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& inhndnre a lattiie model, m whih fmstmtinon plaaw
a tTrial mlk 0 deusihe mhaetnn pmperbes of graonia
mrelia We show Moot Carlo menlis fir compectiom 3o the
prewenrr of vitmtinoe and grewdty, whih crmpare wel with
rupeTizrntal data.

Desplts thelr Impertanes Inr ndnafrial applieating re-
laxatlnn phememena In non-thermal dlenrdersd gystems
az gramilar meella, haws just meently bepm to be stixd-
1= gystamatically. A cemmen and glmple ecperiment, 1o
thlz ermtexdt, k the oompactlen of zand. When a bew
filad with khres packed zand k chaken &t w amplitide,
denalty wlslhly Inrreases. K In addltdon the denslty gres
beyrnd & definlte threshnkl (e mechanleal properties of
gand abruptly change aml the granular gructure can-
net, be ghearsd any longer withoot 8 wohme lerease
Thk phencmencm, wery lmpectant, In practial applica-
tlrms [1], waz chesrwad by Eeyoclde [3] and 1= meferred
to Az the “Breymalide™ or Slllatany” transiflon.

For & glwen marmaople parametar az denslty & gran-
nlar prkg can e 1n & ge omber of d¥ferent, mi-
rroarnpleal gtates. In ooder fo deserlbe thle gtaticn
crneepta from gratlerkal mechanles have hem nfroduesd
[3-5]. Balatlnm tozpin glagses (3G have hoem auggeztad
gawaral years agn (290 referenees In fi]). In fact & char-
acterktle of BG 12 thelr non frivlal phase space whih
glwes e tn e enmplex statle axd dynamle bhehawlor.
The phaze gpare strowtice of 936G 1z due to the pregrmes
of qenehed dlenrder and frsfratkn. Jicletly spealing
menched dlerrder 1z et present. In gramilar medla b,
thers ars affarte of “geemetrk fertratlon®, mewn sk
frrm bard gphere gygteme. Thk Hnd of fstratleo 1z
generatad by the eterls crnefralnte Impeesd by the hard
rere Tepildden of melghhorlne grane and the nbaeiient,
Interlee e which kadk 1o non keal cooperatlve manre-
&ple rearrangenirmte. Epcently the analogles hetwesn
an nirinekally fmetratad eyetam ke frustratad pernnla-
tlrm [6] and phass trandtine in & grannlar parking have
been ortltoed (7).

In thls pApeT we present, compiter gmnlatkhne nf a gm-
pk fistrated Koe latilee gag mmxdel, anhject to graety
rllawing a dlffislon ke Aente Carls dynamlee The
parflckes In this spetsm are chararteriesd by Internal de-
greee of freedem which deseribe thelr nrlentatlon or cther
Ireal etarieal propertles of the gralne. Thls mexdsl whh-
et gravity eheows complex behavlor glmllar to the cne
charrved o glass forolng Mipikds and spin glasees @) We

wll shevw e the densty of or latike gas e efoomely
tdependdent, ro the chiratlon axd the amplitikde of dmply
Implmental wlbratlens. Cur data mepoeshice the loga-
rlthmle relavatlon bebavlor fnimd 1o real experlmenta 1n
a eeipienee of tape amd nffer the pregdblity 1o make new
prefictlneg akn fvr dngle tap processs. Ohur data alen
reprexliee the ditribntien of fnoees af, the bottom of the
gyetam a8 fnune 1o real experimentz. A relatlon Appears
between the B trangilen, demaled by e mnlzhing of
marreenpl ga - diffislen, and the Beyne ke trandtlon In
ETANILAT E¥=iAmE.

We rooekler & eystam of partkles which mewe oo a
sfuare lattloe whees hends are charactarkeesd by e hed
mnrkmmlmhmﬁ,-.,- =41 Onaltesweest i, =1%a
partlelr lg present, and () ctherwls. The particles hawe
an lnternal degres of freedom §; = +1 and are subjectad
tor the conatralnt that, whenewer two ($ amnd §) are weigh-
broring, thelr “spin™ mus zatiefy the relatlon

tapefad; = 1 (1)

le. they hawe to it the lwal “geometrkal™ streetiars.
When the denshty of partkls 1k high emongh they can
fiae] the frustratihn that kaz been lmpresd by the cheke
of the &;. Az & eonepiienes | In reeeiblamce to fretratad
pereelatlon [6], partiles can never cloes & frstratad lop
In the latiiee leaving em phy cltes (Eoe below).

The physlral crigln of the bomd wrlabls £;, 1= the
geemetrical frstratisn nrielnatad In gramlar aystams by
the artnal shapee and arrangements of partlcles axd the
Intarnal warlables F; mlmle leeal ghapes and pealtlons.

T hawe glled thie ystam when euhject 1o “graely®
and “external vhratlene™. The dynamles of enr mexdel
rnmaleta In & rancem d¥fiskn of partleles oo & enpears lat-
tire fllted by 457 [eoe Flg 1) In ewch a way as to pressres
the abowe croefraint. The parfiecles attempt & mews wp-
wardl whth probabitty By and dewnward whh B [(with
B + B = 1). The mowe & made coly If the ntermal
degree of freadom satlafy ey, (1), 3lmllerly & epln flpe
with prebabllity ome If there 1z oo Wiclatien of ey, (1],
and does mot Alp ntlerwlee. In abemmee of #lhm e, the
eifect, of gravity lmpress Py = ). When vlbratlone are
gwltchx] oo By beenmes Anlts. The ereclal param eter
whirh cootrole the dynamlcs and the inal densdty 1 the
ratln =[] = Bt A 1) whkh deerrhhes the ampliteds
of the #lhratlnm.

It 1z preslhble to aszeelate to thle nuwwlel & stamdand
Hamllsnlan inrmalkm amxd eetablich a magnetle awalory,



basx] no the hlowlng defnllon:

—H =3 Je%F; - Unoy + 43 e (2)
(&} i

where 5; = +1 are epln warlables, n; = 0, 1| coupaxty
varlahles amd &; = +1 quenched taractione aszeelatad
1o the heneds of the lattloe. It bas heen ghewn In mean
flald approcaticn [8] and mimereally for finlte dimen-
glrmal aysteme [2], that, Hamltcnlan (2] exhiblte & zpln
glass trandtinm at high denslty (pr low tam peratims).

Thk Hamitrnlan recheees 1n the g — oo Bmb, (all dtes
eeenpled) to the uanal +.J Inlng apin giasn [10]. In the
Bmdt J — a0, 4 dezerihes 8 latflee gaz In which frus-
trated loope entirely Alled wlth eltes are fnrbldeden he-
cangs aleng cleed pathe snerngetk reasnne lmpres the
mantity 3 o h?[fﬁ.ﬂi&’j — 1) oo be sero. To this Rmit,
a werglem of aite frusemeed perniacion 1 rancwered [6,8)
When the partile inmber 1s Axed the cenflgnratlon spaces
of the gyetam cbtalmed In this last Modt ke the zame az
that of the frustratad latike gas Intredhiced at the heagh-
nhg of thls paragmph.

We hawe gefled the mexde] Intoodiesd above In 2 2D
b with perlexlle honmdary ennedltlom aleme the x-axk
and rigld walls at. ¥z bettom and top.

After xing the random qencheed &; on the bomds, &
ranckemn nltlal particls condl gration 1z prepared by ran-
demly Ineerilng particles of glven gpln lnto the b foem
Ita top aml then ktilg them fall down, with the de-
erlbal dmamls (B = ), uotll the box 1 Allsd. Th
rhtaln an Initlal eta mlard cenflgratlon with lew awd 1mi-
frrm denslty, In thls preparatlen provess we de oot allw
parflele ephe to #fip. The sfate e deflwed ez a densty
of abeart, (0.520 and corresponde o 8 entt, of randem lnees
parking.

We lnow sxperlmentally that, gand which le ramdemly
peimed Inte & bk rearlws higher denetty affer chaling.

In erme experiments, the chalkhg process ceome 1n a
ga e of “taps”. A “tap® g the chake wlth a wlhra-
tlnn meelter, of & beo A1l with gralme. The “shaps™ of
a tap lg deflned by Ytz dhiratlon and Ya amplltnde. AF
tar & saience of tape the demsdty decays to e statle
Nmit legarlthmleally (e [11]]. We bave stelled the
phmemena of densdty relavation dirlng & seipenee of
tap. In o B glunlation, earh tap & a process In
whith wlhratlone are atap Mke: #(1) = & X2 £ 3, 7]
while for £ = r the gyafem evelwes enbject coly 1o grav-
Ity (A =1 aml By =10 1e (5] = 0] untdl It. rearies &
final “statk®cemfguratin [12]. After sach 1ap we have
meaqred the hulk denalty of the epstamn o1, i in) de-
fined a2 the mean densty In the Jnwer 205 of the e (1,
Iz the n-th tap mmiber). Cmr reulte for denety relaw-
atlen, In & hew of elwe 3 = ) averaged cwer 32 difement.
{&:;} eenfguratlome, are shewn In Flg. 2. The behavir
ef o(r7.:1,) 15 well Attad by the fllsehg Ingarthmls
Flmr.lrf;: In agreement, with the sxperlmental cata (gee

11,14

Al 2] =p, — Do JL+ B inltira+ 1)) (3)

e hare alan slouilata] a clogle tapplog poocess. In
thle raze we hawe frimed that the melavaton, Imstead of
beng kparlthmls 8z In the eapemwe of tape 1z well de-
&Tlheed by a “gtoetched exproentlal”. In the goiula-
tlom we gtart, at £ = ) fpm & random leos packing
mmnflpratlen derlbed hefore, then we Intodiee “wl-
bratlons™ ‘o the Interwal & € [(), 7] Unearly decreacing
the ratdn (1), ®(I) = %[l —2f7) (whh =y = 1). For
t» v we mut ®(5) = O and let, the apatem evelve il n
rearhes & Amal “statle"cenfipration. The Ainal “statls™
bulk denstty ;o (7)) meaetonkally Incresses with the wihra-
tlen time ¢ asymptotkally reachine 8 maximal denslty
value =~ (7% when  — oo [14].

Thk affeet, of compartlon 1s elearly e n by the Anal
dendty profle 8z & fimetdon of depth &, o(h 1), depletad
In Fig.3. In thls cage the ok has 8 glze 1060 2K) and the
fmal statres bawe been sveraged cwer 32 to 512 diferent,
{£:;} confguratine [arcnrdlng the vale of v). As Eng-
gestedd 1o oef. [15] the denalty prefile of gramilar medla
ran be ftted welng & groeralleed Ferml Dlrar distoib-
tlrn. Agshown In Fie 2 the data frem e ocede] are well
fittad by euch a fumethn for difermnt mhies of

A7) = pulr)l - 1/ [+ empl([R — Rafr))fa(m)]]] . (1)

Dhrle the dynamleal prooees desrdbed abese, we
hawe recnrded the tlwe deprdenee of the mean bilk den-
gty (2, r). We fnd that the ctatls Amit 1z reached with
a gtretched “relaxation form® [14]

28 7) = palr) - A emp(—((2 - 2a)/T)7) (%)

Typleal vales nf the parameters of ey (5] 1o cur range
of ram d € [Q15, 025, fn € [—10L. 10"‘]. TeE [1'3’. 10"’].
{7 E [2,1] Nnta that the stretched scpomemitisl hehavir
roly erte 1o after & thme &y, which can be wery lome If ¢
It l»ng. The relaxatk:n precesges fumd e are rather
fdiffrmnt, fnm the lagarlthmle relaxathn fmd 1o the es-
imence of taps and conld be lnveddgatad swperimentally.

Th charartarke a partielr packng and It capabllty of
Internal rearrangerment, we shidlled thelr eslfdAfslvlty
at, fixsd global particls denslty by eetthg 2 = 1. Spaiil-
cally we hawe atudlad the tlme dependence of the particls
mean amaE dkplassment, B3] = (& 37 (#:1) —:(00)%

A very Interesting phencorna e chesrwad fnr denel-
tles clree o the maximal vahie 5= F31) shows devl-
atlrme frrm the Nmear flme dependenes typkal of stan-
tlard Brownlan d¥fustes motlon and precrmte an Infleac oo
print, [8]. This elgnals the axdstence of twe charararitls
tlme reglmes frr partinles methen (82 almady angued 1n
[16]). ;jFrem the kog tlme hebawlor of () ~ O we
extract, the difusien crefficlent, (), which gres to reme
at, abt, o, Spmallnge 4 healleatlon tramdticn 1o whih
partie ks are conflned 1o Ieeal cages and the marmneeeople
difuskn-lke prevcesses are suppressd. Thie phenomena
may alzr he dearribad In 8 dferent, way: o k& the densdty
abowe which It berrmes lmpresihle to chifaln & macrs-
grnple rearrangement, of the partkle peelflcne whheor.
I reasing the gystem welume, 1e. the denglty at whikh



marrnenpk shear In the eystam 1z mpeeslble whho
dlatany. Thiz then erems fo oorrespemd feo the qetad
Eeynrkle trangltlnn n real grannlar meslla.

The drsldty o~ roloeldes whh the denglty at which the
gpln glass (9] trandten of Hamtonlan () (fr J —=
m] % lexatad. This lmplles that at @~ the 8(3 eorrelatioo
length Fqo dlvenges, dpmallne the preernce of collectlve
behavlor n the eyateam. In 3G thls length can be detectad
by messuring the neon Iwear seceptiblity. In granilar
matarial the spin varlables represont, Intarnal degres of
freadnm amd cannet be sadly detactad.

The relwkemee of the H5 fransltio and the sup-
pEelnn of eelf-diffidvlty sngeest, the spidvalrmee of the
Eeynrkle trangltln In gramilar medla, the H; tramsd-
tlrn In magnatls eyatams and the “lkdeal” glass trandtiom
In glass frring Mokl (T3], Lie b glass forming Mo
nkle the Beyonkk tramdtlen dees oot diow diwrrgemees
In thermedymamk fnmetlone.

The nrxdel here Intoed e ed e entadd to st v alan nther
azpects of gramilar medla phencmenclogy. E a fooee 1z
applied af the top of 2 granilar eyeteam n & hok, the ds-
tritmtlon of fnores & at the bottom fllhws an Acpe eenitlal
law P#) = & - amp(— ). As enggeatad 1n [17-18] 1n 1z
prasthle fo Infredee dmplfiad medels to dearrlhe the
physlre of forees In granular eysfems. I partlonlar o
[18] has twen propoesd a8 medel In which frroes may be
tlealt, with az arhaantlally acalar anfliles and a emi-
rlal elrment, k& ramlcminess In g parking . In cur lat-
tlee mexlel we apply thi knd of comeepta to gtdy foees
dktritioe In statk cenfguratiooe of the systam. We
Euppras that, each present, eta (1 = 1) carries hls orn
welght, [enual tounty) axd tranmits the fooee arting oo
It,, vy, o hlke fret fwe eiebbhorg dies In the wer o
If 1ta right (laft) nelghbor has a distance I () frem b,
the fnree eontrihflen thik recelees form Ate £ &k sl to
g b (. + &) (0eap. s £/ (1+4)). We bave caloilatad
the frree distributlen Ple) at the hettom of our spatem
az ghewn 1o Flg. 4. Im agreement, with the sxperimental
data and the raqult of the model Intredhicsd 1o [18), o
data are well ftted by:

Pl = a-tPazp(—e 6] ()

As noted In Bef. [18], the power law In foont, of the ex-
proentlal weonld be wery difielt fo detact, ecperin entally
glnee It afferta the dlsrlbtlsn fhr emall vahie of &

In comelielnn 1o thls paper a fmetratad Islne lattlos gas
hag been Inforeshiesdd 1o dearrThe dlferent, agpeeta of the
phrmrmemslory of granilar eyatems, siwh az compactlnn
In the presence of vlbratlone, logarlthm)y denelty relak-
atlen, and sxponential foree dlefrlomlen In agresment
with real sxperinemte. The nwwlel e able to pradlt mw
resnlte which are amenahle o experlmental cheermtion,
enme of whirh kawe been reported here, while others are
under lnwestigatlon  [14]. The mexdel which contate ge-
roetrial fmstration az raeentlal Ingredient, tles topsther
featnrm of spln plages and plage fnrodng Dankds with
thees of granilar matarials.

Altheugh we have reportad here mimerlcal resnlta 1o
ID we sxpect. the eame featires ales In 20,
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I 1. Fchemads: pacinee of the wttse mode] cnndederesd
here Prriken snd crmtmnnne Boes repreee st the ton different
kinew of hondw Fillewl [eopty) cim:w are poewent parbicks
with wpim 41 [—11



TIf: 1 Denwity pfr, 2o ko] s a fauwrtnn of tap mmmher
ko, it top vikeabims of ampBtnde og = 0001, 001, (.03,0.1
[fnm hotinm to top) snd dnstinn == 228-10'. The wnper=
irqoweyl enrvew are hgarithmi: it fmm e [3)-

TI: 3. The dendty pmfile plh =) an & fauctiom of depth
b [h = ] cnorwpmeds tn the top of the hog b = X)) o
the hottrm) for diferent valnew of the vikrstion dnrstinn =
[r& B.28-10~", 49311 ]). In the holk of the wydem, dhr faeed
b, plh, 7] inan inmsewing faurtinn of «. Crootmnons Goes me
Termilhira: finctim fits froom e (4). Inwert Reswnlsd den-
wity paofile w3 pa (7)) an & finctom of the owalkd depth
[h—hol= 3] fal7] (7], bolv) and alv), o fitting parmmeten
to nhiain the date colinqee)

TIi: 4. Thor didrikntirm £fn) s a fanction of wedght o
nnmmakrryl hy the menn fimee #61t by the witew, for & wisbic:
tnnfignmtion nf density o, = L4 Enperimmpowesd in the fit
fnnrtion in ey (). The fit poremetew are a =124, b= 50
and & =4 0. The dikcbntnn Ffn) herromes narmwer when
the hnlk density fnrrmsen and % odrpen dent 0f the depth =t
which ik mrmnred [wee [18]1.



