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Simple lattice model with inertia for sand piles
Eric Goles, Gregorio González, Hans Herrmann, Servet Mart́ınez

Abstract In this article we make a critical analysis of the
model proposed by Weber, present an improvement that
gives the logarithmic correction on the shape of sandpiles
properly, and study the normal forces on the surface sup-
porting a pile using the improved model.
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Much attention has been given to the physics of granular
media, partly because of the many industries which deal
with materials in a granular state in their processes, partly
because of its fascinating behavior, which is neither that of
a fluid nor that of a solid and that shows many spectacular
experimental results [1, 2].

One such phenomenon is the existence of a counter-
intuitive dip in pressure below the centre of a sandpile [3,
4]. Research has failed so far to isolate the factors that
produce this effect, which is in fact not always observed.

Many lattice models have been devised to calculate
in a simplified way the transfer of forces in a packing [5,
6]. In this short paper we wish to investigate one model
proposed by Weber [7].

The model proposed by Weber [7] is based on a square
grid. Each cell in this grid can contain up to one parti-
cle. The size and shape of each particle is not specified.
The calculation of the automaton has two distinct stages:
calculation of forces and motion. To make the calculation
of force simpler, it is defined that particles can only move
down (straight or diagonally). In this way, it is possible to
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calculate forces row by row on the grid (all the data re-
quired to calculate the forces for one row are obtained by
calculating the previous one). The algorithm adds up the
forces applied by the upper neighbors of the particle (vec-
torially) and then determines randomly which two of the
lower neighbors will receive the resulting force. Once this
is decided the resulting force is decomposed along the axes
of the lattice corresponding to the receiving neighbors and
one calculates the partial forces, to be used when evalu-
ating the next row. Once all forces have been calculated,
particles that can move in the direction of their result-
ing forces are moved. Any conflicts (two particles trying
to move into the same cell) are solved by choosing the
one with the largest resulting force acting on it, but more
elaborate rules simulating friction can be implemented as
recently done for a similar model [8].

Only the three neighbors above each cell can apply
forces on it, and one cell can only apply forces on the three
cells below, or, more specifically, horizontal neighbors are
ignored.

In order to reproduce the shape of the pile we mod-
ified the model to include a rudimentary type of inertia.
Particles that moved in the previous iteration would move
again if at least one of the three lower neighboring cells
was empty. When one particle is directly above another, it
falls on one of the two side neighbors. This is done to avoid
one-particle-wide piles, which might occur in the origi-
nal setup. Also we added the possibility of moving side-
ways, with a certain probability, if the three lower neigh-
bors were occupied but one of the next-nearest horizontal
neighbors was not. This probability was taken as r = 1

3
in order to properly reproduce the phenomenon that pro-
duces the logarithmic correction to the shape of sandpiles.

From Weber’s work we already knew that the model
reproduces force lines. In order to check the performance
of the model on dynamical situations, we attempted to
reproduce the shape of sandpiles generated by a constant
flow from a point source [9], the shape of the extraction
cone in the emptying of a silo [10, 11], and density waves
in granular media falling through a vertical pipe [12]. We-
ber’s version of the model failed all these tests. We modi-
fied the dynamical rules of the automaton by introducing
inertia as explained above, and were able to reproduce
properly the sandpile shape.

Having a model suited for static situations, and able
to reproduce properly the shape of sandpiles, it seemed a
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Fig. 1. The white square represents a moving particle that has
reached a point where a new layer stops its motion (a kink).
On the right side we have the two possible transitions (leaving
the layer or stopping and joining it) along with the associated
probability for each (1 − r and r, respectively)

good candidate to analyze the pressure dip mentioned in
the introduction.

Our sandpiles are formed by succesive horizontal layers
of grains piling up. The shape of the pile does not have
a straight profile because some grains skip the current
forming layer and start new ones, and this happens with
a certain probability.

The shape of a very slowly grown sandpile is given,
according to [9], by

x =
hm − h

γ
+ le · ln

hm

h
(1)

where h(x) is the height and x is the corresponding hori-
zontal displacement, γ = tan(θ) and θ the angle of repose,
hm is the height of the heap at the top, and le describes the
typical extra horizontal displacement a particle must un-
dergo before it sticks. This coefficient le ≡ l

r , where l is the
width of a layer on which a grain sticks with probability r.

Fig. 3. Normal pile formation setup

Fig. 2. Deviation from the straight profile (Average over 10
simulations). The dashed line is a fit using eq. (1)

In order to improve the dynamical behavior of the orig-
inal model we imposed in our modified version that par-
ticles “remember” whether they moved or not during the
previous iteration, and those which had moved will move
during the current iteration as long as one of the three
neighbors below is empty (this is supposed to mimick the
effects of inertia). Our modification of Weber’s model im-
poses this probability r explicitly (See Fig. 1).

In ref. [9] the rate r is observed to be about 1
3 for

all materials used, and we note that, in our modification
of Weber’s model, we imposed the same value of r, and
obtained the same shape.

In Fig. 2 we show the deviation from the straight pro-
file for an average over ten realizations simulated with our
modification of Weber’s model, compared against the log-
arithmic correction of equation (1).

In the simulations we produced piles using around 12000
particles dropped from one site at the top with a rate of
one every three iterations, producing piles with a height
of about one hundred grains.
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Fig. 4. Pile with walls on the sides (2d silo)

Fig. 5. “Artificial” pile

In Figs. 3, 4 and 5 we can see three different setups
for the formation of a pile, with their resulting pressure
profiles in figures 6, 7 and 8. The first setup consists in
forming the pile with the standard procedure (a constant
flow of single particles from one source above) and in the
second two walls on the sides are added to the first setup
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Fig. 6. Normal pile setup vertical forces on the surface. Aver-
age over 2000 simulations

(2d silo). The third setup consists in placing the grains
directly line by line forming a triangular shape (artifi-
cially formed pile). All three of them display slightly dif-
ferent “plateau” profiles, without any significant dip in the
pressure. Thus we assume the model does not reproduce

arching properly. There are several lattice models that
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Fig. 7. Pile with walls (2d silo) setup vertical forces on surface.
Average over 2000 simulations
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Fig. 8. Artificially piled grains setup vertical forces on surface.
Average over 2000 simulations

have, to some degree or another, reproduced this dip [5,
6]. Those models share a common trait: they distribute
the forces from one grain to its neighbors below in a (ran-
dom) way which opens arches. Our modification of We-
ber’s model is also random in the choice of which neigh-
bors receive the force, but since it projects the forces along
the principal directions of the lattice, the resulting distri-
bution of the vertical stress is not random enough.

The model is definitely not satisfactory, even though it
is simple and elegant. Other models reproduce the shape of
sandpiles properly while reproducing other phenomena as
well, including (in some cases) the pressure dip we sought.

A possible way of improving the model might be to
allow particles to also move upwards. Yet another possible
direction is adding a friction coefficient and attempting
to reproduce critical behavior of avalanches during the
formation of the piles. Finally, one should devise ways to
include the effects of the texture coming from the history
of the pile formation.
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