink

The brink is the intersection of the slip face with
the windward paraboloid. According to the chosen

Ž .parametrization the y-coordinate , the height of the
Ž .brink is given by Eq. 7 .

b y sz b y , y 16Ž . Ž . Ž .Ž .z x

Ž .Finally, the brink can be modeled only by b y .x

˜ Ž .Fig. 14. Measured brinks and the fitted parabola b y in dimen-˜x

sionless variables.
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Ž . Ž .Fig. 15. Shape of two barchan dunes of different height a 3 m and b 9 m, according to the proposed model using parameters obtained
from the data of the barchans of Morocco.
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Fig. 16. Dune no. 1.

Here, we propose a parabolic brink to keep the
model simple.

b y sb qb y2 , 17Ž . Ž .x 0 2

where b is the distance between the top of the0

parabola and the brink.
If we assume that a barchan dune moves without

changing its shape, the effects concerning the evolu-
Ž .tion of the dune can be neglected. Using Eqs. 7 ,

Ž . Ž .10 and 11 the windward side of the dune depends

only on the height h. Hence, the height h has also to
determine the position b of the slip face. In Fig. 13,0

the position of the brink b is plotted against the0

height h of the parabola. By performing a linear fit
we can express b as a function of the height h0

b sa hqb 18Ž .0 b0 b0

with a sy2.4 and b s7.9. From this relationb0 0

we can deduce that small dunes below yb ra sb0 b0

3.3 m in height have a separated brink and crest,

Fig. 17. Dune no. 2.
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Fig. 18. Dune no. 3.

whereas dunes above this critical height show a
coinciding brink and crest.

Due to the fact that we have already defined the
scaling of the axes by l and w with respect to Eq.
Ž .8 , we fit a single parabola to all brinks in the
dimensionless coordinates. The brinks and the fitted
parabola are shown in Fig. 14. Finally we obtain

l
˜b sb 19Ž .2 2 2w
˜with b s1.46.2

6.5. Result of the model

In the previous sections we have introduced a
geometric description of dune surfaces using several
parameters. Next, we have developed for each of
these parameters a linear functional dependence on
the height h using parameters obtained by our mea-

Ž .sured data. Using Eq. 7 for the windward side, Eq.
Ž . Ž .13 for the slip face, and Eq. 17 for the brink and

Ž Ž . Ž . Ž . Ž .using Eqs. 10 , 11 , 18 and 19 for the parame-
ters l, w, b and b , we obtain a model for the entire0 2

Fig. 19. Dune no. 4.
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Fig. 20. Dune no. 5.

surface of the barchan depending only on the height
h. Using this model, we sketched two barchans in
Fig. 15 to point out the difference between small and
large barchans, which is mainly the position of the
brink and slip face.

7. Discussion

The dunes measured in Morocco show typical
relationships between height, length, width, and vol-

ume as reported from other deserts like the Pampa de
La Joya in southern Peru. These simple relationships
have led previously to the conclusion that the shape
of a barchan is scale-invariant. However, our mea-
surements have disproven this scaling invariance.
We have shown an increasing ratio of the horn
length to the length of the dune’s windward side
with height, which leads to different positions for the
brink and slip face. Further, the necessary cubic
scaling of the volume was not confirmed. Neverthe-

Fig. 21. Dune no. 6.
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Fig. 22. Dune no. 7.

less, we showed that the windward side could be
described by a paraboloid. A result of our analysis is
that the difference between small and large dunes
can be expressed by the position and the shape of the
slip face or brink and leads implicitly to the separa-

tion of brink and crest as confirmed by our measure-
ments.

A very interesting fact not well understood, how-
ever, seems to be the angle of side slope, which is
invariant for different dune sizes.

Fig. 23. Dune no. 8.
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Looking at the evolution of the dunes, we assume
that at the first stage there is a paraboloid-like dune
which grows with time. Reaching a certain size,
instability of the simple paraboloid shape leads to the
formation of the slip face. While the dune grows and
moves, the position of the slip face shifts in the
windward direction for a large dune with respect to a
small one.

The arguments given above lead to the question
of what determines the position of the slip face
inside the paraboloid shape. If we assume that a
barchan dune moves shape-invariantly and that there
is only one equilibrium shape for a given height,
there must be a direct relationship between the height
of the dune and the position of the slip face. In order
to solve this question, further investigations and
sample numerical simulations are necessary.
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Appendix A

The dune properties are given in Table A1. Length
and volume are given in m and m3, respectively.

Table A1

No. h W W W L L L L L Vol.a b a b 0 s

1 3.2 25.2 24.2 49.4 35.8 29.1 30.0 7.0 69.4 2000
2 3.5 16.5 21.4 37.9 23.2 26.2 32.0 6.7 63.4 2278
3 3.1 19.6 20.8 40.3 28.2 18.0 39.2 5.5 67.8 2599
4 7.3 52.6 37.4 90.0 79.0 52.2 55.5 13.3 134.4 18 200
5 6.4 34.9 43.6 78.5 37.4 43.0 41.6 11.4 93.2 10 821
6 3.0 16.9 21.9 38.9 21.5 21.8 29.0 7.0 57.7 2055
7 8.5 48.2 48.2 96.3 59.1 59.1 60.5 17.0 136.6 22 927
8 2.3 11.3 17.3 28.5 17.8 0.5 34.0 4.5 47.6 1148

Appendix B. Dunes

Figs. 16–23 show on the left side lines of con-
stant height for each dune. On the right, there are
sections of the dune in the symmetry plane and
perpendicular to it, as indicated in the contour plot.
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