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The shape of dunes
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Abstract

We present models to describe the dynamics of the surface of a dry granular bed, like a
desert. These models, based on coupled di�erential equations can describe the formation and
evolution of dunes. Field measurements have been performed to compare the numerical results.
The concept of the Barchan dune as a soliton is disproved. We discuss in particular also the
wind �eld and the microscopic coupling with the sand grains. c© 2000 Elsevier Science B.V.
All rights reserved.
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1. Introduction

We have all seen in movies or in reality the beautiful wave-like shapes of the dunes
in the desert. There are plenty of shapes and these shapes have been classi�ed with
beautiful names by geologists. These shapes depend mainly on the amount of sand
available and on the change of the direction of the wind over the year. Several books
have been written on dunes [1–3], the most famous being the one by Bagnold [1].
The simplest and the most well-known type of dunes is the Barchan dune which has

the shape of a crescent and occurs if the wind always comes from the same direction
and if there is not enough sand to cover the entire surface. These Barchan dunes move
with the velocity of wind and inversely proportional to their size. They are encountered
typically close to the ocean, for instance in Peru, Namibia and Morocco. On these �elds
hundreds of Barchans can be found, generally all of the same size. These dunes exist
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Fig. 1. Barchan dunes near Laâyoune, Morocco. The dune in the front, on the left side was measured in
detail during a �eld trip in may 1999 (see also Fig. 4).

in heights between 1.5 and 10 m, while their basis is typically 40–150 m long and
30–100 m broad. On Barchans many speculations have been made over the years,
among others that they are solitons [4]. This statement does not seem to be correct.
We will use the Barchan dune as prototype example to test our models.
Despite the fact that since 30 years geologists and geographists have been measuring

dunes in the �eld and obtained data on the shape, height, distribution, etc., very little
is yet known about equations of motion which control the evolution of the free surface
of sand (Fig. 1).
In the last years, several equations have been formulated [5–9], but because of

their simpli�cations their applicability is restricted to certain con�gurations. One model
are the BCRE-equations [10], two coupled di�erential equations for the height of the
topography h and the amount of mobile particles R. The particles are supposed to
move all with the same velocity u. The ingredients of the equations are based on
the conservation of mass and the fact that there is an angle of repose � above which
the surface is unstable (erosion) and below which the material can settle (accretion).
These equations have been used to calculate the surface shapes of granular matter in
silos, rotating drums, and of heaps.
Another equation [11] describes the evolution of the surface through the motion of

individual particles with variable energy (i.e. velocity) depending on the slope and the
restitution coe�cient as opposed to the BCRE-equation. These equations cannot deal
with the ux of many particles but instead they can describe varying velocities of the
particles. These equations have also been used to calculate the shape in silos and of
heaps giving essentially the same result as the BCRE-equation.
In the case of dunes, the driving force is the wind. Actually, the three-dimensional

wind velocity �eld seems to be fundamental to obtain the right shapes. One can say
that dunes are aerodynamic objects because their smooth shape is adapted to let the
air ow by with the least e�ort. On the other hand, it is evident from observations
in the desert that the ux of sand on the surface occurs in a layer (many grains) so
that a model of single particle motion does not seem adapted. On the other hand the
velocity of grains is completely dependent on the velocity of the wind so that it seems
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imperative to include into a model a coupling between the velocity of the wind and
the velocity of the grains.
We have developed such a combined model which, on the one hand, considers a

�nite amount of moving particles R but also contains an equation for the velocity u
of these particles on the other. In the following we will present this model and show
some results.

2. Model for wind driven surface evolution

We divide the total mass of sand into a static part and into a moving layer on top of
the static one. In general, one can write for each part the conservation of momentum
and mass extended by an exchange term

@�i
@t
+ div �iui =+�i ; (1)

@ui
@t
+ (ui∇)ui = 1

�i
fext ; (2)

where �i denotes the exchange of mass and fext external forces. For a two-phase sys-
tem the exchange terms have to ful�ll �1 = −�2 to conserve mass. We eliminate the
dependency in the vertical direction z by integration and assume a constant density of
sand. Hence, we get a quantity for the thickness of a layer out of mass conservation.
For the static part of the sand, the velocity is zero by de�nition and from Eqs. (1)

and (2), we get a simple equation for the height

@h
@t
=−� ; (3)

where h= h(x; y; t) represents the height of non-moving sand and � the exchange rate
of sand between the static and moving layer. A positive exchange rate � describes
erosion, whereas a negative one indicates deposition of sand. For the moving layer, we
obtain an equation for its thickness R= R(x; y; t) from Eq. (1)

@R
@t
+ divRu =+� ; (4)

where the exchange rate � is used with the opposite sign in order to have the mass
conserved in the entire system (h + R). The third equation results from Eq. (2) and
describes the velocity u = u(x; y; t) of the moving layer.

@u
@t
=+(u∇)u = 1

�
(v − u)− g grad h− u : (5)

The velocity equation is used to couple external forces to the system of moving grains.
The �rst term on the right-hand side denotes the acceleration of the grains due
to the wind, where � is the characteristic response time of the moving layer to changes
of the external wind velocity v. This term is important on the luv side of the dune,
where the transport is maintained by saltation. Therefore, it is switched o� on the slip
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face or lee side of the dune, where the transport occurs mainly by avalanches. The
second term gives the driving force due to the gravity. There is also friction between
the moving layer and the static sand which is described by a simple friction term
proportional to the velocity using a friction constant .
To model the erosion and deposition rate �, we take the two di�erent transport

mechanisms into account and therefore divide the exchange rate into the following two
parts:

� =
{
�luv |v|¿vt ;
�lee else ;

(6)

where vt denotes the threshold velocity of the wind that is at least needed to transport
any grains. If we assume that the exchange rate depends mainly on the wind �eld u
and the slope of the surface (grad h) we can use the terms of lowest order, which do
not change by inversion of space (x =−x).

�luv = �0 div u+ �1u grad h : (7)

To interpret these terms, one can say that erosion of sand occurs if the velocity of the
wind increases and therefore more grains can be transported, a fact that is taken into
account by the �rst term. The second term describes in a phenomenological way that,
in general, the erosion takes place on the luv side of the dune. The constants �0 and
�1 are model parameters which determine in the end the shape of the luv side of the
dune.
For the lee side, we use the �rst-order term of Bouchaud [10] that we extended to

three dimensions.

�lee = �2R(|grad h| − tan�) ; (8)

where �2 is a constant and used as a model parameter to determine the shape of the
slip face. This term assumes that the slip face of the dune is always near the angle
of repose � and that erosion takes place if the slope of the surface will get above
this angle due to the deposition of grains after the crest of the dune. The deposition
of grains can occur only after they are transported downward the slip face reaching a
place where the local slope is below the angle of repose.
We consider a wind �eld that always comes from the same direction with a velocity

v0 that is constant at in�nity. In principle, the velocity �eld has to be calculated over
the topography of the dunes in three dimensions. Work along these lines has been
performed by Wippermann and Gross [9] and it was found that behind the Barchan
there is an eddy in the direction opposed to the wind due to the shielding of the dune.
Although the details of the wind �eld determine the shape of the dunes, we considered
for the sake of speeding up the program also simpli�ed velocity �elds, one being

v= ex

{
v0 + vah @h

@x¿0 ;

0 else :
(9)

With these simple assumptions, we have solved the set of Eqs. (3)–(5) using
Eqs. (6)–(9) in three dimensions starting with a heap of sand of Gaussian shape
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Fig. 2. Initial Gaussian heap used for the simulation.

Fig. 3. Simulated surface after 50 000 iterations.

and having a constant inux of sand at the boundary through which the wind comes.
At the outlet boundary, the derivatives are zero. In the other direction, we imposed
periodic boundary conditions. This inux of sand was necessary because we found that
the dunes are not intrinsically self-sustained structures. They constantly loose sand at
the two horns and tend to disappear if they are not fed by the luv side with new sand.
In fact, this is also a good argument against the hypothesis that Barchan dunes are
solitary waves. Also, the �eld measurements by Finkel [12], Lettau and Lettau [13]
and Hastenrath [14,15] in the Pampa de La Joya in southern Peru show clearly that
the dunes lost about 20% of their volume during 20 years.
In Fig. 2, we see the original Gaussian heap used as initial con�guration for the

simulation. Fig. 3 shows how the initial heap is transformed into the shape of a dune
by moving forward. We see that in principle the crescent shape is reproduced, but
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Fig. 4. Surface data of a real dune measured in Morocco (see also Fig. 1). Axis dimensions are in meters.
Length in the symmetry line: 53 m, length including horns: 93 m, height: 6.3 m, width: 78 m, volume:
10 800 m3, date: 26 May 1999, UTM: 678001E 3008927N.

Fig. 5. Velocity vectors in the vertical symmetry plane of the dune. (see also Figs. 4 and 1). The calculation
have been performed using FLUENT 5.0 on an unstructured mesh generated from the measured surface.

the details do not yet agree with �eld measurements, essentially because of the strong
simpli�cations of the wind velocity �eld.
In order to obtain precise data of dunes we have gone to the dune �eld of Laâyoune

in the region of the former Spanish West Sahara, today part of Morocco. There we
measured the shape of the Barchans of di�erent size by taking the coordinates of
roughly 150 points per dune. We used for this a total station (SOKKIA Set5A), a
distance measurement device based on the phase lag in the reexion of an infrared
signal combined with the measurement of the angles to the vertical and horizontal
direction.
In Fig. 4 we see the interpolated surface of a measured dune that gives us the

possibility to compare and study the exact shape of the dune and can be used for
computer simulations to obtain data about the wind �eld. Of course, it would be better
to measure real wind data, but this is a huge e�ort due to the three dimensionality
of the wind �eld and the strong uctuations in time present due to the high Reynolds
number.
Technically, the wind �eld can be calculated using a software like FLUENT and

we have done so for some cases. In Fig. 5, we see the result of such a calculation
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and we �nd the already mentioned eddy that can also be seen as an integral part of
the Barchan itself. One can say that the dune and the attached eddy form a unity that
cannot be separated.

3. Conclusion

Dunes still present many open questions. We showed progress to develop a simula-
tion technique that in its �nal form should be capable of simulating the evolution of an
arbitrary landscape under wind coming from any direction. We are still in the proce-
dure of validation, i.e., cross checking numerical results with Barchan shapes measured
in Laâyounne. The bottleneck of the numerical simulations is the calculation of the 3D
wind velocity �eld.
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